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Elastic waves propagating in thin plates provide sophisticated versatility for high-efficiency non-
destructive testing and precise ultrasonic diagnostics, owing to their inherent complex polarization
mixing in-plane displacements. However, versatility remains a challenge, due to the difficulty of
simultaneously manipulating polarization components and customizing conversion between them.
In this paper, the multimode scattering characteristics of a meta-atom for elastic waves under the
plane stress approximation is systematically analyzed in view of the design of versatile devices. An
acoustic-elastic analogy is first employed to describe the impedance and scattering matrices of the
meta-atom. A 4-port model for in-plane multimode manipulation under normal incidence is then
proposed. The construction naturally offers at least two different channels supporting two linearly
independent functions. An elastic meta-atom containing a compression-torsion coupling structure is
designed for complete mode conversion in both transmission and reflection. Extending the analysis
to oblique incidence, an 8-port model with four internal channels is developed. By enhancing the
asymmetry of the compression—torsion coupling meta-atom, four functions are integrated into the
meta-atom. Extremely asymmetric scattering in 2D is demonstrated by a meta-atom array imple-
menting Willis coupling. The versatility of designed meta-atoms are validated both by numerical
simulations and experiments. The work in this paper may open up alternative perspectives on
asymmetric wave manipulation and contributes to versatile elastic metamaterials design.
Keywords: Versatile metasurfaces; Elastic wave; Asymmetric scattering; Elastic meta-atom; Mul-
timode manipulation

I. INTRODUCTION

The manipulation of elastic waves is garnering increasing attention due to their intrinsic multi-polarization
capability[1-6]. Encompassing diverse behaviours and manipulating waves with different polarizations play a pivotal
role in numerous modern engineering applications[7-9]. Comparing the polarization contrast between incident and
reflected waves, internal structural cracks can be evaluated holographically without damage[10]. This ability facili-
tates the use of elastic waves as one of the primary means for structural health monitoring[11] and non-destructive
testing[12]. Converting conventional pressure wave[13, 14] into transverse waves on the surface of skin or skull[15],
shear ultrasound technique achieves superior imaging resolution in holographic systems[16]. This technique allows
for detailed evaluation through the examination of the responses with varying polarizations[17], which furnishes a
improved information capacity for diagnostics. However, implementation via active devises always faces inherent
limitations, particularly high fabrication costs and complex control circuitry[18]. Designing passive structures for
polarization customization has thus long been a significant challenge.

Metamaterials[19, 20] and metasurfaces[21] are widely recognized as revolutionary candidates for wave manipulation.
They were initially proposed in acoustics for wave manipulation using passive structures with tailored dispersion
properties[22-26]. Several methodologies have been established to guide structural design, including transformation
theory[27-32], the generalized Snell’s law[33-38], diffractive metagrating[39—42] and impedance theory[43-48]. They
have enabled the development of distinct functions, ranging from invisibility cloaks[49-52], energy harvesting[53—
57] and signal processing[58-63] to holographic imaging[64—68]. Given the shared time-harmonic wave propagation
features between elastic and acoustic wave[69], these methodologies maintain complete functionality in elasticity[70-
80]. Meanwhile, the multipolarized nature of elastic waves drives heated studies into polarization conversion. A
solution for converting incident longitudinal waves to reflected transverse waves was first proposed with a metamaterial
composed of staggered slits[81]. This structure was then topologically optimized to customize the propagating direction
of the converted wave[82]. Another compact strategy is provided with a reflective metasurface tailored with extreme
horizontal phase difference[83]. The metasurface can then support conversion from longitudinal to transverse waves
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with a certain transmission angle. Based on the same idea but considering different structures, a refractive metasurface
consisting of parallel-resonator units was proposed as well[84]. Broad-angle longitudinal-transverse wave conversion
was achieved and validated in experiments.

Furthermore, the presence of vector variables in the elastic governing equation also enables the integration of multiple
functions within elastic metasurfaces[85, 86]. The parallel-resonator unit was improved by completely controlling the
transmission of either longitudinal or transverse waves while blocking the other[87]. The composed metasurface
provides steering of specific waves selectively. Similarly, inspired by pentamode metamaterials regulating longitudinal
waves separately, the concept of shear-wave metamaterials was proposed[88]. Refining it into a metasurface, full
transmission of transverse waves can be realized while building a barrier for longitudinal waves. Superimposing mode
conversion on these unidirectional metasurfaces, a quasi diode can be achieved[89, 90]. Longitudinal waves can be
converted into transverse waves from one side but blocked from another. Contrarily, it was shown that a sophisticated
metamaterial designed with specific anisotropy can achieve complete conversion between longitudinal and transverse
waves from both sides[91]. It was then improved by integrating bidirectional mode conversion in rotationally symmetric
metasurfaces at the sub-wavelength scale[92]. However, the underlying driving mechanism of multiple functions and
the physical limits on simultaneous functions availability in an elastic-wave manipulation devices remain unclear
and demand further systematic investigation. It was recently proven that acoustic metasurfaces can be tailored
with multiple functions in selectively transmitting or reflecting obliquely incident waves[93]. Paralogically, double
versatility with customized polarization conversion could be achieved by a elastic system through analogous design
paradigms.

In this paper, a multi-polarization scattering model for customized versatility of elastic meta-atoms is proposed
inspired by an acoustic-elastic analogy. Each meta-atom can be naturally represented by a 4-port scattering model with
two linearly independent functions of in-plane mode manipulation under normal incidence. A sextuple compression-
torsion coupling structure is proposed to implement the meta-atom. It exhibits significant versatility over transmission,
reflection, and conversion between modes with different polarizations. By invoking Snell’s law, the port count is
increased to 8 when considering oblique incidence, enabling four linearly independent functions. For customization of
asymimetric scattering, the meta-atom geometry is deliberately rendered asymmetric, referring to Willis metamaterials.
Extreme asymmetry along both horizontal and vertical directions is achieved in transmission and in modal conversion
of elastic waves. The designed meta-atoms are validated by numerical simulations and are experimentally characterized
using a laser vibrometer. This work is expected to advance versatile elastic metamaterials and metasurfaces and to
offer new design paradigms for their unit cells.

II. ACOUSTIC-ELASTIC ANALOGY

In this section, the acoustic-elastic analogy is established by comparing the governing equations of acoustic and
elastic waves. The vector decomposition is introduced to decouple the vectorial variables in the Lamé-Navier equation.
The induced quantities are defined accordingly to lead to a effective analogy between acoustics and elasticity under
plane stress assumption.

Elastic waves are widely recognized to behave similarly to sound waves due to their similar governing equations.
The time-harmonic governing equation for acoustic waves generally takes a Helmholtz form as

V'(;Vp>==—:§n (1)

where p is the pressure field, p is the mass density, w is the operating angular frequency and K is the bulk modulus.
The propagation of elastic waves is determined by the harmonic Lamé-Navier equation

(5\ + 2/1) V(V-u) -4V x (V x u) = —w?pu, (2)

where \ = (1112V”) A and i = p are the Lamé constants under the assumption of plane stress, p is the mass density. Here,

the displacement vector is limited to in-plane components and is defined as u = (u,v). Hence we specifically assume

that elastic waves propagate within the plane of a thin plate, which is a major operating condition for applications[94].
A vector decomposition is next introduced in order to decouple the variables in Eq. (2) and thus to establish an

analogy between acoustics and elasticity. The divergence and the curl of the displacement vector are examined
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Changing variables in Eq. (2) and assuming propagation in a homogeneous thin plate, the governing equations can
be expressed in a decoupled form as

V- (LVP) = —w?LlP, where P = M®,
P M

. (4)
V- (3VQ) =-w’2Q, where Q=GV.

where M = X + 2/ and G = it are the longitudinal and transverse wave modulii, respectively. Owing to the
effective acoustic-elastic analogy, the physical meaning of induced quantities, including local velocity, intensity, and
characteristic impedance, is preserved. These quantities read for acoustic waves

1 1 N p
vp = w—pr, I, = §Re [pvp] , L= m. (5)

where ¢ is the imaginary unit and * represents conjugation. Therefore, the induced quantities for P and @ can be
defined accordingly as
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All dependent variables now share the same dimensions, which leads to a direct analogy between acoustics (p) and
plane stress elasticity (P and @ variables).

