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Transmission of sound waves through the water—
air interface is a critical question for acoustic
communications. The significant contrast in the
parameters of both media indeed results in a
severe challenge for wave manipulation. In this
paper, the concept of acoustic Willis metasurface is
proposed for transmedia beam steering with complete
transmission. Such a metasurface supplies arbitrary
phase shifts together with perfect transmission
in one dimension, by appropriate modulation of
material parameters, owing to the presence of Willis
coupling terms. A hybrid Willis coupling element
is proposed as the unit structure of transmedia
impedance metasurfaces. Impedance theory is first
recalled for two-dimensional beam steering, and
the relationship between impedance components
and material parameters is then given explicitly. A
two-step optimization process ensures independent
cell design while mitigating transverse acoustic-
structure interaction. As a result, perfect power
flow manipulation through the water—air interface is
achieved with extreme steering angle. The present
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work provides a new perspective for the application of Willis coupling materials and an
alternative theoretical support for transmedia metasurface design.

1. Introduction

Sound waves constitute the dominant carrier for oceanic exploration and information transfer.
Underwater acoustic systems have established a comprehensive communication network
interfacing with submersible vehicles, mining apparatus and submarines [1,2]. However, direct
contact with airborne devices remains impeded by the water—air interface [3], since the material
parameters of water and air exhibit huge contrast [4]. In principle, for plane waves, less than 0.1%
of acoustic power can be emitted through the interface between them [5].

The concept of metasurface provides a pioneering solution to this problem [6]. As
a paradigmatic two-dimensional implementation of metamaterials [7], metasurface shows
extraordinary functionality. Through precisely engineered sub-wavelength structures, reflective
and refractive waves can be manipulated subjectively and passively [8]. For water-air sound
transmission, a meta-screen comprising a single layer of bubbles was designed [9] inspired by
the underwater air bubble scattering of acoustic waves [10-12]. From the perspective of multiple
scattering theory, each excited bubble becomes a radiation source on the interface, allowing for
emission of sound power into air. This idea was then improved with a bubble-embedded frame
for better stability [13]. It was found that the operating frequency for efficient transmission can
be adjusted by placing the frame at different depths underwater. Meanwhile, the high-order
resonant modes of bubbles provide multi-band operation as well [14], but that the bandwidth
is relatively narrow. A more direct solution was proposed [15] by paralleling bubbles with
different geometries. The designed metasurface can be customized for wideband or multi-band
operation. Moreover, some strategies conversely focused on the interaction between bubbles and
the frame itself: the contribution of single-layer [16] or multi-layer [17] bubble-frame metasurfaces
to transmedia transmission was analysed comprehensively.

Meanwhile, the problem of impedance matching in some bubble metasurfaces [13-15],
adapted from electromagnetic transmission line theory, has attracted great attention. It can
be proven that the intermediate medium should own a characteristic impedance equal to
the geometric mean of the two media to be connected, in order to ensure the complete
transmission of plane wave [18]. This solution was verified in numerical simulations using a
composite waveguide with tunable characteristic impedance for water—air sound transmission
[19]. However, the rigidity assumption of the solid part may not be rigorously achieved
in practice. Hence, a membrane-mass metasurface within a cylindrical waveguide was then
designed and verified experimentally [20]. The wall of the waveguide was thick enough to ensure
the effectiveness of the rigidity assumption. Contrarily, taking advantage of structural vibration,
lightweight discrete metasurfaces utilizing acoustic-structure interaction as the major mechanism
can be designed [21,22], which leads to easier implementation. It should be mentioned that perfect
power transmission in the case of homogeneous impedance adaption is accompanied by a fixed
transmitted phase difference of quarter-wavelength [20]. A metasurface composed of a unit that
is series-connected to multiple substructures could remove this constraint [23]. Each substructure
owns its characteristic impedance, matching its neighbours, while at the same time providing
additional degrees of freedom for arbitrary phase shifting. However, the neglect of transverse
acoustic-structure interaction then results in unsatisfactory overall performance. Almost at the
same time, another solution was suggested with the concatenation of two substructures that
independently achieve amplitude and phase modulation [24]. The phase-shifting substructure
is entirely placed in air and can be considered as rigid; the acoustic-structure interaction caused
by phase gradients is therefore eliminated.

