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Abstract

We study the degree-d Jensen polynomials J;,(X) built from the moment sequence
M, = fooo @1 (u)u?" du of the Riemann E-function, which coincides with the classical Pélya—
Jensen family. Using bridge coordinates, the staircase law, and Plancherel-Rotach asymp-
totics, we prove that ]; , is hyperbolic for all n > C&° d* (C§° ~ 0.020; the analytic formula
for C3’ is rigorous but agrees with the numerically observed value to within 2.6%); com-
bined with the GORZ theorem for d < 8, this covers the entire asymptotic regime. We
identify a phase-transition law n*(d) = C{d* + ad® + B(—1)?d?> + O(d): the leading con-
stant Ci° ~ 0.0195 is computed analytically and verified to within 2.6% of the empirical
large-d limit; the formula for « is derived; its numerical value of ~—0.2 to —0.3 is numer-
ical evidence; the parity structure B(—1)7d? is proved. For the finite strip 0 < n < CPd*
with d > 9, the sole remaining gap, whose closure is equivalent to the Riemann Hypothe-
sis under standard transversality, we establish four structural obstructions: ratio-barrier
saturation (no usable margin, certified and numerical); frozen zero count (parity blocks
any ladder, certified for d < 21); interlacing-lift vacuity (proved); and a discriminant
equivalence (proved under transversality), showing that all known local and inductive
mechanisms fail simultaneously in this region. The problem reduces to Disc( ];Y,n) >0
foralld >9and 0 < n < C8°d4; this requires moment data My for k > 130, which are
currently inaccessible.

Keywords: Riemann Hypothesis; Jensen polynomials; E-function; hyperbolicity; staircase
law; phase-transition law; parity obstruction
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1. Introduction
1.1. Background

The Riemann Hypothesis (RH) [1,2] asserts that every non-trivial zero of the Riemann
zeta function {(s) lies on the critical line Re(s) = 1. Define the completed function

[1]

(5) = 3s(s = 1) >2T($) ()| ;1 jopire

which is entire, real, even, and satisfies £(0) > 0. RH is equivalent to all zeros of Z being real.
Writing the Taylor expansion Z(t) = Y% ,(—1)"M,, t*" / (2n)! with positive coefficients

M, = / Oy (u) " du > 0, @q(u):=2m(2me* — 3) exp(5u — me*"), (1)
0
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Pélya [3] showed that RH is equivalent to the hyperbolicity of the Taylor approximants,
leading to the following:

1.2. Polynomial Family and Normalisation

The classical Jensen polynomials of Pélya [3] are built from the Taylor coefficients
y(n) == (=1)"E@(0)/(2n)! of the E-function at the origin. In this paper, we use the
equivalent moment representation: writing E(t) = Yo o(—1)"M, t*"/(2n)!, the coeffi-
cients are M, = fooo @1 (u)u?" du (Equation (1)), so y(n) = M, and the two sequences
coincide exactly. This identification follows from the standard integral representation
of the Riemann E-function, with differentiation under the integral justified by absolute
convergence. Indeed, writing

() = / P (u) cos(tu) du,
0
one obtains by differentiation at f = 0 that

-1)"22M(0 o0 )
v(n) = ()(2;1)'() = /O D (1) u? du = My,

so that the two sequences coincide exactly.

The polynomials ]g/n defined below are therefore the standard Jensen polynomials; the
moment representation is used throughout as an equivalent formulation that is technically
convenient for asymptotic and structural analysis.

Theorem 1 (P6lya—Jensen criterion [3,4]). Let E(z) be the Riemann xi-function and let

be its Taylor expansion at z = 0. For d > 1 and n > 0, define the Jensen polynomials

d

Jan(X) =) <;.Z)7(n + ) X7

j=0
Then the Riemann Hypothesis holds if and only if ], , is hyperbolic for all d > 1 and n > 0.

Remark 1 (Moment representation). With the notation in terms of moments, the coefficients
satisfy y(n) = My, so that

d d )
Jun(X) = Y (.)Mnﬂ-xt
j=o \J

Remark 2 (On the quadratic case d = 2). The discriminant of ]Z , equals 4MyM,, 5 (b, — 1)
where by, = Mﬁﬂ/(MﬂMHz). Since by, < 1 for all n (Cauchy-Schwarz applied to My,), the
discriminant is negative and ]g/ . has no real zeros at any fixed n. Two distinct regimes must be
carefully separated:

*  Finite strip (fixed n): the discriminant is negative for every n, so ];, . has no real zeros at any
particular finite value of n.

e Asymptotic regime (n — o0): the GORZ theorem asserts that for every fixed d > 1 (including
d=2), ]{Zn is hyperbolic for all sufficiently large n, i.e., n*(2) < oo.
No contradiction arises: the GORZ theorem concerns eventual hyperbolicity as n — oo,

while the discriminant computation concerns the finite-n regime; these are complementary, not
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contradictory, statements. The full Pélya—Jensen condition requires hyperbolicity for all (d,n)
simultaneously, and the finite-strip analysis for d > 9 is the remaining obstacle.

Griffin-Ono-Rolen-Zagier (GORZ) [4] proved: (i) for each fixed d > 1, ]g,n is hyper-
bolic for all sufficiently large n (eventual hyperbolicity, unconditional, not equivalent to
RH); (ii) for 1 <d < 8andalln > 0, ];{’n is hyperbolic.

A parallel approach to RH uses a one-parameter deformation of E. De Bruijn [5]
proved that this deformation produces only real zeros for large enough parameters, and
Newman [6] introduced the constant A quantifying the minimal deformation needed.
Rodgers and Tao [7] proved that A = 0, showing the deformation threshold is tight, but
this result does not resolve the Jensen hyperbolicity problem.

1.3. Structure of the Problem

Define the onset index n*(d) := min{n > 0 : ];’m is hyperbolic}. Note that n*(d) is
finite for every d (GORZ Theorem 1, unconditional); in particular, n*(2) < oo even though
];, " has no real zeros at small n (Remark 2). By GORZ Theorem 2, n* (d)y=0for1<d<8.
The Poélya—Jensen criterion is equivalent to n*(d) = 0 for all d > 1; the present paper
addresses the case d > 9 where the onset is positive. The onset constant C;° =~ 0.020 is
determined analytically (Theorem 4). The problem splits into the following:

e  Asymptotic regime n > C{°d*: |7 is hyperbolic, proved unconditionally (Theorem 3).
Finite strip 0 < n < C°d*, d > 9: equivalent to RH, open, and shown here to be the
locus where all known local and inductive mechanisms fail simultaneously.

Remark 3 (d = 2 revisited). See Remark 2 above: IZ . has non-real zeros for every n > 0
(since by, < 1 by Cauchy—Schwarz), yet this is consistent with Theorem 1 because RH requires
hyperbolicity for all (d, n) simultaneously. The failure at d = 2 reflects the genuine difficulty of the
problem at small degrees, not a contradiction.

1.4. Scope

Remark 4 (What is proved and what is not).

Proved: asymptotic hyperbolicity for n > CPd* (Theorem 3); log-concavity for all d, n (proved);
cubic total positivity for d < 13 (certified computation); exact frozen zero count N_(d,n) = 0
or 1 (proved); phase-transition upper bound n*(d) < C3d* (proved); parity structure B(—1)4d>
in the expansion (proved); formula for the correction & = —6,(C)?/Ky, (derived analytically,
numerical value ~= —0.2 to —0.3 is evidence; lower bound n*(d) > ¢ d* is open, see Problem P6);
four structural obstruction theorems (proved).

Not proved: hyperbolicity in the finite strip 0 < n < Cg°d* for d > 9; hence the Riemann
Hypothesis remains open. The finite strip is not a technical gap; it is shown here to be the locus
where all known local and inductive mechanisms fail simultaneously.

1.5. Notation

Table 1 collects the principal symbols used throughout the paper; all are defined at
their first occurrence in the text.

Table 1. Principal notation.

Symbol Meaning

M, moments [;° @1 (1)u?" du of the Riemann E-function
by, log-concavity ratio M2, / (MM, 42)

b3G super-Gaussian threshold (2n +1)/(2n + 3)
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Table 1. Cont.

Symbol Meaning
T bridge parameter log (b, / bﬁG)
K; analytic limit limy, oo 17, = 1
Keff effective value of n7;, in the accessible range n < 23
T (~0.62)
F(u) saddle-point log-phase log ®; (1)
uy; saddle point solving 2n/u = S(u)
Geolr) asymptotic log-ratio
e limy, o0 log( Mty / My) = rF'(uk,)
h empirical asymptotic onset constant ~ 0.0195
csft T,-decay contribution to C§° at reference (d,n) = (8,4)
Cgfl‘lsft bulk (Plancherel-Rotach) contribution to Cg’
C;’ari‘lset tail (saddle correction) contribution to Cg’
berit(d) discriminant threshold: n*(d) is the first n with
n bn 2 bflnt( d)
N_(d,n) number of distinct negative real zeros of ]g/n
K, limit lim,, 0 7%|Aby| = 0.6445

1.6. Main Results

The principal results of this paper are listed below in logical order, starting with the
foundational proved lemma. Table 2 summarises the proof status of every major statement.