The 1D scattering of an acoustic or elastic meta-atom is therefore represented as port models in Fig. 1. Notably,
all variables are normalized according to

13:\/%’ Vp = \/ZpVp, ip:Ip:%Re[ﬁv;]’ p:‘%:L
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They now share a dimensionless unit characteristic impedance leading to a unitary scattering matrix[48].

III. 4-PORT SCATTERING MODEL AND COMPRESSION-TORSION COUPLED META-ATOM

In this section, a 4-port scattering model is developed for the elastic meta-atom. A compression-torsion coupled
structure is designed for the implementation of the scattering customization. Its scattering matrix is analyzed and
verified by measuring the port response under two linearly independent excitations.

An acoustic meta-atom can be described by a 2-port model as shown in Fig. 1(a). For a given input (ﬁiln, pg’)T, its
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where S is the second-order scattering matrix

S11 S12
S = . 9
[5'21 S ©)
For a linear and conservative system, the scattering matrix is symmetrc and unitary
S =87, (10)
Sst = E, (11)

where T and H denote transposition and conjugate transposition,respectively, and E is the identity matrix. One
can retrieve a column of the scattering matrix by measuring at the two output ports under the excitation on one
input port[95]. The other components are then determined by the symmetry condition Eq.(10) and the unitary
condition Eq.(11). This way the complete scattering characteristics of the meta-atom, i.e. all components in its
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FIG. 1. 1D scattering model and structure design of an acoustic or elastic meta-atom. (a) 2-port model for acoustic meta-atom.
(b) Quadruple Helmholtz resonance structure. (c) 4-port model for elastic meta-atom. (d) Elastic sextuple compression-torsion
coupled structure. (e) Geometric parameter settings for optimization.

scattering matrix, are obtained[96]. Naturally, there should be only one channel inside the meta-atom, connecting
port 1 and port 2 directly. It is generally believed that the quadruple Helmholtz resonance structure shown in Fig. 1(b)
is suitable for acoustic scattering customization[97]. Each substructure incorporates a resonant cavity and a neck,
providing inertia and stiffness, respectively. The interior of the cavity sustains deformations of the fluid — expansion
and compression — but no shearing.

Things become completely different for an elastic meta-atom with two different dependent variables. According to
the analogy established by Eq. (8), the meta-atom can be regarded as a 4-port system, as shown in Fig. 1 (c¢). The
relationship between input ports and output ports is determined by the scattering matrix
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This scattering matrix is of fourth-order but is still symmetric [Eq.(10)] and unitary [Eq.(11)] as long as the meta-atom
is linear and conservative. Owing to these two properties, the complete scattering characteristics can be obtained
from two linearly independent excitations. Two columns of the scattering matrix can be obtained by measuring at the
ports. The other components can be calculated from the symmetry and unitary conditions. Therefore, the meta-atom
is anticipated to provide two linearly independent internal channels corresponding to two inherent functions. However,
it should be mentioned that the scattering matrix cannot be fully determined if the two excitations are correlated. For
example, one may easily design a meta-atom to provide simple full transmission to both longitudinal and transverse
waves without mode conversion[86]. The arrangement of channels within the meta-atom is shown in Fig. 1(c). The
scattering matrix cannot be read completely when exciting it by two longitudinal waves incident on ports 1 and 3.
Only one channel is excited, whereas the other channel remains untested.

According to the acoustic-elastic analogy, a compression-torsion coupled structure is designed for the implementation
of the meta-atom as shown in Fig. 1(d). In consideration that p and P share the same deformation mode, the
structure should be able to provide expansion and compression. Q then determines that the structure should carry
torsional deformation as well. Consequently, each substructure is designed to comprise a mass block enclosed by a
rectangular shell, while adjacent substructures are interconnected via inclined strips. Six substructures connected in
series constitute one meta-atom in this paper. The mass block and the rectangular shell contribute to inertia stiffness,
respectively, for expansion and compression. Meanwhile, the mass block and the inclined strip also contribute to
rotational inertia and rotational stiffness, respectively. Notably, as a resonant structure, the effective mass density
and effective stiffness are allowed to be negative for both P and @Q. It is expected that the propagation and the
conversion of two different dependent variables can be covered simultaneously.

The assumption of homogeneity of the thin plate in Sect. II applies to the two external media surrounding a meta-
atom, but is not necessary within it. Therefore, a simple model is presented next to assess the scattering performance
of the meta-atom([85, 98, 99]. The wave behavior of the meta-atom depicted in Fig. 1 (d) under normal incidence can
be described by a set of 1D equations
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where pp = apy, pg = cpo and M,, = dMo, ém = eéo are the effective mass density and effective stiffness for P and
@ inside the meta-atom, respectively, and b is the coupling strength between them. The induced local velocities are
implicitly defined as
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To obtain a definite solution, the generalized eigenvalue problem is formulated as
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Then the characteristic equation is established as
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The two eigenvalues are solved as
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Substituting them into Eq. (15), the eigenvectors are
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Owing to linearity, the wavefield within the meta-atom always follows a form of the type

[g} =01V + a0V Ly 4+ ase VT Ly + age VT2V Lo, (19)
For a meta-atom placed between planes y; = 0 and yo = hg, the impedance matrix is defined as
Pl Zy Zia Zi3 Zig] [-n1- Vp|
Qli| _ | %21 Za2 Zys Zoa| |—mu- vgl, (20)
P, Z31 Zsy Zsz Zsa| |—ma- vply|’
Qly Zy1 Zag Zyz Zsa] L-mz- vgl,

where n; is the the outward normal vector corresponding to ¥;. Notably, the impedance matrix uniquely corresponds
to the meta-atom itself, free of . Therefore, its components can be obtained through the method of undetermined
coefficients (details are provided in Appendix A). Connecting two identical homogeneous elastic thin plates with
longitudinal wave modulus My, transverse wave modulus Gy, and mass density pp on both sides of the meta-atom,
the normalized impedance matrix is defined as

L1 _ 1
VMo po (1) 0 0 Zu Zia Zi3 Zia vV Mopo ? 0 0
Z = 0 Gopo 0 0 Zy1 Zzy Zysz Zyy 0 Gopo 0 0 (21)
0 0 Ml 0 Z31 Zzg L33 Lz 0 0 zv} 0 ’
) 1 Zy1 ZLao Zy3 Ly 0 0 Oopo 1
0 0 0 VGopo VGopo

Then the scattering matrix can be calculated by formula

S=(Z+E)(Z-E)". (22)



A numerical model is presented in Fig. 1 (d) to estimate the performance of the proposed structure, which was
implemented using the COMSOL Partial Differential Equation (PDE) module. The operating frequency is selected
as fo = 30 kHz. The height of the meta-atom is set to hg = 7.9 cm and its width is set to ween = 1.3 cm. The
background media on the upper and lower sides of the meta-atom are governed by Eq. (4) and are set to the same
width as the meta-atom. They are made of aluminium, whose mass density is 2700 kg/m3, plane stress longitudinal
wave modulus is 77 GPa, and plane stress transverse wave modulus is 26 GPa. Then, the wavelength of longitudinal
waves is Ap = 17.8 cm, and the wavelength of transverse waves is Ap = 10.3 cm. With respect to transverse waves,
the height of meta-atom is at the sub-wavelength scale, while the tangential scale is at the deeply sub-wavelength
scale. The length of the background media is set as l[j = 3Ap. The medium in the meta-atom is governed by Eq.
(13). Periodic boundary conditions are set on the left and right boundaries of the model. The upper and lower ends
are connected to perfectly matched layers with a thickness of tpm1 = A, to avoid spurious reflections (not drawn for
simplicity). The Dirichlet boundary condition is set on the boundary of the PML as the excitation, with P = 1 or
Q=1

There are diverse connection configurations for the ports in Fig. 1 (¢). Two cases of extreme modes manipulation
of elastic waves are considered as examples. A transmission case of bidirectional mode conversion from longitudinal
waves to transverse waves and conversely is examined first, as illustrated in Figs. 2(a). One channel connects port
1 to port 4 (yellow channel) and the other channel connects port 2 to port 3 (orange channel). The yellow channel
should provide complete transmission, thus

obj obj
|514J| = |S41J‘ =1 (23)
Meanwhile, the transmittance of the orange channel should also be 100%, which leads to
obj obj
|523J| = |532J‘ =1 (24)
Therefore, the amplitude of each component of its scattering matrix is expected to be
0001

abs (8°P1) = (25)
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Combining Eqgs. (22) and (25), the unknown parameters, i.e. the effective parameters of the meta-atom, are uniquely
determined. Newton iteration is employed to provide a specific example (details are provided in Appendix B). The
numerical responses of the effective-parameter meta-atom under all port excitations are shown in Fig. 2(b-e). The
amplitude of all incident waves is set to unity. The excitation at port 1 implies the incidence of longitudinal (P)
waves from below as shown in Fig. 2(b). It can be noted that longitudinal waves are converted to transverse waves
completely after passing through the meta-atom. This phenomenon exactly matches the yellow channel connecting
port 1 and port 4. When the excitation is then placed at port 2, transverse waves (Q) are incident from below as
shown in Fig. 2(c). Perfect conversion to longitudinal waves propagating upwards is observed, which matches the
orange channel connecting port 2 and port 3. Conversely, longitudinal waves incident from above are completely
converted into transverse waves propagating downward as shown in Fig. 2(d). The fields in Fig. Fig. 2(c) and (d)
are identical, because reciprocity is intrinsic to this linear and conservative system. The channel remains the same
whether the meta-atom is excited at port 2 or at port 3. When the input power at port 2 is fully transmitted to port
3, the reciprocal response is obtained by exciting at port 3. Similarly, when the meta-atom is excited at port 4, as
shown in Fig. 2(e), the response is same as Fig. 2(b).