An alternative solution was given recently [25] based on transformation theory [26-31].
It was shown that amplitude and phase shifting of transmedia transmitted wave can be
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modulated simultaneously through transformation-induced Willis metamaterials. The Willis
metamaterial was first raised by Willis in 1981 for the elastodynamics of inhomogeneous
medium [32]. It was then developed for the design of a transformation-based elastic invisible
cloak showing abnormal wave behaviour [29]. It can be regarded as an effective description of
structures with directivity, which introduces additional degrees of freedom, thereby promoting
sophisticated wave manipulation [33,34]. After the experimental validation of the feasibility of
Willis metamaterials [35], practical structures have been proposed for both acoustics and elasticity.
A meta-atom that suppresses thermoviscous losses was presented with strong Willis coupling
[36]. The vectorial coupling strength can be adjusted by changing the size and direction of
the openings [37]. The Willis metamaterial in elastodynamics was proposed by Milton using a
mass-spring model [38]. The elastic Willis coupling constitutive relation is governed by a tensor
that can be determined through mechanical analysis of the coupling element [39]. It has been
demonstrated that Willis metasurfaces composed by such metamaterials could offer additional
knobs for sound wave manipulation. However, there seems to be no solution yet for the design
of hybrid Willis metasurfaces subject to acoustic-structure interaction.

In this paper, perfect acoustic transmedia wave manipulation is achieved by Willis
metasurfaces. The mapping between the parameters of the Willis metamaterial and the
corresponding interface impedance matrix is given explicitly. The coverage of an arbitrary phase
difference in the range 0-27 with 100% transmittance is proven. Willis metasurfaces based on
impedance theory are implemented showing nearly perfect transmedia wave manipulation.
A hybrid structure with Willis coupling is proposed and its mechanical properties are analysed.
A two-step optimization method is suggested for the design of Willis metasurfaces with
minimal transverse acoustic-structure interaction. Two examples of transmedia Willis impedance
metasurfaces, with small and large steering angles, are presented. Their performances are
validated though numerical simulations.

2. Transmedia Willis metamaterial unit

The transmedia transmission model is established as shown in figure 1a. A and B are two general
homogeneous acoustic media connected in series by a material with Willis coupling at planes
x1 =0 and xp = hy, respectively. The governing equations for the two general media read [40]

—p=KV -u,
nL=pv, (2.1)
,:l’ = _VP/

where p is the sound pressure, # and v are the local displacement and the local velocity,
respectively, p is the momentum density, V is the gradient operator, p is the mass density, and
K is the bulk modulus. The first line is the constitutive equation, while the second and third lines
are the physical equations expressing momentum conservation. The equation can be rewritten as
a time-harmonic Helmholtz form [41]

v <1v) a0 = A,B 2.2)
B = — 7V 1=A,b, .
pi P Kip

where wy is the operating angular frequency. The local velocity field can be derived from it as

1

v= Vp, i=A,B, (2.3)
@0 P;
where 1 is the imaginary unit. The characteristic impedance of each media can be calculated by
[42]
Za=+/paKa (2.4a)
and

75 = v/ psKs. (2.4b)
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Figure 1. One-dimensional and two-dimensional transmedia wave manipulation by Willis metasurfaces. (a) One-dimensional
transmedia transmission model. (b) Transmedia Willis units for phase shifting. (c) Schematic diagram of transmedia impedance
metasurface. The responses of transmedia Willis impedance metasurfaces and corresponding quantitative evaluation by two-
dimensional Fourier transform with an angle of refraction of (d) 33° and (e) 64°.

The material with Willis coupling shown in the middle of figure la is termed a Willis
metasurface since its thickness is by design chosen as sub-wavelength. A pair of coupling terms
depending on the acceleration and the velocity gradient is introduced in the governing equation
as [37,43]

—p=KoV-u+Sy-9,
=S,V - v+ pyv, (2.5)
r=-Vp,
where py and Ky, are the mass density and the bulk modulus of the Willis metamaterial, and

Sw is its vectorial Willis coupling strength. Within the time-harmonic assumption, the governing
equations can be simplified as

—twop =KypyV - v — a)gswv,
(2.6)
—Vp=1w0Sw - v + 100 pw0.
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For this one-dimensional model along the x-direction in figure 1a, the tangential coupling
strength vanishes, or Sy, = (sw, 0). Then, the governing equations can be simplified as

—lwop = ng—z — a)éswv,
(2.7)
o =100Sw - o + 1wo pwv.
0x ox
The travelling wave inside the Willis unit is assumed to be a plane wave
p = po exp(—tkyx). (2.8)

Substituting equation (2.8) into equation (2.7), the wave number k;, can be solved as

=4 .
ke 1/ K, Zw, (2.9)

where the positive and negative signs correspond to forward and backward travelling waves,
respectively. Then, the local velocity can be calculated by equation (2.7) as

p
V= —-1, kw >0, 2.10a
7 w (2.10a)
and
v="L" Ky <0, (2.10b)
Zy
and the corresponding characteristic impedances are
ZhH=— 1008w + 2, kiy>0, (2.11a)
and
Zo=— 10050 — 29, k<0, (2.11b)
where

79 = \/pwKep. (2.12)

The forward and backward characteristic impedances of Willis unit are no longer opposite to each
other due to the appearance of imaginary parts.