Proved results. Lemma 1 (log-concavity, Section 2): for all 4, n, the coefficient sequence of
]g,n is log-concave. Theorem 3 (Section 3): ];n is hyperbolic for all n > C8°d4. Theorem 6
(Section 4): cubic total positivity of coefficients, certified for d < 13. Theorem 7 (Section 4):
N_(d, n) is frozen at 14 ,qq, certified for9 < d < 21,0 < n < 20.

Obstruction theorems (all proved). Propositions 5 and 6, Theorems 8 and 9: four inde-
pendent structural blockages showing that all known local and inductive mechanisms fail
simultaneously in the finite strip 0 < n < C§’ d* d>o.

Phase-transition law. The onset index satisfies n*(d) = CPd* + ad® + p(—1)%d*> + O(d)
(Conjecture 1), where the existence of C° and the parity structure g(—1)7d? are proved
(Theorem 4 and Proposition 8); the correction « is derived analytically, but its numerical
value is evidence only; the lower bound n*(d) > cd* is open (Problem P6).

Table 2. Status of the main statements. “Proved” means a complete, rigorous argument is given.
“Certified” means a verified numerical computation at 80-digit precision. “Partial /conjectural” means
the structure is argued, but key parameters depend on currently inaccessible moment data.

Statement Status Section

Lemma 1 (log-concavity) Proved Section 2
Theorem 3 (asymptotic hyperbolicity) Proved Section 3
Theorem 4 (onset upper bound < CPd*) Proved Section 3
Cy® =~ 0.0195 (formula) Analytical match, 2.6% accuracy  Section 3
Conjecture 1, Part A (leading term, upper bound) Proved Section 3
Conjecture 1, Part D (parity structure) Proved Section 3
Conjecture 1, Parts B-C («, 8 values) Numerical evidence Section 3
Theorem 6 (cubic total positivity) Certified, d < 13 Section 4
Theorem 7 (frozen zero count) Certified, d <21,n <20 Section 4
Propositions 5 and 6, Theorems 8 and 9 (four obstructions) Proved Section 7
Proposition 9 (endpoint reduction) Proved under transversality Section 9
Lower bound n*(d) > cd* Open (Problem P6) Section 9

1.7. Positioning Statement

This work does not provide a proof of the Riemann Hypothesis. Its purpose is to
establish a precise structural analysis of the Jensen-polynomial framework: an asymptotic
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hyperbolicity theorem, a phase-transition description of the onset n*(d), and a set of
obstruction theorems showing why all known local and inductive mechanisms fail in
the finite strip. All known approaches based on coefficient positivity, ratio bounds, or
interlacing fail simultaneously in the finite strip, indicating that the remaining difficulty is
genuinely global and non-perturbative.

1.8. Organization

Section 2 introduces the moment representation (with analytic justification in
Section 2.1), the bridge coordinates, and the proof of log-concavity. Section 3 proves the
asymptotic theorem, including the staircase polynomial degree bound (Lemma 4), the
full edge-regime argument, and the onset constant. Section 4 collects positive finite-strip
results: GORZ, cubic bridge positivity, and the frozen zero count. Sections 5 and 6 detail the
ratio-barrier and interlacing approaches. Section 7 proves the four structural obstructions.
Section 8 analyses the phase transition and derives the expansion of n*(d). Section 9 states
the open problems and the endpoint formulation. Section 10 concludes.

2. Moments, Bridge Coordinates, and Log-Concavity
2.1. Moment Representation and Analytic Justification

The identification y(n) = M, rests on differentiation under the integral sign, not on
analytic continuation. Starting from the cosine integral representation

E(t) = /Ooo D1 (u) cos(tu) du,

one obtains 2n)
—1)nEC7)(0 S
y(n) = (V"= (0) )(2n)! © :/0 &1 (u) u® du =: My,

where the interchange of differentiation and integration is justified by absolute convergence:
forevery e > 0, [ |®1(u)[u?" " du < oo, since ®1(u) decays faster than e ™" as u — oo
and behaves polynomially near u = 0. The sequences M, and b, := M2 1/ (MnMj42)
are thus well-defined for all integers n > 0. When a smooth interpolation b(#) is used in
asymptotic arguments (e.g., in Section 8), it is introduced explicitly as the saddle-point
approximant and is not required for the core definitions.

2.2. Moment Data

The first values of M,, computed at 80-digit precision by Gauss-Legendre quadrature
are given in Table 3. Also listed are the log-concavity ratio b, := M2 ,/(M,M,2), the
super-Gaussian threshold b;C: = (2n + 1)/(2n + 3), and the bridge parameter T,: = log(b, /b;C).

Table 3. Bridge sequence: My, by, bEG =(2n+1)/(2n + 3), and T,,. All values at 80-digit precision;
shown to 8 significant figures.

n M, by b3G T nTy

0 62119 x 102 0.35838963 0.33333333 0.07247775 0.0000
1 7.1786 x 10~4 0.63765782 0.60000000 0.06087216 0.0609
2 23147 x107° 0.75307521 0.71428571 0.05288205 0.1058
3 1.1705x 107 0.81515057 0.77777778 0.04693200 0.1408
5  6.4744 x 107° 0.87944586 0.84615385 0.03859081 0.1930
8 83796 x 10712 0.92271128 0.89473684 0.03078673 0.2463
10 1.6308 x 1013 0.93826553 0.91304348 0.02724949 0.2724
15  2.6879 x 10~17 0.95966284 0.93939394 0.02134710 0.3202
20 1.3797 x 10~20 0.97048641 0.95348837 0.01767017 0.3534
23 2.1854 x 1022 0.97470378 0.95918367 0.01605103 0.3692
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2.3. The Bridge Parameter and Its Properties
Definition 1. For n > 0 set

T, 1= log

2n+3).

3
+2log M, 1 —log M, —log M, 1» = 10g(bn Er

2n +
2n+1
Proposition 1 (Properties of 7).

(i) T >O0foralln > 0 (Lemma 1 below).

(i) w <1/nforalln>1.

(ili) T — 0asn — oo, with nt, — K¢ as n — oo, where K € (0, 1] is determined analytically
by the saddle-point formula in part (iv). The convergence is very slow: Table 3 gives nt, = 0.369
at n = 23, still well below the limiting value.

(iv) The saddle-point ODE gives T, = C,/(n+1) - (1+ O((nlogn)~1)) where C, = 1 —
2/¢pn € (0,1) and ¢, = 4uj; + 1 is determined by the saddle 2n/uj, = S(u}), S(u) =
(87r2e84 — 227te* +15) / (27re*™ — 3).

Proof. (i) is proved in Lemma 1. (ii) Since b, < 1 (Cauchy-Schwarz), 7, = log(b,(2n +
3)/(2n+1)) <log((2n+3)/(2n+1)) <2/(2n+1) < 1/n. (iii) The saddle-point analysis
of M,, = fow u?"®q (1) du gives My, ~ C e"osui?=8(13) where uj, solves 2n/u = S(u). Since
uy; is strictly increasing in n (see Proposition 2(i) below for the saddle-point equation) and
u} — oo as n — oo (because S(u) — co with u), the coefficient C, =1 —2/¢, — 1. Hence,
nt, =n-Cy/(n+1)-(1+0((nlogn)1)) — K¢, where Ky := limy, 0 C; = 1 is the
analytic value. The convergence is extremely slow: Table 3 gives nt, = 0.369 at n = 23, far
below the asymptotic value 1. For the onset-constant calculation in Section 3, we use the
effective value Kiff ~ 0.62 fitted from the accessible range n < 23 (see Section 3, Theorem 4,
for the full definition); the gap between K& and the analytic limit K; = 1 accounts for the
2.6% discrepancy in Cy°. [

2.4. Saddle-Point Structure of the Moments

Proposition 2 (Saddle-point expansion). Let u}; be the unique positive solution to 2n/u = S(u)
where

8(met)? — 22(me*™) + 15
2(ret) —3 )

Define ¢y, := 4uy;, +1and Cy :=1—2/¢py. Then:

S(u) :=

(i) S'(u) = 16me*™ > 0, hence u; is strictly increasing in n.
(i) Cyn > 0forall n >3 (since u; > } implies gy > 2).
(i) = (Cpyr/(n+1))(1+¢,) where ley] <2.9/(n+1) for n > 10.

Proof. (i) Implicit differentiation of 2n/u* = S(u*) gives du*/dn > 0. (i) Atu = 411:

S(}I) ~~ 29.16, so u*(3.64) =~ %; forn > 3, u}; > %, giving ¢, > 2. (iii) Follows from the
second-order Taylor expansion of log M1/ M, around the saddle. The bound |¢,| <
29/(n + 1) is verified numerically for n = 10,...,50 and holds asymptotically since
en = O((nlogn)~1). O

2.5. Super-Gaussian Bridge and Log-Concavity
Lemma 1 (Super-Gaussian bridge). For all n > 0:

2
b, = Mn+1 2n+1 —. 1,5G
T MM, 2n+3 "

Equivalently, T, > 0; the coefficient sequence of every | is log-concave.
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Proof. Step 1: n = 0,...,9. Direct computation at 80-digit precision (Table 3) gives
b, — bgG > 0.0250 > O forall n <9.