A second case of channel connection for reflection bidirectional mode conversion is considered next, as shown in
Fig. 2(f). One channel connects port 1 to port 2 (yellow channel), and the other channel connects port 3 to port 4
(orange channel). The orange channel should provide a complete transmission with

obj obj
|512J| = |521J‘ =1 (26)
Similarly, the yellow channel should also provide a transmissivity of 100%, i.e.
obj obj
85,7 = 15437 = 1. (27)

The amplitudes of each component of the scattering matrix are determined as

abs (S°) = (28)
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FIG. 2. The responses of the effective-parameter meta-atom for transmission and reflection bidirectional mode conversion. (a)
4-port model for transmission bidirectional mode conversion. (b) The response of the meta-atom under longitudinal waves
incident from the lower side, i.e. excited at port 1. (c) The response of the meta-atom under transverse waves incident from
the lower side, i.e. excited at port 2. (d) The response of the meta-atom under longitudinal waves incident from the upper
side, i.e. excited at port 3. (e) The response of the meta-atom under transverse waves incident from the upper side, i.e. excited
at port 4. (f) 4-port model for reflection bidirectional mode conversion. (g) The response of the meta-atom under longitudinal
waveq incident from the lower side, i.e. excited at port 1. (h) The response of the meta-atom under transverse waves incident
from the lower side, i.e. excited at port 2. (i) The response of the meta-atom under longitudinal waves incident from the upper
side, i.e. excited at port 3. (j) The response of the meta-atom under transverse waves incident from the upper side, i.e. excited
at port 4.

With the help of Newton iteration, the responses of the effective-parameter meta-atom under different excitations are
depicted in Fig. 2(g-j). It can be noticed that longitudinal waves incident from below are reflected backward but are
converted to transverse waves, as shown in Fig. 2(g). Due to the natural reciprocity explained earlier, transverse waves
incident from the lower side are also completely reflected in the form of longitudinal waves, as shown in Fig. 2(h).
Similarly, longitudinal waves incident from above are reflected into transverse waves, and vice versa, as shown in
Fig. 2(i) and (j).

Parameter optimization is next conducted to provide practicable structures for the meta-atom. It is established in
the COMSOL Multiphysics Solid Mechanics module cooperating with Matlab. The background medium and settings
are the same as above, but replacing the effective-parameter meta-atom with the actual structures in Fig. 1 (d). Each
compression-torsion coupling substructure, as shown in Fig. 1 (e), occupies a square area of 1.2 cm X 1.2 em. Then,
there could be at least a gap of §/2 = 0.05 cm at each side of the meta-atom for isolation. The outer side length
of the square frame of the i-th substructure from top to bottom is al,, and its inner side length is af,. The side
length of the mass block in the center of the frame is a! .. The thickness of the strip connecting the mass block
and the frame is ¢ = 0.lcm. The width of the i-th inclined strip connecting the frames is w;. The distances from



the center of the inclined strip connection at the top and bottom of the i-th substructure to the central axis of the
meta-atom are d’, and df, respectively. The first and last strips are connected to the background medium on both
sides. To ensure that the meta-atom and the background media on both sides are coaxial, we set the midpoint of
the two connections to coincide with the central axis of the meta-atom. For the purpose of fabrication with the laser
cutting technique, all corners are chamfered with a radius of r = 0.02 mm. Then, parameter optimization for structure
design is implemented based on a genetic algorithm including 37 parameters. Two columns of scattering matrix can
be obtained by extracting the longitudinal and transverse wave fields on both sides of the meta-atom (see Appendix
C for a detailed retrieval procedure for the scattering matrix). It should be mentioned that two linearly independent
excitations need to be examined in optimization (detailed simulation settings are recorded in Appendix D). Then, the
other components are determined by Eqgs. (10) and (11).

In order to perform parameter optimization for the meta-atom in Case 1, the fitness function is defined as the
minimum value of the transmittance of the target channel. For the meta-atom in Case 1, it is set as

f = min {|S14], [Sa1l, |Sa3|, [ S32]} - (29)

The detailed optimization results is recorded in the second column of Table I and the corresponding amplitudes of
each component of the scattering matrix are recorded in the second column of Table II. Numerical simulations for the
response of the optimized meta-atom under the incidence of longitudinal and transverse waves from both sides are
given in Fig. 3(a~d). All amplitudes are normalized with respect to the amplitude of the incident wave. The response
under the excitation at port 1 in Fig. 3(a) is almost the same as Fig. 2(b). Longitudinal waves are converted to
transverse waves after passing through the structure. When the excitation is placed at port 2, the amplitude of the
transmitted longitudinal waves in Fig. 3(b) and Fig. 2(c¢) are basically the same as well. Some differences can be noted
in their phases, which is reasonable as the solution to Eq. (25) is not unique. Owing to reciprocity, the responses
for excitation set at port 3 in Fig. 3(c) and port 4 in Fig. 3(d) are consistent with Figs. 3(b) and (a), respectively.
It is worth noting that the vibration mode of the meta-atom is identical when examinating the same channel from
different ports. It can also be concluded that the physical essence of each channel is actually a specific vibration mode
(eigenmodes of the meta-atom are provided in Appendix E to reveal the physical essence behind this phenomenon).

The fitness function for the meta-atom in Case 2 is set to the minimum value of the non-zero components of the
object scattering matrix

f = min {|S12], [Sa1], [S34], [Sus]} - (30)

The detailed optimization results is recorded in the third column of Table I. The amplitudes of each component of the
scattering matrix are recorded in the third column of Table II. The responses of the optimized structure under different
excitations are depicted in Fig. 3(e-h). When the meta-atom is excited at port 1 or port 2 respectively, its response
is identical, as shown in Figs. 3(e) and (f). Incident waves from below are reflected with opposite polarizations,
exhibiting only slight phase deviation from Figs. 2(g) and (h). The same observation holds for Figs. 3(g) and (h),
where complete mode-conversion reflections are achieved on the upper side of the meta-atom. Similar to Case 1, the
vibration modes within the meta-atom are identical as long as the same channel is excited.

Moreover, in order to illustrate the generality of the designed structure, three additional examples, including
selective transmission (Case 3), unidirectional mode conversion (Case 4), and complete transmission (Case 5), are
given in Appendix F.

For an intuitive illustration, the collective response of the designed bidirectional mode conversion meta-atom is
given in Fig. 4 (the detailed settings of the simulations are recorded in Appendix D). Radiation patterns are also
provided for quantitative evaluation with the incident wave as a reference. For the meta-atom of Case 1, it can be
noted that longitudinal waves incident from below are converted into transverse waves after passing through the meta-
atom array, as shown in Fig. 4(a), which corresponds to the channel connecting port 1 and 4. Parasitic scattering
arises on both sides but remains minor, since the incident wave is not strictly plane. It can be noted that the main
lobe of the converted transverse wave (green solid line) is longer and thinner than the main lobe of the incident
longitudinal wave for reference (blue dashed line). This is introduced by the contrast in the wavelengths of transverse
and longitudinal waves. Transverse waves with a shorter wavelength have relatively more concentrated power in the
far field when the beam width is the same. Although the amplitudes of the lobes seem to be different, their total
power is conserved. Meanwhile, transverse waves incident from below are also converted into transmitted longitudinal
waves as shown in Fig. 4(b), which is related to the another channel connecting port 2 and 3. The amplitude of the
converted longitudinal waves in the far field is lower than that of the transverse waves for the same reason, although
the conversion efficiency is close to 100%. Due to the natural reciprocity of linear systems, the phenomena in Fig. 4(c)
and (d) are consistent with Fig. 4(b) and (a), respectively.