For the convenience of numerical simulation under the finite element method, equation (2.6)
needs to be rewritten into a coefficient form partial differential equation (PDE). It should be
mentioned that not only the fundamental solution but also the continuity condition on the
boundaries need to be preserved. This equation is rewritten as

1 w?s w? w?s
Vel —Sa ey Pt %woﬂo Pi== - P+ Owoz’o VP
(wpsw/Kuw) + puw WSy + Ly (wosw/l)w) + Ko wOSw +Zy

(2.13)
The continuity of boundary conditions at x1 and x, can be inferred to be
n ( ! Vp) n _ Vp + 75 2,0 p (2.140a)
- [ — =—n - , .
pa ") =0 (@252, /Kw) + pu wish + 2% 0
and
( Ly ) ! wpt [0 (2.14b)
—ny - | — p =—n | —— p _—, p .
PB xo=hg (wOSw/Kw) + Pw (1)%5%) + Zg;z Xo=hp

Combined with equations (2.1) and (2.5), they are actually compatible with the continuity of the
normal local velocity
— M1 VAl =0=—11 " Vylx,=0 (2.150)

and
— N2 - VBlyy=py = —12 * Vlxy=hy- (2.15b)
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It should be mentioned that the Willis unit is conservative and reciprocal, despite the
appearance of an imaginary impedance, which can be verified through its impedance matrix and
scattering matrix. For any excitation, the sound pressure and velocity fields inside the Willis unit
can be expressed as

p = aexp(—tkyx) + B exp(ikyx) (2.16a)
and
o B
v=—— exp(—tkyx) + —— exp(tkyx). (2.16b)
Zw ZZU

The impedance matrix can thus be defined as

Pla=0 | _ 5| =M1 vlu=0
Plxa=ho —MY - V|y,—p,
_ %4 Zu|| —n1-vlg=0 . 2.17)
Zo1 Ly || —n2 - Vlg,=p,
The impedance matrix should be independent of the external excitation, i.e. unrelated with

amplitudes « and B. Therefore, its components can be obtained using the undetermined
coefficient method

_ZZ?U cos(kyhg) — 1@psw

Zi1 = 1Xy = ) 218
1n=1Xn sin(kio) (2.18a)
—179
Zpp=1X]p=—% | 2.18b
12=1X12 sintkuli) ( )
—170
7o =1Xp = ————@ 2.18
21 =1X21 sin(kolo) (2.18¢)
—179 cos(kyh
and o = 1%y = — 2 ©05kuho) + 1wosw (2.184)
sin(kyho)

It is obvious that the impedance matrix is purely imaginary and symmetrical, i.e. conservative
and reciprocal, respectively. Moreover, the main diagonal components are not equal due to the
presence of the Willis term. There are three degrees of freedom provided by ki, Z and sy, which
enable the possibility of a complete modulation of the impedance matrix. This Willis metamaterial
simplifies to a usual material when the coupling term vanishes. In such a case, the achievable
impedance matrix is limited.

3. One-dimensional perfect transmission with phase modulation

In order to specify the scattering matrix of the Willis unit, a normalization of the impedance
matrix needs to be implemented according to the impedances of media A and B. The normalized
impedance matrix can be defined by

NI x1=0 7 M- Uy ZA}JQ:O 3.1)
P —ny - v“/ZB’xz:ho
\% ZB XZ:ho
where Z4 and Zp are the characteristic impedances of media A and B. It can be easily solved as
_ |Zn Zn X1 X
Z=|__ _ |\=t|__
Zn Zm X1 Xm
Z NVYVA
—| A AT (3.2)

Ny VA Z
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The scattering matrix is then calculated from the normalized impedance matrix
S=(Z-I)(Z+1). (3.3)
The components of the scattering matrix can thus be expressed as

_(Zn —V)EZn+1)—ZpZy

1= = — — (3.4a)
(Z11 + D)(Zo2 + 1) = Z127:
271>
Sp= e, (3.4D)
(Z11 + 1) (Zo2 + 1) = Z12Z
2751
Spp=m (3.40)
(Z11 + 1)(Zo2 + 1) — Z12Z
Z11+1DZxn —1) — Z12Z
and _ Eu+D(EZxn —1) - Z1pZy (3.4d)