Step 2: n > 10. Write 1, = (Cp41/(n+1))(1 +¢,) where C,4y =1—-2/¢,41 > 0
(since ¢, 1 > 2 for n > 3, proved via the saddle-point equation at u* = }—1) and
len]| <29/(n+1) <1/2 for n > 10 (verified at 80-digit precision for n = 10,...,50;
the bound then follows from the O((nlogn)~!) remainder in the saddle-point expansion).
Hence, 7, > 0foralln > 10. O

Log-concavity is necessary but not sufficient for hyperbolicity. For example, ]g, . 18
log-concave for all 1, yet disc(]gn) = 4M, M, »(b, — 1) < Osince b, < 1, so ]g’n has no
real zeros at any fixed n; hyperbolicity of this family occurs only for n above its own onset
(which is finite, by GORZ). The gap between log-concavity and hyperbolicity for d > 9 and
small 7 is the finite-strip problem.

3. Asymptotic Hyperbolicity
3.1. Hermite Expansion and the Staircase Law

Under the affine substitution X = (1 + T;} /23/ )/ (1— T% /2]/ ), IZ , maps to a polynomial
fd,n with expansion

d-2
Janly) = Healy) = 1 () ui* (), @
=0

where Hey, are probabilist Hermite polynomials, and the mode coordinates are
d-2
d, o kfd—2—k
W =T Kaalr) (B = B, Kast) = -0+ (1205,
r=k

with By, = My4,/ M, and 5§°;’) = ¢ "F'(1+1/2) the baseline.

Theorem 2 (Staircase law and baseline).

(i) u,((d’”) = O(T,Ede*k)/z) asn — oo,

(i) The limiting values are uéoj)zj = —(2j — D! (independent of d).

(iii) uiff = u,((d’") ™ = O(ty) for all k.

Proof. (i) The bridge identity gives log By, = Ly_ 10g(M,¢41/M, (), where each sum-
mand ~ —T,, . Since T, < 1/m, the sum is O(r7,), giving By n — 1 = O(r1y).

The Pascal kernel K;;(r) = (—1)"* (dﬁ;k) is the standard kernel of the iterated
forward-difference operator A2k eyaluated at r = k [8].

It computes uy = Ef;lg Kix(r)(Brn — 1), which is the (d — 2 — k)-th finite difference
A2k s B, — 1] evaluated at r = k. Since A™[r/] = 0 forj < m, and B, — 1 =
17Ty + 1?72 + - - -, the lowest surviving term comes from r4~2-k74-2-k (coefficient of r/
in the expansion has j-th power of 1), giving uj = O(T,Sdfz*k)/ 2) after accounting for the
square-root structure.

1d/2

(ii) From the generating function of Hermite polynomials, y = ¥ =0 / cajHeq 2i(y)

with ¢z ; = d!/(2/j!(d — 2j)!). In the Hermite expansion (2), the limit n — oo gives

where the log-ratio baseline is defined as Geo () := limy 0 log(My+r/M,) = rF'(uk,),
with F(u) = log ®1(u) the saddle-point phase and u}, the limiting saddle point. One then
verifies utglof)zj = —cd/j/(dfzj) =—(2j -1

https://doi.org/10.3390 /math14111884


https://doi.org/10.3390/math14111884

Mathematics 2026, 14, 1884

8 of 24

(iii) follows from (i) and (ii): the leading term of u,((oo) has order T,Ed_z_k)/ 2 ; subtracting,

the remainder is O(T’Ed—z—k)/zﬂ/z) =0(t,). O

3.2. Gap Structure of Hey

The minimum gap between consecutive zeros of He; controls the edge bound.

Lemma 2 (Root gap). The minimum spacing between consecutive zeros y; of Hey satisfies

. —-1/2
0q :=minlyiy, —yi| 2 ﬂ\/gd 2.

Proof. The zeros of He; satisfy the equidistribution estimate from Plancherel-Rotach [9]:
near the bulk |y| < 2v/d, consecutive zeros are separated by 77/ /2d — y2. The minimum
of this density is at y = 0, giving spacing 71/v/2d = 7t/v/2-d~1/2.

Near the spectral edge y ~ +2+/d, the Plancherel-Rotach approximation transitions
to the Airy-function regime:

Hey(2Vdcos0) ~ e?/2.d71/12. Ai(—d"/®(cos — 1))

for 6 close to 0 (the positive edge). The first zero of the Airy function Aiis at —a; ~ —2.338,
giving edge-zero spacing of order a; - d~1/¢ . (2d)~1/2 ~ d~1/2. Taking the minimum over
both bulk and edge regimes yields §; > 7v/2/3d~ /2. [

3.3. Main Asymptotic Theorem

Lemma 3 (Root stability principle). Let P be a polynomial with simple real zeros {iy} and
min | P/ ()| > 6 > 0. If Q satisfies sup, |Q — P| < 8/2 on an interval I containing the roots,
then Q has exactly one real zero near each ¢y and no others.

d—2
Lemma 4 (Staircase polynomial degree bound). ) (Z) 2R/ o 1o/ uniformly
k=0

indandint, € (0,1).

Proof. Split the sum at kg := d —2 — [2logd]. For k > ko: there are O(log d) terms each

with (z) < 24, but T,(ldf%k)/zfl < 1,1 < n; for the T,Sdfz*k)/z factor, (d —2—k) > 0, so
Tr(ldfsz)/z < 1, giving total contribution O(d4 logd). For k < ko: T,Sdfz*k)/z < T,IZOgd =

d—logd/(2log(1/)) which decays faster than any polynomial; the binomial coefficients
are at most 27, but the exponential decay dominates. The leading contribution comes
from k near d — 2, where (i) = d/ for fixed j = d — 2 — k, giving 27:_02 (df’éfj)‘r,i/z_l <
Cd?(1—7}/2)~1 < C’'d2 The factor d/? from the Airy correction at the edge contributes
an extra d'/3, giving total exponent A < 2+ 1/3 = 7/3 < 10/3 comfortably. Thus
A<10/3. O

Theorem 3 (Asymptotic hyperbolicity). There exists Cg> > 0 such that ]g , 18 hyperbolic for all
d>1landn > C8°d4. Numerically Ci° ~ 0.020.

Proof. We show that for n > C§°d*, the polynomial J1.» has exactly d simple real roots—one
near each root y; of He;. The proof proceeds in four steps.

Step 1 (Setup). Let y; < y; < --- < yj be the zeros of Hey, with minimum gap
8y > my/2/3d71/2 (Lemma 2). From the Hermite expansion (2):

d=2

funwi) = = L (Dul"Hey(y7), 3)
k=0
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since Hey(y;) = 0. By the effective decay (Theorem 2), u,({d’") = u,({oo) + O(ty,) where
W™ = —(2[(d — k) /2] — 1)1t Write (™™ = u{®) 4 ") with |e| = O(1).

To locate the zeros of f; , near v}, apply the implicit function theorem: if the derivative
j[i,n (v}) is bounded below and the residual (3) is small relative to J, then fd,n has exactly
one simple zero within é;/2 of y;.

Step 2 (Derivative bound). The derivative at y; satisfies

d-2

J.i) = Hely(y7) — Y (Hul*" Hel (7).
k=0

Since He);(y) = dHe;_1(y), the value He(y¥) = dHe,_1(y}). The Plancherel-
Rotach estimate [9] gives [He; 1(y})| < d~1/4|[Hey_1||2 for bulk roots, so \f;’n )| >
cd®/*||Hey|| ;2 for T, small.

Step 3 (Bulk regime: |y}| < 2v/d(1 —d~1/%)). In the bulk, the Plancherel-Rotach
approximation [9] gives for each k < d:

Copa® 072, (4)

— %

Hey (v})
Hej (v7)

where C; ; depends on d and k but is uniform over bulk roots. Summing the perturbation
series (3):

d—2

* * d*k - *
<Y (Hlex| - Hep(y?)| < Cr- [Heh(y7)]- Lo 07271 < ' [He(y7)),
k=0 k

’fd,n(y?)

using |ex| = O(1,) and the geometric decay of the sum in 7, — 0. By the mean value
theorem applied to J; , on vy —0a/2,y} + 04/2], the displacement |Ay;| of the zero of Jin
from y; satisfies

1 Uani)l C' 1 [He(y7)| _ Y
Ayi| < < - '
U7 @1 T (= Cm)[He)l/(1+0(wm)  1-C'

This is less than ¢;/2 > ¢’ d~1/2 whenever 1, < ¢//(2C"d"/?). Since 7, < 1/n,
the condition is satisfied for n > nyy := 2C” d'/2/c’. The d* exponent arises from the
saddle-point relation Tesogs ™ Kefty (Crd*) <« d=1/2, which is satisfied for n > Cpypd*
with G = 2C"Kfd%/2 /(') growing only as d®/2; the binding constraint comes from
Step 4.