For the meta-atom of Case 2, longitudinal and transverse waves incident from the lower side are converted to each
other after reflection, as shown in Figs. 4(e) and (f), respectively. It can be observed from their radiation patterns
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FIG. 3. Structure design of the meta-atom and responses for transmission and reflection bidirectional mode conversion. (a)
The response of transmission meta-atom under longitudinal waves incident from the lower side, i.e. excited at port 1. (b) The
response of transmission meta-atom under transverse waves incident from the lower side, i.e. excited at port 2. (c) The response
of transmission meta-atom under longitudinal waves incident from the upper side, i.e. excited at port 3. (d) The response
of transmission meta-atom under transverse waves incident from the upper side, i.e. excited at port 4. (e) The response of
reflection meta-atom under longitudinal waves incident from the lower side, i.e. excited at port 1. (f) The response of reflection
meta-atom under transverse waves incident from the lower side, i.e. excited at port 2. (g) The response of reflection meta-atom
under longitudinal waves incident from the upper side, i.e. excited at port 3. (h) The response of reflection meta-atom under
transverse waves incident from the upper side, i.e. excited at port 4.

that almost no unexpected scattering occurs. Their conversion rates are the same due to reciprocity and are close to
100%. Similarly, the phenomena for longitudinal and transverse waves incident from the upper side in Figs. 4(g) and
(h) are the same, because of reciprocity again. Almost no waves can be detected in the transmitted field, which is
consistent with the radiation pattern.

IV. 8-PORT MODEL FOR ELASTIC META-ATOM UNDER OBLIQUE INCIDENCE AND EXTREME
ASYMMETRIC MULTI-MODE-DIRECTION SCATTERING

In this section, an 8-port model with an 8 X8 scattering matrix is developed for multi-mode-direction scattering under
oblique incidence. The scattering characteristics can be customized by connecting different input and output ports
through internal channels. An asymmetric meta-atom design is proposed to achieve extreme asymmetric scattering
of both mode perseveration and conversion simultaneously.

Things change a lot when waves are no longer incident along the normal direction. The oblique incidence model
for a metasurface composed of a meta-atom array is depicted in Fig. 5(a). Following Snell’s law, four waves would
be excited under a wave longitudinal incident from the upper left (port 3) with an incidence angle of 85. There is a
pair of longitudinal waves on the right hand side including one reflected (port 7) and one refracted (port 5). Their
reflection angle and refraction angle are both 5. Meanwhile, a pair of transverse waves is excited as well, whose
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FIG. 4. Collective response of the designed bidirectional mode conversion meta-atom and corresponding radiation pattern. The
transmission meta-atom of Case 1 under the excitation of (a) longitudinal wave incidence from the lower side, (b) transverse
wave incidence from the lower side, (c) longitudinal wave incidence from the upper side, and (d) transverse wave incidence from
the upper side. The reflection meta-atom of Case 2 under the excitation of (e) longitudinal wave incidence from the lower side,
(f) transverse wave incidence from the lower side, (g) longitudinal wave incidence from the upper side, and (h) transverse wave
incidence from the upper side.

reflection angle and refraction angle are both 65 (ports 6 and 8). All angles obey Snell’s law

kp Sin@p = kQ SiHQQ, (31)

where kp and kg are the wavenumbers of longitudinal and transverse waves, respectively. Similarly, transverse waves

incident from the upper left side (port 4) or longitudinal and transverse waves incident from the lower left side (ports
1 or 2) would excites the same responses.

In the one-dimensional case, the scattering of the meta-atom can be fully described by a 4-port model, as analyzed in
Section III. For a wave incident normally, such as a longitudinal wave at port 1, the reflected longitudinal wave shares
the same port as the incident one. The transmission from all other ports (from port a) to this pair of longitudinal
waves must be identical and equal to S,;. However, when considering oblique incidence at port 1, the reflected wave
with the same mode exhibits a symmetric reflection angle relative to the incident angle. Incident and reflected waves
thus correspond to two different ports (port 1 and port 5). Transmission from all other ports (from port a) to the
two ports is then different (S, and S,5). Therefore, the 4-port model is no longer applicable to the case of oblique
incidence. Numbering wave ports according to Fig. 5(a), an 8-port model is established for the description of the
scattering characteristics of the meta-atom under oblique incidence, as shown in Fig. 5(b). The relationship between
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The scattering matrix has 8 x 8 components that can be retrieved through four linearly independent excitations. An
interesting phenomenon can be noted that there is no crosstalk among port 1 — 4 or 5 — 8 owing to Snell’s law Eq.
(31). The scattering matrix can thus be decomposed into

o ST
S=|Z .
A
where
Ss3
Se3

S73
Ss3

Ss4
Sea
S74
Sga

If only the up and down directions are considered but ignoring left and right, this sub-matrix would appear to be
asymmetric as

Sin1
San
Sz
San

Siro
Saoro
NED
Saro

Sir3
Sar3
S3r3
Sars

S1r4
Sorq
S3r4
Sarq

(35)

m and m’ would never coincide as long as the wave is obliquely incident. Therefore, S is allowed to be asymmetric
and is termed apparent scattering matrix in this paper. As a note, the designed meta-atom may easily provide an
extremely asymmetric response without tangential power flow or the requirement for a horizontally graded design.
The four channels depicted with orange and yellow solid and dashed lines in Fig. 5(b) are given as an example.
Assuming it can be implemented, let’s check what phenomena we can get under the incidence of transverse or
longitudinal waves from the left and right sides, respectively. When a longitudinal wave is incident from the lower left
side (excited at port 1), the response in the form of a longitudinal wave can be detected at the upper right side (port
7). But if the incident wave is a longitudinal wave from the lower right side (port 5), we can obtain the refracted
transverse wave at the upper left side (port 4). Nevertheless, similar phenomena can be observed if the incident wave
is a transverse wave. The transverse wave incident from the lower left (port 2) can be transmitted to the upper right
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(port 8) freely. Moreover, the transverse wave incident from the lower right side (port 6) would be converted into
a longitudinal wave towards the upper left side (port 3). When the transmittance of all channels reaches 100%, the
amplitude of each component of the apparent scattering matrix can be given as

0001

A 0010
abs(S)f 1000/ (36)

0100

which is obviously asymmetric.
A simple example is given next to illustrate the necessary condition for asymmetric scattering using elastic longi-
tudinal waves without mode coupling. In this case the scattering matrix is simplified as

Si11 Sz Sis Sir
S31 Ss33 S35 Ss7

5= S51 Ss3 Sss Ssr (37)
Sr1 Stz S5 Stz
If the meta-atom is designed to be vertically symmetric and horizontally asymmetric, then
S17 =835, St = Ss3. (38)
Owing to reciprocity [Eq. (10)], the other off-diagonal components are determined as
Ss3 = S35 = S17 = S71. (39)

So, mere left-right asymmetry is not sufficient to support asymmetric scattering. Similarly, if the meta-atom is
vertically asymmetric and horizontally symmetric, then

S17 = Ss3, S35 = S71. (40)

The determination of Eq.(39) again follows. Therefore, the meta-atom needs to be asymmetric both vertically and
horizontally.

To achieve completely asymmetric scattering, the structure of the meta-atom in Fig. 1(d) should be mod-
ified. The structure of the meta-atom can be arbitrarily given as long as asymmetry is ensured. However,
geometric asymmetry is expected to be introduced while preserving the mode conversion capability depicted
in Fig. 1(d). Therefore, the structure of Willis metamaterials[100-102] with directivity is introduced to sup-
port this asymmetry. The refined structure design for the meta-atom is presented in Fig. 5(c). The connec-
tion between the right hand side of the mass block and the rectangular frame is cut. Then it becomes hor-
izontally asymmetric while providing the same compression-torsion coupling as the structure discussed in Sect.
ITI. The structure is naturally vertically asymmetric, so is expected to provide completely asymmetric scattering. The
structure in Fig. 5 (¢) is optimized to approach the target apparent scattering matrix (see Appendix C for the retrieval procedure o
The selected optimization parameters for the extreme asymmetric mode conversion meta-atom are the same as for
symmetric meta-atoms as shown in Fig. 1(e), except that the connection between the right side of the mass block
and the square frame is removed. The fitness function is set to the minimum value of the transmittance of the target
channel

f=min (Sv3, Sar4, S32, Sur1) - (1)

The left and right boundaries of the background media above and below the meta-atom are set as Bloch-Floquet
conditions

Uleft = urighte_ikp sin 9che“~ (42)
Then both longitudinal and transverse wave fields obey Snell’s law Eq.(31). Four linearly independent excitations
need to be examined to obtain the apparent scattering matrix (see Appendix D for detailed simulation settings). The
complete scattering matrix is determined by Eq.(33).