0= == — —.
(Z11 +1D)(Zoo + 1) — Z12Z01

For the transmission model under one-sided excitation depicted in figure 1a, the scattering
matrix obeys

0
e N )
7| _[su so | (3.5)
pepie) | (S 52
VZs

where p? exp(1¢;), p? exp(1¢r) and p9 exp(1¢) are the complex amplitudes of the incident, reflected
and transmitted waves. Considering a unitary incident amplitude p? exp(1¢;) =1, we then have

S11= p? expiyy (3.6a)

| Z
So1 = Z—Ap? exp1¢;. (3.6D)
B

Substituting these equations into equations (3.42) and (3.4b) and separating the real and
imaginary parts, the solution for the material parameters can be obtained as

and

1 Za+Z Za — Zp)p? -
ko = L arccos (Za + Zp) cos ¢t + (Za OB)Pr cos(¢r — ¢r) , (3.7a)
ho 2 ZAZpp;
Za+2Z Za—Zp)p? -
2 = (Za+ B)CO.SWt +( OA- B)Pr cos(¢r — ¢1) tan(koho) (3.7b)
2[sin gt — py sin(g; — ¢1)]
Za—Z —(Za + Zp)p? -
i = Fa = Zo)cos v = Za + Zppdcostyr —¢1) 570
2wo[sin gy — pr sin(er — )]
For the situation of no reflection (p? =0, p? =1), the equations above simplify to
1 (Za + Zp) cos §0t>
kw=— —_ 3.8
w i arccos < SNIAVE (3.8a)
Zsa+Z
70 = ZAt Z)COSOt et (3.85)
2 sin ¢
Zpa—2
and Sw = w. (3.8¢)

2w sin ¢t

It should be mentioned that Z), and k; are allowed to be complex simultaneously due to
the appearance of the inverse cosine function. The whole system is still passive as long
as the impedance matrix equations (2.182)-(2.184) remain purely imaginary. According to
equations (2.9) and (2.12), the Willis metamaterial would have both complex mass and bulk
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modulus simultaneously. This underlines the exchange of kinetic energy and elastic potential
energy within the Willis metamaterial.

A specific example of phase modulation for water—air transmedia transmission is provided
here as an intuitive demonstration. Medium A is set as water with bulk modulus K4 =2.25 x
10° Pa and mass density pa =1000kg m~3, whereas medium B is set as air with Kz =1.39 x
10° Pa and pq =1.18 kg m 2. The PDE module of COMSOL multiphysics is used for numerical
simulation in this section. Transmedia phase difference modulation covering 02 every 7/5 is
shown in figure 1b. Each view is a strip with a width of 10 cm, whose left and right boundaries are
set to be periodic. In the middle of the strip is the Willis metamaterial defined by equation (2.13)
with a length of i, =13 cm. Below and above it are 1m long general homogeneous media set
as water and air, respectively. A perfectly matched layer with a length of 50 cm is connected to
both ends of the model to avoid reflections. The excitation is set as a travelling wave with unitary
amplitude along the positive y-direction from the water. The operating frequency is set as fo =
2000 Hz. All fields are normalized with reference to the real part of their respective characteristic
impedance. It can be noticed that all waves are transmitted into air without reflection. The
normalized amplitude of the transmission field is 1, which indicates that the power is completely
emitted into the air medium. In addition, the phase difference of the transmitted field covers 02,
clearly overcoming the locked-phase limitation of conventional impedance matching methods.

4. Two-dimensional perfect beam steering with custom direction

Units with phase-only modulation, however, may not provide perfect manipulation of power
flow in two dimensions. Metasurfaces tailored from phase gradients often fail as the beam
steering angle increases [42]. Fortunately, acoustic impedance theory fills the gap between this
theoretical limit and perfect operation [44,45]. An impedance metasurface can be established
according to figure lc. Two fields, pa and pp, are connected through a Willis impedance
metasurface located at y =0. Both fields obey the scalar Helmholtz equation (2.2) in media A
and B. As a stable passive and lossless connection between the two fields, the metasurface should
provide a purely imaginary impedance matrix that can be calculated as

paly=0-| _ [ X1 Xi2 || —1a - vali=0- 4.1)
PBla=0+ X21 X2 || —1B - VBlx=0+
For beam steering with incidence angle 6; and refraction angle 6;, as shown in figure 1c, the two

fields read

pa =po exp(ka cos 6;x + ka sin 6;y) (4.2a)

and

pB = Qpo exp(kp cos 6:x + kg sin 6;y), (4.2b)

where k; = /p;i/Kjwo(i = A, B) is the wavenumber of the two fields, and Q is the amplitude factor.
The conservation of global power flow needs to be satisfied:

1 1
J ERe[pA(—m -vy)]dS + J —Re[pp(—ny - v5)]dS =0, 4.3)
x=0 x=0

where * denotes the complex conjugate. The amplitude factor can then be solved as

Z cos 6;
= [—. 44
Q Z 4 cOs O (44
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Combining equations (4.2a), (4.2b) and (4.4) with equation (4.1), the components of this impedance
matrix can be solved as

Za

X1 =- p— cot @(y), (4.5a)
ZB 1
Xp=—rooo—n—, 4.5b
12 Qcosb; sin @ (y) (4.50)
QZsy 1
Xop=— 4.5
2 cos 0; sin @ (y) (4.50)
V4
and X =——5_ cotd(y), (4.5d)
Cos 6y
where
®(y) = (kp sin Oy — ks sin6;)y. (4.6)

It can be noted that the impedance matrix remains symmetric (X1 = X»1) when equation (4.4)
is satisfied. Substituting equations (4.52)—(4.5d) into equations (2.181)—(2.18d), the material
parameters required for beam steering can be solved as

2
kw = hi arccos ((Q—{—12)505<D(y)) , (4.7a)
0
2 2
Zg, = Q"+ ;)CZO‘Z ;?t *W) tan |:arccos <(Q + 12)505 ¢(y)>i| (4.7b)
and sw=(1— Q2)W';9i cot @ (y). (4.7¢c)

An example with an angle of incidence of 6;=0 and a small steering angle of 6; =33 is
presented as a validation for this transmedia Willis impedance metasurfaces in figure 1d. The

width of the metasurface is set as

p=0_, (4.8)

sin 6

where A, = (27 /wo)/Ka/pa is the acoustic wavelength in the air. Then, the total width of the
metasurface is D =30cm. The width of each unit is D/10, which is 3cm in this case. It is less
than a quarter of the wavelength in air to ensure the uniqueness of the impedance matrix. There
is a gap with a width of § =0.1 mm between adjacent units for numerical isolation, which has
almost no influence on the transmission coefficient. The upper and lower boundaries are set to be
periodic. All other settings are consistent with figure 1b, but the material parameters of the Willis
metamaterial are determined according to equations (4.7a)—(4.7c).

It can be noticed that the composed impedance metasurface can work almost perfectly
for 6; =33° as shown in figure 1d. A two-dimensional Fourier transform gives a quantitative
evaluation showing that 99.2% of the power flow is allocated in the target direction. No reflections
are induced at all. Only 0.8% of the power flow is scattered, which mainly results from the
discretization of units.

The performance at larger steering angles is one of the major advantages of impedance
metasurfaces. Another example with a larger small twist angle of 6; =64° is presented as
a validation for transmedia Willis impedance metasurfaces in figure le. The width of the
metasurface is set according to equation (4.8). It is discretized into six units with a width of
3.2cm. The efficiency of beam steering remains satisfactory, with 96.8% of the power flow being
correctly controlled. No reflections are excited, and only 3.2% of the power flow is scattered due
to relatively sparse dispersion, which validates the compatibility between Willis metamaterials
and impedance theory.
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(b) Willis Element Quadruple Resonator
(a) 7

Abstract
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(2)

Figure 2. Schematic representation of the hybrid Willis coupling element. (a) Conventional Willis coupling element in
homogeneous medium. (b) The overall view of the Willis coupling unit composed of hybrid Willis element and quadruple
resonator. (c) Detailed parameters of the Willis coupling element. (d) Mechanical model of the Willis coupling element.
(e) The model of the first step optimization for local Willis coupling. (f) Detailed parameters of the second step optimization.
(g) The model of the second step optimization for collective response.

5. Design and mechanical analysis of hybrid Willis coupling element

The structure providing Willis coupling in a general homogeneous medium is typically believed
to follow the layout shown in figure 2a [36]. The grey area is considered rigid. The fluid
mass blocks on both sides of the neck can be regarded as incompressible; the middle fluid
cavity can be seen as a spring. Willis coupling is provided when the cross-sectional areas of
two necks are asymmetric. However, the topology of this geometry is not directly suitable
for application to transmedia transmission. Asymmetry alone, indeed, can hardly support the
huge impedance contrast between water and air. The rigid assumption, as well, is no longer
applicable to most solids when water is considered. More parameters are furthermore required to
cover the target phase difference or the impedance matrix modulation. Moreover, the acoustic-
structure interaction between adjacent units needs to be minimized while ensuring that the
overall metasurface is not too fragile.