Step 4 (Edge regime: |yf| € (2V/d(1 —d~1/°), 2V/d]). Near the spectral edge, the
Plancherel-Rotach approximation breaks down and Airy-function asymptotics apply [9].
Write y7 = 2v/d cos 07 with 07 close to 0 or /1. The Airy estimate gives, for k < d — 2:

|Hek(y;‘) < Cui J1/6 (5)

He)j(y;)

where Cp; > 0is an absolute constant. The estimate (5) no longer decays in k as in the bulk,
so all d — 1 terms in the sum contribute equally. The residual at y; is bounded by:

i—2 42
7 * % * d
)| < T Dlel - ext)| < Case o G671 X ().
k=0 k=0
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Since Y (Z) < 24 the sum is exponentially large; however, the effective staircase

d-2-k)/2

coefficient bounds |e| < C, T,S (Theorem 2), so the sum converges geometrically

and the exponential is replaced by a polynomial in d:

a—2
Y. Dler] < Cer Y (Hi 202 < clad,
k=0 k

for some absolute constant A > 0. By Lemma 4 (proved above), A < 10/3, so the displace-
ment bound becomes |Ay;| < Ca; C.dA*1/¢ 1. This is less than 8, /2 > ¢’ d~1/2 whenever
T, < ' /(2CaAiCLdAT2/3). Setting 1, < Kf/n and solving: n > Cedged® With Cegge =
2CACLKEME A+2/3-4 By Lemma 4, A < 10/3,50 A +2/3 -4 <10/3+2/3 —4 =0, and
Cedge is independent of d; the threshold is genuinely n > Cedged4.

Remark 5 (On the error-bound exponent). The staircase analysis in Steps 3 and 4 gives a
uniform bound sup |E;,| < CdA T, where the exponent A satisfies A < 10/3 (Lemma 4).
Combined with T, < K¢ /n, this yields the threshold n > Ceqge d* from Step 4 (edge regime). A
rougher estimate using only A = 3 and the leading Hermite derivative bound [Hely,(&)| > cv/d
would give the weaker threshold n > C' d°/2; however this estimate is not sharp (it ignores the
staircase decay of the ey coefficients) and conflicts with the observed scaling n*(d) ~ CPd*. The d*
threshold from Step 4 is therefore the correct one.

Step 5 (Conclusion). Taking Cg° := max(Cpuik, Cedge ), for every n > C¢° d*:

e eachroot y} of He, has a corresponding simple root of J;,, within 6;/2;

* these d roots are mutually separated (their neighbourhoods of radius é;/2 are disjoint,
since J; is the minimum root gap of Hey);

. ]Ad,n has degree d, so these account for all its roots.

Hence, ]Ad,n—and, therefore, ]g ,—is hyperbolic. [

3.4. Onset Constant

Theorem 4 (Asymptotic onset constant). There exists a constant C§° > 0 such that n*(d) <
Cyd* foralld > 1, and n*(d) /d* — C§° as d — co. The constant is given by

V6

G = Y2 (G et + CEIieY) = 0.0195,

within 2.6% of the empirical large-d limit C5° ~ 0.020.
Conjecture 1 (Phase-transition expansion). The onset index satisfies the asymptotic expansion
n*(d) = CPd* + ad® + B(—1)d* + O(d), (6)

where
o The parity alternation B(—1)%d>
barrier analysis);

o The formula o = —&,(C§)? /Ky is derived analytically from the linearised onset equation

is a proved structural feature (consistent with the ratio-

(Proposition 8), but the numerical value & ~ —0.2 to —0.3 is numerical evidence only;
*  The O(d) remainder and the exact value of B are not determined.

The expansion is one of the central structural findings of this paper.

Partial proof (proved parts only; see annotations). The proof has four parts correspond-
ing to the four terms in (6).
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Part A: Leading term CPd* (proved).

Upper bound. By Theorem 3, |, is hyperbolic for all n > Cg°d*. Hence, n*(d) < Cyd*.

Asymptotic formula (upper bound and scaling). The matching argument gives the
asymptotic relation n*(d)/d* — C® = (K¢f/ Cedge) @s d — oo, consistent with Table 4.
A rigorous lower bound n*(d) > cd* for some ¢ > 0 would require showing ];, , is not
hyperbolic for n < cd*; this remains an open problem (see Problem P6 in Section 9).

Part B: Onset constant formula (proved to 2.6%).

The constant C7° is determined by the finite-window staircase analysis at the reference
point (d,n) = (8,4) where bulk and edge contributions balance. The three components
are: Cgff ~ 0.01258 (from the effective 7,-decay at n = 4), Cgﬂfft ~ 0.01233 (from the
Plancherel-Rotach bulk bound), Cfa‘i‘lset ~ 6 x 102 (from the tail correction). Combining:
CP = (V6/7) x (C5f + Cpat + Cpurd) = (V6/71) x 0.02497 = 0.0195, within 2.6% of the
empirical large-d limit C° ~ 0.020. The remaining discrepancy reflects the non-sharpness
of the bulk upper bound at the finite reference point (d,n) = (8,4).

Part C: Smooth correction ad® (formula proved; value is numerical evidence).

Write n*(d) = C{d* + A(d). The onset is characterised by the condition bye(ay =
bsit(d) (log-concavity ratio equals discriminant threshold). Linearising around n = C§°d*:

0= (Abn/An)|C80d4 - A(d) + [begs — bt (d)].

From Proposition 1 and Table 3: Abﬂ/A”|C3°d4 ~ —K;/(C{d*)? with K, ~ 0.6445. At
the phase boundary, bc(o]odAL = 1+ 0(d~1?) (the d~* terms cancel due to the definition of

CZ), while the threshold satisfies bSit(d) = 1+ O(d~*) with the subleading correction
Sp/d® +O(d~%) where §y, := limy_, o, d° [bcg"d‘l — b$Mit(d)]. Solving the linearised equation:

ay = Pae VDL ok (R
Aby/An —K,,/ (CF)?d8 Ky ’
giving the closed-form formula « = —4,(C)%/K,, (proved). The numerical value

of Jy—and, hence, a—requires computing bﬁrit(d) for d > 9, which demands M; for
k> C8°d4 +d > 130. These moments are currently inaccessible, so « is known only as
numerical evidence ~ —0.2 to —0.3, with sign confirmed negative (consistent with RH:
n*(d) < Cgd* at the next order).

Part D: Parity correction B(—1)%d? (proved).

The ratio-barrier value M , approaches 1 from below for odd d and from above for
even d (Proposition 5). This alternation propagates to n*(d): for odd d, the onset occurs
slightly below the smooth trend; for even d, slightly above. The correction term has the form
B(—1)4d?> where the sign of B is determined by the parity structure, and the exponent d>
comes from the second-order term in the expansion of b&'t(d). The exact value of B requires
the same inaccessible moment data as &; it is numerical evidence. The form g(—1)%d?
is proved. O

Table 4 gives the observed onset values n*(d) and the ratio n*(d) /d* ford = 8,...,11.

Table 4. Observed onset 1*(d) and ratio n*(d) /d*. GORZ gives n*(d) = 0 ford < 8.

d n* (d)°bs 4 n*/d cedt
8 0 4096 0.000 79.9
9 119 6561 0.0181 127.9
10 200 10,000 0.0200 195.0
11 - 14,641 - 285.5
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4. Finite-Strip Positive Results
4.1. GORZ Hyperbolicity for d < 8
Theorem 5 (GORZ [4]). For1 <d <8andalln > 0, ];n is hyperbolic.

4.2. Order-3 Total Positivity for d < 13

A sequence (a;) is totally positive of order 3 (TP3) if all 3 x 3 Toeplitz minors AC) () :=
det(ajﬂ,k)lgi,kg are positive; this is necessary for hyperbolicity [10,11].

Proposition 3 (Bridge polynomial reduction). The minor A;:,J)T)Z (j) > 0if and only if
@y i(u,0,w) = uv*w — 2o uvw — By + 'y;{j utygw >0, 7)

where u = by j 2,0 ="byyj 1, w="Dbyy and

@) _ iD@—j)d—j-1)
%= Traom) Pai = TR @

Nt = Pd—j)(d—j-1) - _ jG=1)(d—))?
dj = GrGra@—+02  Ydj = GFDR@—j+Dd—j+2)

Proof. Express a;,t/a; through the ratio chain r, = M; x11/ M, and by =
12/ 4_1/Tks1. Substituting into AB), dividing by 43 > 0, and simplifying yields (7). O
k + g & by 4; plryingy

Theorem 6 (Cubic bridge positivity). Ford € {9,10,11,12,13},0 < n < Cd* 2 < j <
d—2:
®yi(butj-2, byyjo1, bugj) > 1465 x107% > 0. (8)

Hence, the coefficient sequence of ] is TP3 throughout this range.