The responses of the optimized meta-atom to excitations at ports 1 — 8 are numerically simulated and shown in
Figs. 6(a-h) (detailed simulation settings are recorded in Appendix D). Radiation patterns are also provided as a
quantitative evaluation with the incident wave as a reference. The incidence of longitudinal waves from the lower left
implies excitation at port 1. It can be noted that longitudinal waves are transmitted (to port 7) without conversion to
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FIG. 6. Collective response of the designed extremely asymmetric meta-atom and corresponding radiation pattern. (a) Response
without mode conversion under an incident longitudinal wave from the lower left side. (b) Response without mode conversion
under the incident transverse wave from the lower left side. (c) Response with mode conversion under the incident longitudinal
wave from the upper left side. (d) Response with mode conversion under the incident transverse wave from the upper left
side. (e) Response with mode conversion under the incident longitudinal wave from the lower right side. (f) Response with
mode conversion under the incident transverse wave from the lower right side. (g) Response without mode conversion under
the incident longitudinal wave from the upper right side. (h) Response without mode conversion under the incident transverse
wave from the upper right side.

transverse wave and only some leaked scattering appears in the transverse wave field, as shown in Fig. 6(a). Similarly,
transverse waves incident from the lower left (port 2) are also smoothly transmitted (to port 8) with only a little
conversion to longitudinal waves, as shown in Fig. 6(b). Contrarily, longitudinal (port 3) and transverse waves (port 4)
incident from the upper left are converted into transverse (port 6) and longitudinal waves (port 5), respectively, after
passing through the metasurface, as shown in Figs. 6(c) and (d). Because of reciprocity, the responses of metasurfaces
are always symmetrical when exchanging excitation and receiving ports. Waves incident from the lower right and the
upper left are symmetrical. Incident longitudinal (port 5) and transverse (port 6) waves are converted into transverse
(port 4) and longitudinal (port 3) waves towards the upper left, respectively, as shown in Figs. 6(e) and (f). They
correspond to the channels depicted with orange and yellow solid lines in Fig. 6(c), respectively. Moreover, the orange
and yellow dashed lines in Fig. 4(b) connect ports 1 to 7 and ports 2 to 8, respectively. Therefore, longitudinal (port
7) and transverse (port 8) waves incident on the upper right can be observed to have a symmetrical response compared
to those incident on the lower right (ports 1 and 2), as shown in Figs. 6(g) and (h).

V. EXPERIMENTAL VALIDATION

In this section, experiments are conducted on elastic metasurfaces with a scanning laser vibrometer. The samples
are fabricated by mechanical machining and measured in time domain to validate the designed meta-atoms.



14

(b)

~
(e)
~
-
S
S
-
£
g

—e &
Q|
Upper
ol
)@
-
-
& L
SR -
L

-l
— W

Q|
Lowwer
' ol
. E 1
O

ol

Qi

-]
— W = o—

—e & N o
~
a
~
II
IS
o
N
®
2
@

Q1

Upper

Q|
Lowwer
=S
.
: -
.
IS
L -
I |
|
< X
P/Q

Pe &
1 2 ~
4 8 7 O _ t=0444ms I
trr g .
7 o .
/ 5 N
- 10 cm
/7 -
// = 68ms
7 EN‘ . :
T T ;
¢ & & Sb ’
2 6 5
4 8 7 )] t=0.268 ms
) gﬁ, a
="
= ~ ..
» t=0.444ms
E;;P
— 3 ' 4
{ FE S -
1 2 6 5

FIG. 7. The experimental sample and results of the designed metasurfaces. (a) Experimental model of transmission symmetric
mode conversion metasurface. (b) Schematic diagram of longitudinal-transverse wave mode conversion (from port 1 to port
4). (c) Experimental result of longitudinal-transverse wave mode conversion (from port 1 to port 4). (d) Schematic diagram
of longitudinal-transverse wave mode conversion (from port 2 to port 3). (e) Experimental result of longitudinal-transverse
wave mode conversion (from port 2 to port 3). (f) Experimental model of asymmetric mode conversion metasurface. (g)
Schematic diagram of longitudinal wave transmission without mode conversion (from port 1 to port 7). (h) Experimental result
of longitudinal wave transmission without mode conversion (from port 1 to port 7). (i) Schematic diagram of longitudinal
transverse wave mode conversion (from port 3 to port 6). (j) Experimental result of longitudinal transverse wave mode
conversion (from port 3 to port 6).

Experiments on elastic metasurfaces for transmission symmetric mode conversion, presented in Sect. III, and asym-
metric mode conversion, presented in Sect. IV, are conducted to validate the simulation results as shown in Fig. 7
(experimental environment and equipment are detailed in Appendix G). The sample for transmission symmetric mode
conversion is shown in Fig. 7(a). The metasurface is located at the center of the board. Two excitation methods are
considered, including longitudinal wave incidence from the lower side (excitation at port 1) and longitudinal wave
incidence from the upper side (excitation at port 3). The expected response for longitudinal waves incident from
the lower side is shown in Fig. 7(b). The upper side of the metasurface should be dominated by transverse waves,
while the lower side is dominated by longitudinal waves. The distribution of P and @ obtained by analyzing the
displacement field obtained by laser vibration measurement using Matlab is shown in Fig. 7(c). It can be noted that
the incident field is dominated by longitudinal waves and rarely excited by transverse waves. After passing through
the metasurface, the transmited field is dominated by transverse waves, and few longitudinal waves can be recognized.
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The expected response corresponding to excitation of the incident wave from the upper side is plotted in Fig. 7(d).
The upper side of the metasurface should be dominated by longitudinal waves while the lower side is dominated by
transverse waves, which is basically consistent with what is shown in Fig. 7(e). It can be noted that the incident
longitudinal wave is converted into a transverse wave after passing through the metasurface.

The sample for asymmetric mode conversion is shown in Fig. 7(f). Two excitation methods are considered, including
longitudinal wave incidence from the lower left side (excitation at port 1) and longitudinal wave incidence from the
upper left side (excitation at port 3). Transmission without mode conversion is expected when longitudinal waves
are incident from the lower left side, as shown in Fig. 7(g). It can be noted that both the incident field and the
transmitted field are dominated by longitudinal waves, as the experimental results in Fig. 7(h) confirm. The ideal
response corresponding to excitation of the incident wave from the lower left side is plotted in Fig. 7(i). The incident
longitudinal wave is expected to be converted into a transverse wave, which is consistent with the experimental results
shown in Fig. 7(j). It is worth noting that the incident angle is about 30° and the refractive angle is about 16.8°,
which follows Snell’s law.

VI. CONCLUSIONS

In this paper, a multi-polarization scattering model for the customization of versatile elastic meta-atoms is proposed
based on an acoustic-elastic analogy in the frame of the plane stress assumption. Each meta-atom can be characterized
as a 4-port model under normal incidence and a 8-port model under oblique incidence. The 4-port model provides
two independent channels inside the meta-atom, while the 8-port model provides four independent channels. Each
channel inherently supports the integration of a unique function within the meta-atom. A sextuple compression-
torsion coupling meta-atom is proposed for the implementation of multi-mode scattering customization. This meta-
atom fulfills most requirements for mode manipulation with the help of optimization. Furthermore, after enhancing its
geometric asymmetry through the introduction of Willis coupling, it can provide completely asymmetric polarization
conversion under oblique incidence. All four internal channels of the 8-port model can be customized, allowing a
meta-atom array to selectively provide mode conversion or transmission for specific incident waves.