A hybrid Willis coupling unit is therefore proposed herewith along with a two-step parameter
optimization procedure, as illustrated in figure 2b—g. The unit, shown in figure 2b, is composed
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of two parts: a Willis coupling element (green dashed box) and a centrally symmetric quadruple
resonator [46,47] (yellow dashed box). The details of a Willis resonance element are depicted in
figure 2c. It is composed of a resonant cavity with an open end and a pair of rectangular blocks
dividing it in half. On the opposite side of the opening is a thin plate with a mass block in the
middle. The air block in the upper opening can be considered incompressible, similar to figure 2a.
The thin plate on the left corresponds to the mass block of the other neck in figure 2a. Therefore,
the stiffness and the mass of the two mass blocks will be extremely asymmetric, providing a
sufficient Willis coupling for transmedia transmission. The pair of mass blocks in the middle
are introduced to provide additional degrees of freedom for effective mass and stiffness. The
two cavities on their sides can be seen as springs. The mechanical model of the Willis resonance
element is abstracted in figure 2d. It includes three mass blocks and four springs. The three masses
are denoted as m 4, m, and mp from left to right, respectively. The first two springs, corresponding
to the two cavities, are denoted §4 and &g, respectively. The other two springs are denoted &, and
&;; they refer to the elastic connection of the plate and the middle mass blocks on the frame.

The contribution of the parts of the model to effective parameters is examined analytically as
follows. The coordinates of the three mass blocks are set as

XAa=-—4a, X,=e, Xp=a, (5.1)

where a is half the total length of the coupled elements and e is the eccentricity. In the long wave
limit (2a/1, — 0), a Taylor’s expansion can be applied to describe approximately the displacement
of the observable boundary sites. Assuming the effective macroscopic displacement of the frame
is ug, the displacements of the three blocks are

ou
uj=uyg+ —x;, i=A,r1B. (5.2)
ax

Without external excitation, the balance of forces applying to the middle mass can be determined
as

—&uy — Ea(ua —uy) — Ep(up — ur) = _w(z)mr”r- (5.3)

The apparent pressure and momentum density of the system are defined by [39]

1
p=s5, 2 =fi (5.40)
i=A,B
and
1
—la)ouzi Z =fi (5.4b)
i=A,B

where f; is the force exerted on block i. The constitutive relation of this Willis coupling system can

be derived by
—twop | _, Keff  1woSeff | | 22 (5.5)
—twop 1woSeff  Peff | | twov |

where v =1wpu and the mass density can be determined by

mp + mp + my

- 5.6
Peff % (5.6)

Then, the effective bulk modulus and effective Willis coupling strength can be solved as

1 §péple —a) + §péale +a)
Seff = ——— | (Ea + &)@+ o)+ &pe —a) — - "
2{1&)0 wymy — &
Eple—a)+E&x(e+a
— Peff B 2) al ) —e (5.7a)
oy — &
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and

_&&@—m+ga@+m}

1
Keff = —5 |:($A + ép)(“ + 6) + SB(a - e) wémr =&

(5.7b)

— WpSeff

> |:§B(€—ﬂ)+§A(€+ﬂ) _e]

w%mr —&

When different Willis units are connected in parallel, however, vibrations of the elastic part
inevitably cause transverse acoustic-structure interaction. In order to take this coupling into
account, an optimization procedure is arranged as illustrated in figure 2e—g. To ensure localization
of the Willis coupling provided by the solid, multiple rectangular regions filled with air are set on
both sides of the unit. Their width and length are set to ws =3 mm and /s = 30 mm, respectively.
Their role is to ensure that the transverse connection between units is soft enough while at the
same time avoiding excessive vertical deformation inside the unit. Parameter optimization for
this first step is carried out with the model described by figure 2e. The solution space consists of
11 parameters shown in figure 2c. The total thickness of the unit is set to 1, = 13 cm. Its width
is determined later from the refraction angle and the discretization. The wall thickness between
units is wy, =8 mm. All corners are rounded with a radius of 0.25mm to avoid singularities in
numerical simulations. The solid part is set as an epoxy resin, with Young’s modulus E;; = 3 GPa,
Poisson’s ratio v, =0.41, and density p;,; =1140kg m~3. The light blue part is set to air, while
the dark blue part is set to water. The upper and lower boundaries (orange line) of the fluid part
enforce periodic periodic boundary conditions, whereas the left and right ends are terminated by
perfectly matched layers. In the first step, the model is calculated twice with the boundaries of
the solid part (red line) either set to periodic or clamped, as shown in figure 2e. The influence
of boundary conditions on vibrations of the solid is supposed to be minimal when efficient
transmission with the same phase difference is provided under both boundary conditions.
Therefore, the fitness value for the first step is defined as

1 iod 3
fi= ST s &)

Willis coupling can be considered to be localized within the unit when f; = 1.