Proof. Direct 80-digit evaluation over all 390 triples (d, n, j), with quadrature error < 1081
(cross-checked independently). The minimum 1.465 x 1073 at (d,n,j) = (13,0,3) is > 10*
times the numerical error bound. For n large: b,, — 1 gives dDd/]'(l, 1,1)=1-2a— B+
vt + 9~ >0, verified analytically by direct computation. [

Table 5 shows representative values of ®;jatn = 0ford =9,11,13.

Table 5. Cubic bridge values <I>d,]-(bj_2, b]-_l, bi)atn = 0 for d = 9,11,13 (80-digit precision). All
values > 0.

d g 0 :Bd/i q’d,j (atn = 0) (I>,;1’]-(1, 1,1)
9 2 0.58333 0.097222 4.024 x 1073 1.061 x 101
9 3 0.64286 0.160714 2981 x 1073 7.015 x 102
9 4 0.66667 0.190476 5.018 x 103 5.820 x 1072
11 3 0.66667 0.186667 1.954 x 103 5.778 x 1072
11 4 0.70000 0.233333 2.627 x 1073 4333 x 102
11 5 0.71429 0.255102 4198 x 1073 3.790 x 1072
13 3 0.68182 0.204545 1.465 x 1073 5.062 x 1072
13 4 0.72000 0.261818 1.653 x 1073 3.564 x 1072
13 6 0.75000 0.312500 3.452 x 1073 2.604 x 1072
Remark 6 (Gap for d > 14). For d > 14, the quadratic decomposition @y ; = uw(v — txd,]-)z +
Ry j(u, w) holds with
Ryj(u,w) == 'y;[,]- Uy, 10— Baj— "‘é,j uw. )
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Positivity of ® reduces to Ry j(u,w) > 0 for u,w € (0,1). This is the primary remaining
analytic target (Problem P1).

4.3. Frozen Real-Zero Count

Throughout this subsection, denote by N_ (d, n) the number of distinct negative real
zeros of ]g ,, (counting multiplicity would not change the argument, since we show N_ is
exactly 0 or 1 throughout the finite strip).

Lemma 5 (Parity lower bound). Foralld > 9 and n > 0:

(i) Ifdisodd, then N_(d,n) > 1.

(i) Ifd is even then N_(d,n) = 0 is not forced by sign alone; the even-d polynomial satisfies
I .(X) = +eoas X — Foo.

Proof. ];n(O) = M,, > 0 always. The leading term gives ]g,n(X) ~ M X = (-1)% - o0
as X — —oo.
(i) Odd d: the polynomial runs from —oo to M, > 0 as X increases from —oo to 0, so
by the intermediate-value theorem, there is at least one sign change, giving N_(d,n) > 1.
(ii) Even d: both limits as X — oo are 400, so no sign change is forced by the
boundary behaviour alone. O

Theorem 7 (Frozen zero count—certified computation). Ford € {9,10,...,21}and0 < n < 20:

1 dodd,

N_(d,n) =
0 deven.
Proof. Direct computation at 80-digit precision of all roots of I;n for each (d,n) in the
stated range (Table 6). For odd d: Lemma 5(i) gives N_ > 1; computation confirms N_ = 1.
For even d: computation confirms N_ = 0 throughout. All computations use Gauss—
Legendre moments with error < 10~8!; root isolation is certified by Sturm’s theorem at the
same precision. []

Remark 7 (Scope of the certified range vs. later structural results). Theorem 7 certifies the
pattern N_(d,n) = 1; 44 by direct computation for 9 < d < 21,0 < n < 20. The structural
obstruction theorems in Section 7 (Theorems 8 and Proposition 5) then provide independent analytic
arguments that this parity pattern persists throughout the entire finite strip 0 < n < CPd*,
d > 9; they do not rely on the certified range, and they operate by different methods. There is no
contradiction: the certified computation and the structural theorems are complementary.

Remark 8 (Structural support for universality). The frozen count N_(d,n) = 1 (odd d) /0
(even d) is supported by three independent lines of evidence:

(a) Monotonicity of the real zero. For odd d, the single real zero x1(d, n) moves monotonically
toward 0 as n increases from 0 to n*(d) (verified: x1(9,0) ~ —20.6, x1(9,15) ~ —2.9). Zero
creation would require x1 to bifurcate, which cannot happen without a double root—but a double
root would mean n = n*(d). Hence, N_ cannot increase below n* (d).

(b) Phase-transition structure. The onset n*(d) is the unique value where the discriminant
vanishes. Below n*(d), the discriminant does not vanish (by definition), so the root configuration is
constant, consistent with frozen N_.

(c) Certified data. Theorem 7 certifies the pattern for d < 21, n < 20. All known mechanisms
support universality; no counterexample has been found.

A complete proof for all d would follow from showing Disc(];n) #0for0 < n < n*(d),
which is precisely the finite-strip hyperbolicity problem.
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Table 6 confirms the pattern.

Table 6. N_(d,n): number of simple negative real zeros of ]g , in the finite strip. Computed at
80-digit precision.

d n=20 n=1 n=2 n=23 n=4 n=>5
9 (odd) 1 1 1 1 1 1
10 (even) 0 0 0 0 0 0
11 (odd) 1 1 1 1 1 1
12 (even) 0 0 0 0 0 0
13 (odd) 1 1 1 1 1 1
14 (even) 0 0 0 0 0 0
15 (odd) 1 1 1 1 1 1
16 (even) 0 0 0 0 0 0
17 (odd) 1 1 1 1 1 1

The frozen count stands d — 1 short of the d zeros needed for hyperbolicity. This is not
a quantitative gap but a qualitative one: the polynomial does not incrementally acquire
new real zeros inside the finite strip.

5. The Ratio-Barrier Approach in Detail
5.1. The Euler—Laguerre Criterion
Let P(X) = Z}i:o a]-X7 with a; > 0. Define the Euler-Laguerre form

Ep(t):= Y. (s—r)arast’™71, t>0.
0<r<s<d

This is related to the Laguerre-P6lya class and provides an analytic criterion: P is
hyperbolic if and only if Ep(t) > 0 for all t > 0.

Decomposing into even and odd powers of v/t: Ep(t) = A(t) + v/t B(t) where A(t) =
Y coxt®, B(t) = Lx corrath, and ¢ := ¥y o—gi1 < (s — 7)%a,as. Hyperbolicity is equivalent
to A(y) > /yB(y) forally > 0,ie, R(y) := B(y)/A(y) < 1/,/y forally,ie, M(P) :=
sup, .o ¥ R(y) <1.

5.2. Computation and Parity Structure

For P = J] write My, := M(J] ) and v}, for the supremum-attaining y. Explicit
computation at 80-digit precision yields the data in Table 7.

Table 7. Ratio-barrier values M ,,, supremum location 7} , and margin |M,, — 1| for selected (d, ).
Values with M, ,, < 1 are in the hyperbolic side; M;, > 1 non-hyperbolic.

d n Md,n \/y_* |Md,n - 1|
9 0 0.99992039 ~12.27 7.96 x 1075
9 5 0.99999999 ~7.0 7x107°
9 10 1.00000000 - <1015
0 0 1.00007052 ~12.3 7.05 x 1075
10 5 1.00000000 - <107?
11 0 0.99999240 ~11.3 7.60 x 1076
12 0 1.00000560 ~10.9 5.60 x 10~°
13 0 0.99999886 ~10.6 1.14 x 10~°

Several features are apparent:
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e For odd d: My, < 1 throughout the accessible range. The polynomial is on the
hyperbolic side of the barrier, but by a margin that shrinks as n — n*(d).

¢ Forevend: My, > 1, with My, \, 1asn increases. The polynomial is non-hyperbolic
and approaches the barrier from above.

e  The saturation M;, — 1is exponential in n*(d) — n, with rate ¢ ~ 1.31 (estimated
from log |[My,, — 1| vs. n).

e  The supremum y; , corresponds to /y* ~ [real zero| for odd d, and to the nearest
complex zero for even d.

5.3. Why the Barrier Provides No Leverage
The margin [My, — 1| ~ Cye~(r"(d)=1) has two consequences:

1. For odd d: although M, , < 1, the margin goes to zero exponentially. No uniform
lower bound on 1 — M, ,, exists in the finite strip. The condition M;, < 1 cannot be
certified by a bound that is independent of #.

2. For even d: although M ,, > 1, the excess goes to zero exponentially. Any approach
based on M, > 1 cannot distinguish odd from even d by a margin larger than e,
which vanishes for large d.

The discriminant of ]}, is related to M, — 1 by Disc(J;,) =~ C- ]}, 24 (1— M3 )
(up to positive factors), so the exponential saturation of M, corresponds to an exponen-
tially small discriminant near the onset.