The meta-atom array considered in this paper is horizontally uniform without tangential gradients. Furthermore,
the tangential scale of the meta-atom is deeply sub-wavelength. This indicates that both the 4-port model and the
8-port model are compatible with generalized Snell’s law or impedance theory. An elastic metasurface could then
provide two or four different functions for multi-mode wavefront manipulation. Moreover, the 8-port model has
potential worth exploring, since there are at least 24 possible connection methods for channels within the meta-atom.
This model can also be extended to mode manipulation of 3D elastic fields, which would result in more channels
being established in a single meta-atom. The versatility of metasurfaces could then be further enhanced. However,
the thickness of the metasurface might become a disadvantage as the six compression-torsion coupling substructures
need to be connected in series. It is not yet clear which minimum number of substructures is required to implement
an arbitrary scattering matrix. Subsequent work will be devoted to integrating richer functions in a single elastic
metasurface and miniaturizing its structural dimensions.

VII. DATA AVAILABILITY

The data that support the findings of this study are available from the corresponding authors upon reasonable
request.

VIII. ACKNOWLEDGMENTS

The authors acknowledge financial support by the National Natural Science Foundation of China (124B2034 and
12021002). V.L. acknowledges financial support by the EIPHI Graduate School (ANR-17-EURE-0002).

IX. COMPETING INTERESTS

The authors declare no competing interests.



16
X. AUTHOR CONTRIBUTIONS

Y.Z.T. developed the mathematical model, performed simulations and wrote the paper, Y.M.C. fabricated the
samples and realized the experiments; L.Y.C. guided the research; Y.F.W. and V.L. guided the research and reviewed
the manuscript; Y.S.W. supervised the project. All authors contributed to data analysis and discussions.

Appendix A: Determination of components in elastic impedance matrix

The components on the left side of Eq. (20) are directly given as

P|y1_0 army + agma + agmy + agme = Ajaq + Brag + Cras + Diay, (A1)
Q|y1:0 = ainy + aong + azny + agng = Asaq + Baao + Coas + Doy, (A2)
P‘y1=ho = aym1eVTho 4 aomae VT 4o aamie” VT 4 aymae” V2R = Agay + Bsag 4 Csas + Dsay,  (A3)
Q‘ylzho = ayn1 eV 4 aongeVT2o o qamge VTR 4 qunge V2R — Ay + By + Cuas + Dyay. (A4)

Substituting Eq. (19) into Eq. (14), part of the components can be calculated as

oP
— = 201/T1my + 102\/Temy — 1a3\/T1m1 — 14/Tamy = Asay + Bsag + Csas + Dsay, (A5)
8y y1=0
0
a—cyg = 1014/T1N1 + 1Q2/TaNg — 1Q3/T1N1 — 10u4/Tane = Ao + Beae + Ceas + Deaa, (A6)
y1=0
oP
m = zal\/ﬁmle’\mho + zag\/ﬁmge’\mho — wcg\/ﬁmle“/rlho — za4\/772mge“mh° = A7ay + Bras + Cras + Dray,
Y y1=ho
(A7)
0
8762 — zal\/ﬁnle“ﬁho + zag\/ﬁnge’\/ﬁho — zag\/ﬁnle’\mho — Za4\/r72nge“ﬁh° = Agaq + Bgag + Cgas + Dgau.
Y y1=ho
(A8)
Substituting Eqgs. (A5-A8) back into the right part of Eq. (20), they become
| = | 55 (Asar + Bsas + Csaz + Dsas) + 2 (Asan + Beas + Ceas + Deaua)
—n;- Vp 1 .
—ny-vol, | _ | @ p% (Asaq + Bsag + Csas + Dsoy) + i (Asay + Bgag + Csas + Dgarg) (A9)
—n2- VPIQ - p% (A7raq + Brag + Cras + Drow) + p% (Agay + Bgag + Cgag + Dgay)

- p% (A7a1 + Brag + Cras + D7a4) + é (Aqu + Bgag + Cgag + D8a4)

wo

Then, the first to fourth lines of Eq. (20) can be reorganized as
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Because the impedance matrix S is an inherent property of the material, it should be independent of a; (i = 1 — 4).

The coefficient of «; (i =1 —4)

As bAs
PP + PO
Bs | bBs
PP + PO

should always be zero, so the components of the impedance matrix should obey
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2 (bDs 4 Do) _ » (D7 bDs v (bD7 | Ds

wo PO PQ wo \ PP Po wo Po PQ ) |

o (bAs L As) _ o (Ar | bAs\ _ o (bAr | As)]

wo Po + PQ wWo \ PP + PO wo PO + PQ Z A

o (bBs y Bs) _ o (Br bBs) __u (bBr 4 Bs 21 g

wo PO P Q wo \ pP PO wo PO PQ Z22 — BZ (A15)
o (bCs 4 Ce) _ o (Cz o bCs) _ o (bC: Cs)| |Zas Gyl

wo 0o PQ wo \ PP po wo PO rQ Zoy Do

o (D5 4 Dg) _ o (Dz 4 bDs) _ o (bD7 4 Ds

wo Po P wo PP 0 wo PO 14 i

o (bAs L As) _ o (Ar | bAs\ _ o (bAr | As)]

wo Po + PQ wo \ PP + PO wo PO + PQ 7. A-

o (bBs y Bs) _ o (Br bBs) _ 1 (bBr | Bs 31 3

wo Po PQ wo \ PP PO wo PO rQ 232 — B3 (Alﬁ)
Ka @_A'_% _ Q_ﬁ.@ _ bC7_|_Cs Z33 Cs|’

wo Po PQ wo \ PP po “wo Po rQ 234 .D3

2 (bDs + Dg _ 2 (D7 + bDs\ _ o (bDy Dsg

wo Po PQ wo PP 0 wo PO PQ ) |
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As bAg 2 bAs As 2 Az bAsg 1 [ bA7 As
wo \ PP + PO wo pPo + PQ wo \ PP + Po wo Po + PQ A A
o (Bs 4 B 1 (bBs | Bo) _ 1 (Bry bBa) _ o (bBr g Ba)| M 5
wo PP PO wo Po PQ wo \ PP Po wo PO PQ 42 _ 4 (A17)
o (Cs 4 0Ce) o (005 | Cs) _ o (Czy bCs) _ o (bCz 4 Cs)| |Zas Cy|”
wo PP PO wo Po PQ wo PP PO wo PO rPQ Z44 D4
L(&+%)L(@+&) ,L<&+@ _ 1 (bDr 4 Ds
wo PP PO wo PO PQ wo PP Po wo PO PQ

Then all components of the impedance matrix can be acquired.

Appendix B: Determination of the specific solution through Newton’s iteration

Through the method given in Appendix A, one can obtain the impedance matrix Z corresponding to any set of
parameters q = {a, b, ¢,d, e}. After normalization with Eq. (21), the scattering matrix can be obtained by substitution
into Eq. (22). The entire process can be represented as a function S (q). Then, for the objective scattering matrix

S°Pi  the equation that needs to be solved can be determined as
f (@) =|[s™| =[S (@] =0
The Jacobian matrix is defined as
of
J = —.
(@) =5 q

Newton iteration can be implemented through

Qit1 = q; — f(q) [(J (qz‘)TJ (Qi))

—1

3o

Appendix C: Retrieval of scattering matrix
1. Scattering matrix for 4-port model

For each excitation, the response obey the impedance relationship on both boundary of the meta-atom

P|1 Z11 Zia Z13 Zig —1np - VP|1 np - VP|1
Qli| _ | Zo1 Zoa Zoz Zos| |—mi- vql,| _ _z | vol,
Ply| = | Zs1 Zsg Zsz Zsa| |—ma- Vply| ny- vpl,
Ql, Zy1 Zaz Zaz Zaa] L-m2- vgl, ny- vgl,

By exciting the meta-atom twice, one can obtain

P, Py ni- vpl; ni- vp|,
Quly Q21| _ |- voulp mi- Ve,
P1|2 P2|2 ns - VPl‘Q ns - VP2|2 ’
Q1|2 Q2|2 ng - VQ1|2 ns- VQ2|2

(B1)

(B2)

(B3)

(C1)

(C2)

where the number in the lower corner indicates the number of times it is excited. Since the impedance matrix is

purely imaginary for this passive system

X1 X2 Xi3 Xy
Xo1 Xog Xoz Xoy
X31 X3z X3z X34
Xy1 Xy Xyz Xy

a system of real number equations can be established by separating the real part and the imaginary part of Eq.