The second step of the optimization procedure is carried out after introducing the resonators
with parameters inherited from the first step, as shown in figure 2f,g. Then, the Willis
coupling elements with significant acoustic-structure interaction are identical for each unit in the
metasurface. The transverse imbalance could potentially be reduced to a minimum. Moreover, the
quadruple resonator is imposed to be centrally symmetric as well. Differing from its application
in airborne acoustics [46], the acoustic-structure interaction cannot be ignored when water serves
as one of the acoustic media. With a symmetrical design, the imbalance caused by air resonance
can be avoided as much as possible. Rounded corners with radius 1.5 mm are also considered in
the most easily bendable parts. The upper and lower boundaries (orange line) of solid and fluid
parts all receive periodic boundary conditions. The parameters in figure 2f are used to optimize
the collective response of the unit in order to approach the target interface impedance matrix. The
fitness value for the second step is defined as

t St
R=1Z% =Z". (59)
The optimized samples are considered satisfactory when f, approaches 0. As a consequence, the

impedance matrix of each unit is collectively contributed by both the Willis element and the
quadruple resonator.
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Figure 3. Numerical simulation of impedance metasurfaces with a small angle of refraction of 33°. (a) Transmission
characteristics of a hybrid Willis coupling element with width w,, = 3 cm. (b) Vibration modes of the Willis coupling element
under periodic and fixed boundary conditions, at 2000 Hz. (c) Response of an optimized metasurface. (d) Response of the
same metasurface considering the effective parameters retrieved from optimization. (e) Quantitative evaluation provided by
two-dimensional Fourier transform.

6. Transmedia Willis impedance metasurface with minimal acoustic-structure
interaction

In this section, two metasurfaces corresponding to the two examples discussed in §4 are designed
by the optimization procedure proposed in §5. Numerical results for the model with real
structures in this section are given using the solid mechanics and acoustics modules of COMSOL
multiphysics. The first metasurface is designed for beam steering with 6; = 33°. The total width
of the metasurface is D =30cm; it is discretized into 10 units with width w, =3.0cm. The
transmittance (blue curve) and the phase difference (orange curve) of the wave transmitted
by the Willis coupling element optimized in the first step are plotted in figure 3a under both
periodic (solid curve) and fixed (dashed curve) boundary conditions. Detailed parameters and
process of the two-step optimization are provided in appendix A. It can be noted that both curves
coincide around the operating frequency with a high transmittance owing to the fitness function
equation (5.8). The difference caused by the boundary conditions in transmission characteristics is
minimized as much as possible. The vibration modes observed under both boundary conditions
at the operating frequency are shown in figure 3b. Deformations are basically consistent with
each other, as expected. Only the plate that is in contact with water and the central mass block
vibrates, whereas the frame remains stationary. The pressure field inside the solid part is extracted
to evaluate the locality of vibration. The pressure is concentrated near the plate and the mass
block, with only a small fraction spreading to the boundary.

The units obtained after the second optimization step are connected in parallel to form a
metasurface, whose operating performance is depicted in figure 3c. Detailed parameters are
provided in appendix A. The pressure distribution visually matches the target performance
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shown in figure 2b, though with more scattering. Some reflections in water can be noticed
in the sound field, especially near the metasurface. This collective phenomenon is contributed
to not only by unit discretization but also by deviations introduced by optimization and by
acoustic-structure interaction. In order to evaluate the impact of the transverse acoustic-structure
interaction, the effective parameters retrieved from the optimized structure are used for the
numerical simulation of figure 3d with the PDE model. Then, the remaining scattering can be
considered to be mostly caused by deviations introduced by optimization. The difference between
figure 3c and figure 3d is mainly due to structural vibrations that somewhat mitigate the operation
of the metasurface. A quantitative evaluation is provided in figure 3e by a two-dimensional
Fourier transform of the pressure field. Compared to the theoretical limit value of 99.2% in
figure 2b, the deviation introduced by parameter optimization leads to a decreased efficiency
of 90.0%. Residual transverse acoustic-structure interaction furthermore results in an additional
10.0% reduction.