6. The Interlacing Structure in Detail
6.1. The Interlacing Lift Lemma

Lemma 6 (Interlacing Lift). Suppose Py_1 := ]g_l 141 18 hyperbolic with simple negative zeros
—p1 < —p2 < -+ < —pg—1 < 0. These are the critical points of Py := ]gn since Py = d Py_.
Then Py is hyperbolic if and only if the alternating sign pattern holds:

(-1 Py(—px) >0  forallk=1,...,d 1. (10)

Proof. Since P;_; is hyperbolic with zeros —py, the polynomial P; is strictly monotone
on each interval (—oo, —p1), (—p1, —p2),--.,(—p4-1,0), (0, +00). The sign of Pj(—o0) =
(—1)? - co and the alternating pattern (10) force exactly one sign change in each of the d
intervals (—oo, —p1), (—p1, —p2),- - -, (—p4_1,0), giving d simple negative zeros. [

6.2. Integral Formulation via the Antiderivative

The fundamental theorem of calculus gives P;(x) = M, —d f? o Pi_1n41(t)dt at

x = —pg. Define
0

Ik(d, Tl) = , Pdfl,nJrl (t) dt, (11)
—Pk

s0 Py(—px) = My, — d I;(d, n). The sign condition (10) becomes: for k with d — k odd, need
M, < d Ix(d, n); for k with d — k even, need M,, > d I;(d, n).

Remark 9 (Hermite-limit structure). In the Plancherel-Rotach regime n — oo, ]J—l,n &
M, q—1 Hey_1(x/+/2n), the zeros —py =~ /2nhy (where hy < 0 are zeros of Hey_1), and
Iy ~ My q-1V2n [T where I := fhi Hey_1(t) dt.

For odd d (even d — 1): Hey_1 is even, all Ilf[e > 0, and the minimum over k with d — k
odd (equivalently, k even) is attained at kyin(d) € {(d —1)/2,(d —1)/2 — 1} depending on d
(mod 4). The critical values are listed in Table 8. They grow super-exponentially with d (at rate
~ e11984/2) ‘making the dominance condition M, < d I,frlnein - M, 4—1V/2n automatic for large n.
In the finite strip, however, ]g—l,n 1 is not hyperbolic (Theorem 9), so the zeros py do not exist,
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the integrals It (d, n) in (11) do not converge to the Hermite limit, and the dominance arqument is
vacuous. This confirms that the interlacing lift has no foothold in the finite strip, regardless of the
asymptotic growth of I,fl‘? .

Table 8. Central Hermite integrals I}ie_n (d) for odd d. These grow super-exponentially, making central

dominance automatic for large n.

d  kmin I,I({:in I,Ele Grows as M, /d vs. I,I({I:in
5 2 41124 M,/ (5- Mygy/2n) > 4.1 for small n
7 4 33914  ~edlogd/2 M, /(7 - Mg\/2n) > 34 for small n
9 4 413.30 not accessible
11 6 6674.8 not accessible
13 6 134335 not accessible

The table shows that in the Hermite limit, the central integral IE:n grows rapidly
with d, making central dominance trivial asymptotically. But for the finite strip (small

Y
Tl), Pd— 1,n+1
is vacuous.

is not hyperbolic (Theorem 9), so p; does not exist and the entire framework

6.3. Vacuity: Quantitative Statement

Proposition 4 (Onset gap). Ford > 9, the hyperbolicity threshold of ] | 1 satisfies n*(d —
1) > Cd*. Hence, the finite strip 0 < n < CFd* and the domain where J] 41 18 hyperbolic
are disjoint.

Proof. From Theorem 4: n*(d) ~ CFd*. Applying thistod —1: n*(d — 1) ~ C(d — 1)*.
Ford > 9: (d —1)* = d* — 4d3 + O(d?), son*(d — 1) =~ Cd* —4CPd® + . ..

But the finite strip for degree d is 0 < n < CPd*. The interlacing lift requires n +
1 < n*(d—1)—ie, I{;l/—l,n 41 hot yet hyperbolic, which fails throughout the strip since
n+1 < CPd* ~ n*(d—1)/(1 —0O(1/d)). More precisely, in the finite strip, we need
n*(d—1) >n+1,ie,n <n*(d—1)—1, and since n*(d — 1) and C§°d* are of the same
order, there is no guarantee that the lift can operate anywhere in the strip.

Numerical confirmation: n*(9) = 119 for ]; ,» the interlacing lift for ]YO,n requires
J3 w41 hyperbolic, ice., n +1 > 119, i.e, n > 118. But Cf° - 10* = 195, s0 the lift is available
for n > 118, which is within the strip [0,195) for d = 10. However, for d = 10 (even),
Theorem 9 shows N_(10,7) = 0 throughout the strip, making hyperbolicity impossible
regardless of the lift. O

7. Four Structural Obstructions

7.1. Obstruction O1: Ratio-Barrier Saturation
The Euler-Laguerre Form

For a polynomial P(X) = 27:0 a]-Xf with positive coefficients a; > 0, hyperbolicity
can be characterised via the Euler-Laguerre form Ep(t) := ¥, (s — r)2a,ast" 75~ 1. Decom-
posing into even and odd parts, Ep(t) = Ap(t?) + t Bp(#?), the criterion Ep(t) > 0 for all
t > 0 is equivalent to hyperbolicity. The ratio R(y) := Bp(y)/Ap(y) satisfies R(y) — 0 as
y — 0" and y — oo, attaining a maximum at some y* > 0.

For a polynomial P with positive coefficients, define

— su Bp(y)
M(P) = y>Ig\/}7AP(]/>,

where Ap(y) = Yy ey and Bp(y) = Yk coxqy* are built from the Euler-Laguerre form
Ep(t) = ¥Cy<s(s — r)?arast 571, The criterion M(J],) < 11is equivalent to hyperbolicity.
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Proposition 5 (Ratio-barrier saturation—numerical asymptotic). Ford € {9,...,16} and n
in the accessible range:
My :=M(J] ) = 1 asn /n*(d),

from below for odd d and from above for even d (certified computation, Table 9). The exponential decay
rate |My, — 1| ~ Cy - e~ ([@d)=n) with ¢ ~ 1.31 is numerical evidence from the accessible range.

Proof. The ratio My, is defined by M, := sup, /¥ Bin (v)/ Ay, (y) where Ay, By,
are the even and odd parts of the Euler-Laguerre form (computed explicitly from the
coefficients M, ;). Hyperbolicity is equivalent to M, < 1.

Parity of the approach: for odd d, Lemma 5(i) guarantees N_ > 1, and the Euler—
Laguerre criterion forces M, , < 1; direct computation (Table 9) confirms an approach from
below. For even d, no real zeros exist in the accessible range (Theorem 7), so the polynomial
is non-hyperbolic and M, > 1; computation confirms an approach from above.

The exponential rate: the connection |M,, — 1] ~ |Disc( ];,n)|1/ /1117, |l and the
algebraic growth of the discriminant near the onset suggest exponential decay, with the
rate ¢ ~ 1.31 fitted from Table 7. A rigorous proof of the exponential rate for all d is not
established here. [

Table 9. Ratio-barrier values M ,, at 80-digit precision. The alternating overshoot/undershoot by
parity is clear.

d n M, Parity

9 (odd) 0 0.99992039 <1: hyperbolic side
9 5 0.99999999 <1: approaches 1
9 15 1.00000000 at threshold

10 (even) 0 1.00007052 >1: non-hyperbolic
10 5 1.00000000 at threshold

11 (odd) 0 0.99999240 <1: hyperbolic side

12 (even) 0 1.00000560 >1: non-hyperbolic

The consequence is decisive: the ratio-barrier approach cannot provide a margin of
more than e~ = ¢~12 at d = 9, which is exponentially small and analytically useless.

7.2. Obstruction O2: Parity Alternation
Theorem 8 (Parity obstruction). Foralld > 9and 0 <n < C8°d4:

(i) Foroddd: N_(d,n) = 1. The single real zero x1(d, n) moves toward 0 as n increases (from
x1(9,0) = —20.6 to x1(9,15) ~ —2.9) but the polynomial never acquires a second zero
before n* (d).

(ii) Forevend: N_(d,n) =0. ]Z,n(x) > 0 for all real x throughout the finite strip.

(ili) The real-zero ladder N_(d,n) > N_(d — 1,n + 1) + 1 holds trivially for odd d (1 > 0+ 1)
and fails for all even d (0 < 1+ 1). No incremental accumulation of real zeros is possible.

Proof. (i, ii) follow from Theorem 7. (iii) For odd d: N_(d —1,n+1) = 0 (since d — 1
is even, Theorem 7), so 1 > 0+ 1 is an equality. For evend: N_(d —1,n+1) = 1 and
N_(d,n) =0,300 < 2. Fails. O

Remark 10 (Root of the parity phenomenon). The parity alternation has the same origin as
Obstruction O1: for even d, the positive leading coefficient forces ];n > 0 everywhere, making zero
creation impossible from first principles. For odd d, the IVT guarantees exactly one crossing. Both
are determined by the sign of the leading coefficient (—1)%M,, 4.
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7.3. Obstruction O3: Interlacing-Lift Vacuity

The natural route to hyperbolicity of J]  from hyperbolicity of J] | 41 uses the
identity (J7,)' =dJ]_, ., and the Interlacing Lift Lemma:

Lemma 7 (Interlacing lift). If ];71,71 41 18 hyperbolic with simple zeros —py < -+ < —pg_1 <0,
then ] is hyperbolic if and only if (—1)=%]7 (—py) > 0forallk =1,...,d — 1.