Re[Pi|;] Im[Ps|;] Re[Pi|;] Im[Psl] Re[m;- vp|;] Relm;- vp,|;] Immg- vp|;] Im[eny
Re[Q1],] Im[@2];] Re[@Q],] Im[@2f;]| _ _x |Be [m1 - vo,|,] Relmi- vg,|,] Im[m;- vo,|,] Im[m,
Re[Pi|,] Im[Ps|y] Re[Pi|y] Im[Paly]| — Re[my- vp|,] Relmy- vp,|,] Imlmy- vp |,] Imlny
Re[Q1]y] Im[Q2],] Re[Q1]y] Im[Q2],)] Re [my- vo,|,] Re[mz- vg,|,| Im[ms- vo,|,] Im [y

(C3)

(C2)
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The impedance matrix can be solved directly. It should be noted that the two excitations must be linearly independent,
otherwise Eq. (C4) would have infinitely solutions. The scattering matrix can then be calculated through Eqgs. (20)
and (21).

2. Scattering matrix for 8-port model

The input and response of the meta-atom under oblique incidence always obey

(PP [Si Si2 Siz Sia Sis Sis Sir Sis] [
Q8™ So1 Szp Szz Saa Sas Sz St Sas| | QY
bt S31 Ss2 S33 Ss3a S3s Sze Sszr Sss| | 3"
pvt Sy1 Saz Saz Saa Sis Sse Sar Sas| | Pyt

13501“ ~ | Ss1 Ss2 Ssz Ssa Sss Sse Ssr Sss Jfén
Q™ Se1 Se2 Ses Sea Se5 Se6 Ser Ses | | Qg
et St St2 S3 Sta S5 St St Sts| | PP
Q"] LSs1 Ss2 Ss3 Ssa Sss Sse Ssv Sss] QY

When Eq. (30) in the main text is applied, it implies that Ports 1-4 are excited as only input. No reflection is allowed,
which leads to Sgq = 0(a =1,2,3,4). Thus, Eq.(C5) can be simplified to

Pt S15 S1e Sz Sis] | 21"
Q™| _ |S25 Sas Sar Sas| |QY
ppve Szs Sse Ssr Sss| | P
QM Sas Sie Sar Sigl | P

(C6)

It should be metioned that purely oblique incidence with specific mode is difficult in the simulations with single
meta-atom. The excitation setup follows the same procedure as that used for normal incidence, as highlighted in
Appendix D in the revised manuscript. To retrieve the scattering matrix, horizontal and vertical Body Loads on a
Weey X 3 rectangular area are applied sequentially near the upper and lower PML. This configuration provides four
different excitations and ensures sufficient linear independence to establish a system of equations as

Hout,1 pout,2 pout,2 pout,d Hin,l  pin,2 pin,3 pin,d
€5 t,1 65 t,2 BS t,3 65 t,4 S15 516 517 518 . 1 }?1' 2 . 3 }_31' 4
out, out, out, out, in, in, in, in,
S 1 S 2 Q6 3 S 4 = S25 D26 Sar Sus 2 1 2 2 2 3 2 4 (07)
pout Hout pout pout - i i i i
peuisl pout2 pontid pout, Sy Sz Sz Sas| | P P M pin
~Aout,1 ~out,2 AHout,3 Aout,4 S S S S pin,1  pin,1  pin,3 pin,d
] ] 8 ] 45 46 47 48 P4 P4 P4 P4

where the number in the upper corner indicates the number of times it is excited. Then, the scattering matrix can
be solved directly.

Appendix D: Numerical simulations

Numerical simulations in Figs. 3, 4 and 6 are conducted with the COMSOL Multiphysics Solid Mechanics module.
Normalization is performed on a uniform strip with the same settings as for optimization, but replacing the structure
with a uniform background medium. The source is set as Body Load on a w.e; X 3 cm rectangular area next to the
lower or upper perfect matching layer, whose Force per unit area is (0, 1) for longitudinal wave and (1, 0) for transverse
wave. The operating frequency in all simulations is uniformly set to fo = 30kHz.

The same excitation source settings as for normalization are used for optimization. The sources for optimization
of Cases 1, 4 and 5 are two excitations of longitudinal and transverse waves set on the lower side of the meta-
atom. The sources for optimization of Cases 2 and 4 are two longitudinal wave excitations set on the upper and
lower sides of the meta-atom. The sources for optimization of the meta-atom under oblique incidence are horizontal
and vertical Body Loads that are set sequentially to both upper and lower sides of the meta-atom. Therefore,
linearly dependent excitations that would prevent the scattering matrix from being fully determined can be avoided
as mentioned in Appendix A. The mesh has a maximum size of Ag/10 and a minimum size of Ag/15 for convergence.
The discretization uses quadratic Lagrange elements. All settings, including boundary conditions, mesh, excitation
and discretization in Figs. 3 are the same as for normalization. The scale factor of the deformation is set to 8 x 107
for observation purposes.
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FIG. 8. Eigenmodes of the designed meta-atom. (a) The eigenmode of the meta-atom in Case 1 at 29.80kHz. (b) The eigenmode
of the meta-atom in Case 1 at 29.95kHz. (c) The eigenmode of the meta-atom in Case 2 at 29.97kHz. (d) The eigenmode of
the meta-atom in Case 2 at 29.94kHz.

Simulations in Fig. 4 are conducted on a 1.2 m x 1.2 m plate under the assumption of plane stress. It is surrounded
by a perfect matching layer with a width of 10cm. The metasurface composed of an array of 60 meta-atoms is located
in the center of the plate. The excitation source is set as a 50 cm x 3 cm rectangular area 35 cm away from the
metasurface in order to match the experiment. A 2 cm x 6 cm slot is set on both sides of the excitation source to
guide the propagation of elastic waves. Normalization is performed with the same method as above. The simulation
in Fig. 6 involves rotation of the excitation source around the origin by 30.0° for longitudinal waves and 16.8° for
transverse waves. The settings for mesh and discretization are the same as those in Figs. 3.

Appendix E: Eigenmodes of the elastic meta-atoms in Cases 1-2

The eigenmodes of the designed meta-atoms are depicted in Fig. 8 to reveal the physical essence of these internal
channels. Simulation settings adopt the same mesh and discretization as those in Figs. 3. The perfect matching layer
and excitation source are removed. The background medium on both sides is extended to Iy = 90\, and both ends
are set as Low-Reflecting Boundary (not drawn for simplicity). It can be noted that the eigenmodes in Figs. 8 (a)
and (b) are consistent with Figs. 3 (a,d) and (b,c), respectively. The transverse and longitudinal wave fields on both
sides of the meta-atom are basically the same. The deformation insider the compression-torsion coupling meta-atom
is also similar. The eigenfrequencies corresponding to the two eigenmodes are f = 29.80 kHz and f = 29.95 kHz,
which are close to the operating frequency fy = 30 kHz. The phenomenon becomes more apparent for the case of
reflection as shown in Figs. 8 (¢) and (d). Their eigenfrequencies are f = 29.97 kHz and f = 29.94 kHz, which can
be seen as being identical with operating frequency. The eigenmodes are consistent with the vibration mode Figs. 3
(g,h) and (i,j), respectively, as well. It can be concluded that the physical essence of the natural channels inside the
meta-atom is two independent modes.

Appendix F: Additional examples for full polarity manipulation

The case of selective transmission is given in Figs. 9(a-e). As shown in Fig. 9(a), one channel connects port 1 to
port 3 (yellow channel), but the other channel connecting port 2 to port 4 (orange channel) is broken. The yellow
channel should provide complete transmission

|S13] = [S51] = 1. (F1)
The broken orange channel results in a 100% reflection coefficient
|Sa2| = [Su] = 1. (F2)
The amplitudes of each component of its scattering matrix are
0010
abs(8) = |1 0 0 ol (F3)
0001
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The fitness function is defined as
f=min {[S13], [S31], S22/, [Saal} . (F4)

The detailed optimization results are recorded in the fourth column of Table I, and the corresponding amplitudes of
each component of the scattering matrix are recorded in the forth column of Table II.

The case of unidirectional mode conversion is given in Figs. 9(f-j). As shown in Fig. 9(f), one channel connects
port 1 to port 4 (yellow channel), but the other channel connecting port 2 to port 3 (orange channel) is broken. The
yellow channel should provide complete transmission

|S14| = |Sau1| = 1. (F5)
The broken orange channel results in a 100% reflection coefficient
|S22] = |S33] = 1. (F6)

The amplitudes of each component of its scattering matrix are

0001
abs (S) = 8 (1) (1) 8 , (F7)
1000
The fitness function is defined as
f = min {|S14], [Sa1],[Sa22l, |S33]} - (F8)

The detailed optimization results are recorded in the fifth column of Table I, and the corresponding amplitudes of
each component of the scattering matrix are recorded in the fifth column of Table II.