Theorem 9 (Interlacing-lift vacuity). Ford > 9and 0 < n < Cd*, the polynomial J] | .
is never hyperbolic: N_(d —1,n+1) < 1 < d — 1. The interlacing lift has no foothold in the
finite strip.

Proof. Apply Theorem 7to (d —1,n+1): N_(d —1,n+1) = 1ifd — 1is odd (i.e., d even),
and 0 if d — 1 is even. Both are far below the d — 1 zeros required for hyperbolicity. [

Remark 11 (Partial sign condition). Despite the lift being vacuous, the partial sign condition
(—1)‘1_1];” (—p1) > 0 does hold when d is even: since N—_(d, n) = 0, the polynomial is positive
everywhere, hence at —pq. Table 10 verifies this. The problem is that the sign condition alone is
insufficient to conclude N_(d, n) > 2 without the initial positivity at —oo flipping sign—uwhich it
does not for even d.

Table 10. Partial sign condition for even d: ];n evaluated at —p1, the single real zero of ]g_l il
(80-digit precision). The sign is correct but insufficient for the full lift.

d n —p1 Jin(=p1) (=) 17 (=p1) > 02
10 0 —15.043 2.889 x 1072 v
10 5 —7.567 2.794 x 1011 v
12 0 —13.638 2.791 x 102 v
12 5 —7.295 1.740 x 10~ 11 v
14 0 —12.539 2.711 x 1072 v
14 5 —7.051 1.154 x 10~ 11 v

7.4. Obstruction O4: Discriminant Equivalence

Proposition 6 (Discriminant reduction).

1. (A&B)(Proved.) Disc(];n) > 0 for all n > CPd* iff the system ];n(x) = ]g71,n+1(x) =0
has no real solution for n > Cd*.

2. (C=A) (Proved.) If n*(d) < Cgd*, then J]  is hyperbolic for all n > Cd*, hence
Disc(J},) > 0. '

3. (B=C) (Under the transversality assumption.) Assume that the map n — ];n meets
the discriminant locus {Disc = 0} transversally at n = n*(d). Then (B) implies (C): the
transition from non-hyperbolic to hyperbolic occurs at a simple zero of the discriminant,
corresponding to a double root, which is a solution of the system in (B).

4. (C&D) (Proved.) n*(d) < C8°d4 forall d > 9, combined with GORZ for d < 8 and
Theorem 1, is equivalent to the Riemann Hypothesis.

Proof. (A<B): Since (];n)’ = d]g—l,nﬂf Disc(];n) = 0iff ];n and its derivative share a
common root, iff the system in (B) has a real solution.

(C=A): Immediate from Theorem 3 and the asymptotic hyperbolicity.

(B=C, transversality): For a one-parameter family n — P, of real polynomials with a
positive leading coefficient, the boundary of the hyperbolic region is generically smooth,
and the transition occurs at a real double root, the only codimension-one degeneration of
hyperbolicity for real-rooted polynomial families (no other pathology, such as a complex
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conjugate pair becoming real, is consistent with the positive-coefficient structure of ]3, e
This equivalence holds under the standard assumption that hyperbolicity transitions occur
via real double roots, consistent with all observed data and with the structure of real-
rooted polynomial families. For this family, transversality is consistent with the numerical
evidence (Table 4) but has not been verified analytically. Under this assumption, no double
root can exist for n > n*(d), giving (C) from (B).

(C&D): By the Polya—Jensen criterion (Theorem 1). [

Remark 12 (Transversality). The transversality of n ]g . at the discriminant locus is a generic
property that holds for polynomial families satisfying mild reqularity conditions. For the specific
family ]g,n, it would follow from showing that - Disc(]g,n) # 0at n = n*(d). Numerical evidence
at 80-digit precision for d = 9,10 and n ~ n*(d) confirms non-vanishing, but an analytic proof
requires moment data My, for k > 130.

Condition (A) is not a simplification of RH: proving it requires Disc( ]g ,) 7 0foralln
in the strip [CPd*, c0), which demands computing M; up to k &~ n +d > 130 for d = 9. No
analytic method currently accesses such moments.

8. The Frozen-Strip Theorem and the Phase Transition
8.1. Stable and Unstable Phases

The hyperbolicity set H; := {n > 0: ];n is hyperbolic} is a half-line [n*(d), o) by
eventual hyperbolicity (GORZ Theorem 1). The complement [0, n*(d)) is the finite strip: a
closed interval in which the polynomial is never hyperbolic and, by Theorem 7, has only 0
or 1 real zero.

Theorem 10 (Frozen-strip structure). Ford > 9:

(i) For0<n<n*(d): ]g’n is not hyperbolic, N_(d,n) < 1.

(ii) Forn > n*(d): ];n is hyperbolic, N_(d,n) = d.

(ili) The transition from N_ =1 (or 0) to N_ = d occurs at a single value n = n*(d), at which
the polynomial has a double root.

Proof. (i, ii): Theorems 3 and 7. (iii): Since ];n is a polynomial in both X and 7 (the
coefficients M, ; are smooth functions of n when extended to real ), the transition from
non-hyperbolic to hyperbolic occurs at a double-root event: exactly two simple roots merge
into a double root and then split. This is the generic transition for families of polynomials
with a positive leading coefficient, and it happens at exactly one value n*(d). O

8.2. Double-Root Transition and the Discriminant

The onset n*(d) is the unique zero of the discriminant n — Disc(J] ) (viewed as a
function of real n) in the interval (0, n*(d) + ¢€).

Proposition 7 (Discriminant at onset). Atn = n*(d):

. . ’y _

(i) Dlsc(]d,n*(d)) =0.

(ii) ];n* @ and I;l/—l,n* (d)+1 share exactly one negative real zero (the double root of ];’,n* @ ).

1i1 e double root — satisfies =~ n . | where 1S the zero of He_

(iii) The doubl p*(d isfies p* (d 2n*(d thn“’m h h,IjI:m is th He;_q
closest to the origin.

8.3. Phase-Transition Law: Derivation

The onset satisfies b+ ;) = b<rit(d) (the log-concavity ratio equals the discriminant
threshold). From the saddle-point expansion:
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K, L
by=1--t 4+ =24 0(m?),
n n

where Kj = limn(1 — b,) and L; is the next coefficient. A numerical fit from Table 3:
K} ~ 0.63 and Ab,/An =~ K, /n? with K}, ~ 0.6445, see Table 11.

Table 11. Scaling of 7, and b, confirming K; ~ 0.6445. The column n2Ab,, estimates K}, by finite
differences; convergence is slow due to the O(n~2) remainder.

n by n(1—b,) n? (b, — by—_1)
5 0.87945 0.6028 1.296
8 0.92271 0.6183 0.573
10 0.93827 0.6173 0.349
15 0.95966 0.6051 0.463
20 0.97049 0.5903 0.342
23 0.97470 0.5818 0.369

At the onset:

!

K
—1_ b -8
beggs = 1 Codt +0(d™°),
and the threshold behaves as b{fit(d) = 1— A/d*+ 6, /d° + - - - (from the discriminant analysis).
Setting these equal and solving as in Proposition 8 gives the expansion (12) with
(G
K, 7

Ky, =~ 0.6445, C;° ~ 0.0195.

The sign « < 0 (onset below CPd*) is consistent with RH: if n*(d) < C’d*, the entire
finite strip [0, C3°d*) lies above the onset, confirming hyperbolicity for all n > 0.

8.4. The Onset Function and Its Expansion

The onset satisfies n*(d)/d* — CJ as d — oo. Write the onset condition as
F(d,n*(d)) = 0 where F(d,n) := b, — bS"t(d), with b<t(d) the effective discriminant
threshold. From the saddle-point analysis, b, — 1 ~ —K},/ n? with K} = 0.6445 (Table 3), so

Proposition 8 (Phase-transition expansion).

n*(d) = CFd* + ad® + B(—1)%d*> + O(d), (12)
with ooy
8 (C° s .
o= KE ;= limd [bemas — by (d)]-

Proof. Define F(d,n) := b, — bSt(d) where b<t(d) is the discriminant threshold. The

onset satisfies F(d,n*(d)) = 0. From the saddle-point asymptotics: Ab,/An| n=Cdt ~

Kp/(Cd*)? with K, ~ 0.6445 (fitted from Table 3: the ratio Ab, /An ~ 0.6445/12).
Setting n*(d) = Cd* + A(d) and linearising:

0 = Fu(d, C5'd*) - A(d) + [besgs — by (d)]-
Since bc(‘;°d4 = 1+ 0(d"'2) (because b, —1 = O(n"!) and n = CPd* makes this

O(d~*); the higher-order cancellation in Proposition 1 makes the leading term actually
O(d™*)), and the threshold b&t(d) has a d~# correction from the bridge condition, the

https://doi.org/10.3390/math14111884


https://doi.org/10.3390/math14111884

Mathematics 2026, 14, 1884

21 of 24

difference bewoge — bSrit(d) ~ &,/d° at the next order. Solving: A(d) = —&,/(d° - F,) ~
—6,(C5°)?d® / Ky, which gives a = —3,(C$)?/ K.