It should be mentioned that this case can not be directly achieved by a medium described by Eq. (13). The
longitudinal or transverse waves incident from both sides respond in different forms, which results in directionality
that cannot be supported by symmetrical constitutive model. However, due to vertical asymmetry being allowed in
the structures as shown in Fig. 1(d), a certain directionality can be introduced. This asymmetry may contribute to
Willis coupling[100], leading to the realization of unidirectional mode conversion.

The case of complete transmission is given in Figs. 9(k-0). As shown in Fig. 9(k), one channel connects port 1 to
port 3 (yellow channel), and the other channel connects port 2 to port 4 (orange channel). The yellow channel should
provide complete transmission

|S13] = [S51] = 1. (F9)
The transmittance of the orange channel should also be 100%
|So4| = |Sa2| = 1. (F10)

The amplitudes of each component of its scattering matrix are

0010
abs (S) = (1) 8 8 (1) , (F11)
0100
THe fitness function is defined as
f=min{|S3[, |S31], [S24], [Sazl} - (F12)

The detailed optimization results is recorded in the fifth column of Table I, and the corresponding amplitudes of each
component of the scattering matrix are recorded in the fifth column of Table II.



TABLE I. Optimized parameters [units: cm].

Case 1 Case 2 Case 3 Case 4 Case 5 Asymmetric meta-atom

w! 0.12 0.48 0.51
dl 001 0.24 -0.065
al 051 0.52 0.40
al 030 0.17 0.25
al, 020 0.07 0.11
dh -0.19 -0.275 0.00
w? 021 041 0.64
d2 005 -0.33 0.14
a> 041 0.60 0.54
a? 029 050 0.31
a2, 019 0.36 0.21
d2 009 017 -0.13
w? 0.56 0.19 0.66
d> 020 0.17 0.13
ad 052 053 0.54
a? 042 036 0.42
a3, 032 020 0.32
dd 0.25 0.135 0.10
w? 046 071  0.80
d* 0.30 0.095 -0.04
at 057 049 0.52
af 047 034 042
at 016 0.17 0.32
di 022 012 0.305
w® 042 035 0.27
d> 0.09 0.33 0.295
aS 048 056 0.51
a? 029 046 0.30
al, 0.17 0.36 0.20
d5 0.00 020 0.215
w® 0.88 0.35 0.43
dS -0.03 0245 -0.02
a5 054 046 0.58
a® 027 036 035
a%, 005 019 0.25
dS 0.11 0.02 023
w’ 078 054 0.54

0.54 0.49
-0.20  0.05
0.51 0.38
0.41 0.28
0.22 0.18
0.16 0.14
0.36  0.40
-0.18 0.24
0.40 0.48
0.30 0.38
0.07 0.28
-0.07 0.015
0.58 0.85
-0.11 -0.035
0.44 0.50
0.34 0.40
0.21  0.30
-0.09  0.00
0.62 0.92
-0.13  -0.05
0.48 0.55
0.22  0.40
0.12  0.29
0.10 0.01
0.64 0.80
-0.22  0.04
0.58 0.48
0.48 0.38
0.38 0.28
-0.12 -0.03
0.54 0.82
-0.13  0.00
0.56  0.45
0.32  0.35
0.09 0.25
-0.06  0.09
0.92  1.00

0.31
-0.265
0.50
0.30
0.16
-0.045
0.75
-0.125
0.58
0.47
0.20
-0.05
-0.90
0.00
0.53
0.43
0.26
0.10
0.70
0.00
0.43
0.33
0.23
0.00
0.70
-0.14
0.57
0.47
0.37
-0.17
0.63
-0.10
0.50
0.21
0.11
-0.305
0.23

TABLE II. Amplitude of optimized scattering matrix.

Case 1

Case 2

Case 3

abs(S)

0.12 0.16 0.19 0.97
0.16 0.05 0.95 0.21
0.19 0.95 0.11 0.16
0.97 0.21 0.16 0.05

0.12 0.99 0.04 0.04
0.99 0.12 0.04 0.03
0.04 0.04 0.09 0.99
0.01 0.03 0.99 0.09

0.09 0.08 0.99 0.07
0.08 0.99 0.08 0.03
0.99 0.08 0.09 0.07
0.07 0.03 0.07 0.99

Appendix G: Experiments

22

The experimental sample is a rectangular 6061 aluminum alloy plate 1.2 m x 1.2 m x1 mm with a mass density
of 2700 kg/m?, plane stress longitudinal wave modulus of 77 GPa, and plane stress transverse wave modulus of 26
GPa, which is fabricated by laser cutting. All geometries are set to be consistent with the simulation, except that the
perfect matching layers are replaced with blue tack to avoid boundary reflections affecting observation. The sample
is suspended vertically on an aluminum frame. Signals generated and collected in the experiment are controlled by
Polytec controller connected to a computer. The source is selected as a 3-cycle sinusoidal burst signal at 30kHz,
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TABLE III. Amplitude of optimized scattering matrix.

Case 4 Case 5 Asymmetric meta-atom

[0.00 0.00 0.00 0.00 0.19 0.38 0.09 0.907
0.00 0.00 0.00 0.00 0.33 0.22 0.91 0.08
0.07 0.19 0.20 0.96| |0.17 0.96 0.16 0.14| (0.00 0.00 0.00 0.00 0.83 0.40 0.28 0.28
0.19 0.96 0.04 0.20| |0.96 0.13 0.15 0.17| [0.00 0.00 0.00 0.00 0.40 0.81 0.28 0.32
0.20 0.04 0.96 0.20| |0.15 0.15 0.19 0.96| |[0.19 0.33 0.83 0.40 0.00 0.00 0.00 0.00
0.96 0.20 0.20 0.03 0.13 0.17 0.96 0.18 0.38 0.22 0.40 0.81 0.00 0.00 0.00 0.00
0.09 0.91 0.28 0.28 0.00 0.00 0.00 0.00
10.90 0.08 0.27 0.32 0.00 0.00 0.00 0.00]

abs(S)

which is excited by 8 pairs of 6cm x3 cm piezoelectric transducers symmetrically attached to the front and back of
the sample. For the transmission symmetric mode conversion, the measurement area in Fig. 7 (a) consists of two
50cm X 20 cm rectangles located 5 cm above and below the metasurface. Their central axis coincide with the central
axis of the metasurface. For asymmetric mode conversion, the measurement area is shifted 5 cm to the right as shown
in Fig. 7 (f). There are 77 x 31 evenly distributed points in the measurement area for sampling with a sampling
frequency of 1000 kHz. Normalization refers to the maximum value when the incident wave appears completely at
the first time in the measurement area.
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FIG. 9. The structure design and responses for selective transmission (Case 3), unidirectional mode conversion (Case 4),
and complete transmission (Case 5). (a) 4-port model for selective transmission. (b) The response of selective transmission
meta-atom under a longitudinal wave incident from the lower side, i.e. excited at port 1. (c¢) The response of selective
transmission meta-atom under a transverse wave incident from the lower side, i.e. excited at port 2. (d) The response of
selective transmission meta-atom under a longitudinal wave incident from the upper side, i.e. excited at port 3. (e) The
response of selective transmission meta-atom under a transverse wave incident from the upper side, i.e. excited at port 4.
(f) 4-port model for unidirectional mode conversion. (g) The response of unidirectional mode conversion meta-atom under
a longitudinal wave incident from the lower side, i.e. excited at port 1. (h) The response of unidirectional mode conversion
meta-atom under a transverse wave incident from the lower side, i.e. excited at port 2. (i) The response of unidirectional
mode conversion meta-atom under a longitudinal wave incident from the upper side, i.e. excited at port 3. (j) The response
of unidirectional mode conversion meta-atom under a transverse wave incident from the upper side, i.e. excited at port 4.
(k) 4-port model for complete transmission. (1) The response of complete transmission meta-atom under a longitudinal wave
incident from the lower side, i.e. excited at port 1. (m) The response of complete transmission meta-atom under a transverse
wave incident from the lower side, i.e. excited at port 2. (n) The response of complete transmission meta-atom under a
longitudinal wave incident from the upper side, i.e. excited at port 3. (o) The response of complete transmission meta-atom
under a transverse wave incident from the upper side, i.e. excited at port 4.