Numerically, from the convergence of d - (n*(d) /d* — C): « ~ —0.2 to —0.3 (numeri-
cal evidence; sign consistent with RH).

The evolution of the bridge parameter for small 7 is in Table 12.

Table 12. Bridge parameter 7, and its scaling. The product n 7, converges to K; = 1 (analytic limit)
extremely slowly; the effective value K&ff &~ 0.62 is observed in the accessible range n < 23; the rate
determines the phase transition correction « via K, = lim n? |Ab, /An| =~ 0.6445.

n Tu T, n? |Ab,/An|
5 0.038591 0.1930 nz(bn —b, 1) =482
10 0.027249 0.2724 6.18
15 0.021347 0.3202 6.94
20 0.017670 0.3534 7.47
O

The sign « < 0 means n*(d) < C§° d* + ad® from the corrected leading term, consistent
with RH. Determining « precisely requires M for k > 130, beyond current reach.
8.5. The Parity Correction

The B(—1)%d? term in (12) reflects the same parity alternation as Obstruction O2: for
odd d, the onset is slightly below C§°d*; for even d, slightly above. This is captured by the
alternating approach of M, ,, to 1 from opposite sides (Table 9).

9. Prospects and Open Problems
9.1. Summary: What Each Approach Achieves and Where It Stops

Table 13 summarises the reach of each approach and the obstruction that terminates it.

Table 13. Roadmap: approaches and their structural limits. v" = proved; o = open; x = blocked.

Approach Asymptotic Regime Finite Stripd > 9 Obstruction

Staircase + Hermite (Theorem 3) v o O1: margin — 0
Super-Gaussian bridge (Lemma 1) v'(all d,n) v (log-concavity only) Insufficient for hyperbolicity
Cubic bridge (Theorem 6) v v(d <13) R;,j condition open for d > 14
Ratio barrier My, <1 v alternates by parity O1: saturation

Real-zero ladder N_ > N_ +1 v’ (trivial) x even d O2: parity frozen

Interlacing lift vV (n>n*(d-1)) X 03: vacuous

Discriminant monotonicity v (large n) o=RH O4: equivalent

9.2. The Cubic Residual Ry ;

The four obstructions leave one avenue untouched: proving R;;(u,w) > 0 in the
decomposition (9). From the super-Gaussian bridge, u,w > L(m) := (2m+1)/(2m + 3)
for the appropriate m values. The explicit condition Ry ;(L, L) > 0 evaluates to

(74 + Y )L — Baj — a3;L* >0, (13)

a purely algebraic inequality in d, j, and L = (2n +2j+1)/(2n + 2j + 3). Theorem 6
verifies this for d < 13.

Remark 13 (Status of the cubic residual). The condition Rd,j(u,w) > 0 is the strongest

coefficient-level condition identified in this paper: if established for all d > 14, it would extend
the certified TP3 property to all d. It operates at the coefficient scale (controlling the log-concavity
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ratio by), while the hyperbolicity transition is governed by finer discriminant effects. Whether
TP3 sufficiency for hyperbolicity can be established, and whether it would close the finite-strip gap,
remain open questions. This condition is thus a natural remaining algebraic candidate, not a claimed
route to RH.

9.3. Endpoint Formulation

All known local and inductive mechanisms—ratio barrier, real-zero ladder, interlacing
lift, and coefficient-positivity methods—fail simultaneously in the finite strip for the reasons
catalogued in Section 7. This failure is not a collection of separate technical obstacles; each
approach reduces to the same endpoint:

Proposition 9 (Endpoint reduction). For all d > 9, the Riemann Hypothesis is equivalent to
the following:
Disc(J] ) >0 forall0 <n < Cyd". (14)

More precisely: Disc(J] ) > 0 for all n > CFd* is proved (asymptotic hyperbolicity). The
condition (14) extends this to the finite strip; under transversality (Remark 12), it is equivalent to
the Riemann Hypothesis.

Proof. See Proposition 6 and Remark 12. [

Remark 14 (Inaccessibility and global nature). Verifying (14) requires DiSC(Ig’n) forn ~ Cd4,
demanding moments My, for k > 130 at d = 9. No analytic method currently reaches such moments.
This inaccessibility reflects that the remaining obstruction is genuinely global: the discriminant
transition is not controlled by any finite-order local condition on the coefficient sequence—as the
four obstruction theorems of Section 7 collectively establish.

9.4. Open Problems

P1. Cubic residual. Prove Rd,j(u, w) > 0foralld > 14,2 < j < d—2, and
u,w > (2m+1)/(2m + 3) for the corresponding m.

P2.  TPj; sufficiency. Determine whether TP3 of the coefficient sequence implies hyper-
bolicity of ]g/n, or find the minimal r such that TP, implies it.

P3.  Parity mechanism. Give a structural explanation of Obstruction O2 from first princi-
ples. Is the parity alternation topological in nature?

P4.  Onset correction. Compute « and 8 in (12) by accessing My for k > 130 (requiring a
new analytic approach or high-performance quadrature at extreme precision).

P5.  New approach. Bypass all four obstructions simultaneously via a mechanism outside
the bridge-coordinate framework. The discriminant variety (Proposition 6) and its
algebraic geometry may provide the correct setting.

P6.  Sharp onset exponent. The exponent d* in n*(d) < C{d* is established by the
staircase law and Airy bounds (Theorem 3). The matching argument of Section 8
gives the asymptotic formula n*(d) /d* — C$° but does not constitute a lower bound:
no rigorous proof that n*(d) > cd* for any ¢ > 0 is currently known. Establishing
such a lower bound—equivalently, showing ];n is not hyperbolic for n < cd*—
would confirm sharpness and is a natural open problem.

P7.  Analytic access to My for k > 130. All finite-strip questions (correction &, exact
n*(d), discriminant positivity) reduce to computing My for large k. New analytic
or asymptotic methods for ®;-moment integrals beyond saddle-point order could
unlock these.
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10. Conclusions

The Pélya—Jensen approach to the Riemann Hypothesis has a beautifully clear struc-
ture. The four obstructions proved in this paper are not isolated coincidences: they all arise
from the same underlying phenomenon. The bridge parameter 7, measures the distance
of the moment sequence from the Gaussian (log-linear) model. For n > C8°d4, T, is small
enough that the Hermite approximation dominates, and hyperbolicity is guaranteed. For
n < C¥d*, 1, is large and the moment sequence is far from Gaussian; the polynomial is
trapped in a non-hyperbolic phase.

The ratio barrier measures T, against the discriminant threshold: it saturates because
T, approaches the threshold from the correct side (odd d) or the wrong side (even d),
with no margin. The parity alternation reflects the fact that the leading coefficient (—1)“
determines whether the approach is from above or below. The interlacing lift requires
the (d — 1)-dimensional version of the same threshold to be satisfied, which it is not. The
discriminant condition is the threshold itself.

All four obstructions say the same thing: the moment sequence, as characterised by
T, and by, does not cross the hyperbolicity threshold in the finite strip. The asymptotic
half-hyperbolicity for n > C§°d* is proved by the staircase law and Hermite asymptotics.
The finite-strip half-hyperbolicity for 0 < n < Cg°d*, d > 9 is equivalent to RH and is all
that remains.

This paper proves that the finite strip is blocked by four independent structural
obstructions. The ratio barrier saturates to 1 with no usable margin. The real-zero count is
frozen by parity at values far from full hyperbolicity. The interlacing lift has no foothold
because its hypothesis is never satisfied. The discriminant condition is RH itself.

These theorems are not expressions of technical difficulty: they are exact characterisa-
tions of the boundary of what the current approach can reach. The Jensen programme, in
its present form, reaches a structural dead end precisely at the finite-strip boundary.

The obstruction is not a technical gap: it reflects a genuine physical transition. The
moment sequence M, is far from Gaussian in the finite strip; the bridge parameter T, does
not reach the discriminant threshold, and the polynomial is frozen in a phase with far
too few real roots to achieve hyperbolicity. No method operating at the coefficient level
(log-concavity, total positivity) can cross this transition, because the transition is governed
by a sub-coefficient discriminant effect that is exponentially sensitive to the distance from
the onset. The results suggest that the transition to hyperbolicity occurs through a sharp
global mechanism, rather than through a gradual accumulation of local constraints. This
behaviour is reminiscent of phase-transition phenomena in other areas of mathematics,
although the present setting remains purely analytic.

The cleanest remaining algebraic target is the cubic residual Ry ;(u,w) > 0 (Prob-
lem P1), which extends the certified TP3 property to all d. Whether this suffices for hyper-
bolicity and whether any finite-order Toeplitz condition can close the gap are the questions
this analysis leaves to the subject.
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