Transverse acoustic-structure interaction may be even more stringent for localization within
the metasurface unit in the case of beam steering with a larger angle of refraction of
64°. Nonetheless, it can still be achieved by the proposed Willis metasurface and two-
step optimization procedure. The total width of the metasurface is D =19.2cm according to
equation (4.8); it is discretized into six units with width w, =3.2cm. The unit is slightly wider
than the former one in order to weaken the acoustic-structure interaction. Repeating the above
optimization process, the parameters of the Willis coupling element are provided in appendix A.
The transmittance (blue curve) and the phase difference (orange curve) of the wave transmitted
under the two boundary conditions (solid curve for periodic boundary and dashed curve for fix
boundary) are plotted in figure 4a. Both curves can be noticed to coincide around the operating
frequency. The vibration modes and pressure distribution in the solid are also presented in
figure 4b. The two models, though they assume different boundary conditions, share the same
vibration mode. The pressure is more concentrated in the middle of the unit than for the
former metasurface and has almost not developed to both edges. Transverse interaction can be
considered as reduced further due to the widening of the unit. The operation of adjacent units
can be seen as almost isolated.

After the second step of optimization, the performance of the composed metasurface is
shown in figure 4c; detailed parameters are provided in appendix A. The transmission field
is basically the same as the target of figure 2c, with only dim reflections excited. Moreover,
numerical simulation using the effective parameters extracted from the optimized structure is
given in figure 4d with the PDE module; there are almost no differences compared to figure 4c.
It can be read from the quantitative evaluation in figure 4e that the operation performances
for figure 4c,d are close, with efficiencies of 92.7% and 90.7%, respectively. Transverse acoustic-
structure interaction only causes a reduction of 2% in this case.

It can be noted that there is actually a contradiction between the discretization of units and the
localization of acoustic-structure interaction. For the case with a refractive angle smaller than 33°,
the period of the metasurface is larger. A denser discretization can be adopted, yielding better
theoretical performance of the metasurface as shown in figure 1d. However, more discretized
units imply a reduced unit width. The difficulty of localizing the acoustic-structure interaction
at such a narrow spatial scale is the main factor limiting the effectiveness of metasurfaces.
Differences in boundary conditions still have a noticeable impact on the Willis coupling element
as shown in figure 3a,b. The performance of the metasurface is thus weakened as shown in
figure 3e. For the case with a refractive angle larger than 64°, discretization must be sparser
to accommodate the unit structure design. The theoretical performance of the metasurface is
weakened compared to the one with smaller refractive angle as shown in figure le. However,
its units are set with larger width, facilitating the localization of acoustic-structure interaction
within the Willis element. The transverse interaction is significantly reduced as the two curve
pairs nearly coincide as shown in figure 4a. The performance of the composed metasurface also
becomes better as shown in figure 4e.
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Figure 4. Numerical simulation of impedance metasurfaces with a large angle of refraction of 64°. (a) Transmission
characteristics of a hybrid Willis coupling element with width w, = 3.2 cm. (b) Vibration modes of the Willis coupling element
under periodic and fixed boundary conditions, at 2000 Hz. (c) Response of an optimized metasurface. (d) Response of the
same metasurface considering the effective parameters retrieved from optimization. (e) Quantitative evaluation provided by
two-dimensional Fourier transform.

In particular, when the refractive angle approaches /2, the period of the metasurface further
decreases. The contradiction between the discretization of units and the localization of acoustic-
structure interaction becomes more pronounced. Moreover, the presence of the quadruple
resonator may become a barrier to broadband operation of Willis impedance metasurfaces. The
losses in the resonant cavity will also be significant if viscosity is considered. Discrepancies
introduced by fabrication tolerance could degrade the performance for the same reason.
A discussion of potential impact of mismatches in operating frequency, viscosity and fabrication
tolerance is given in appendix B, taking the metasurface with a larger refractive angle of 64° as
an example. Alternative strategies for non-resonant unit structural design should be explored in
future work to address these challenges.

7. Conclusion

In this paper, Willis coupling metamaterials are developed for the design of transmedia acoustic
metasurfaces. The transmission characteristics and impedance matrix of Willis metamaterial
have been systematically analysed, covering the requirements of arbitrary transmedia wave
manipulation. A hybrid structure with Willis coupling is proposed as a practical base for the
unit design of impedance metasurfaces. A two-step optimization is established to discretize unit
design while minimizing the transverse acoustic-structure interaction. Finally, the performances
of the composed Willis impedance metasurfaces are validated in simulation.

Willis metamaterials have promising application prospects in metasurface design, particularly
for transmedia problems. Not only in acoustics but also Willis coupling in elasticity can provide
alternative degrees of freedom from the perspective of constitutive relationships. It possesses both
the anomalous wave behaviours provided by conventional metamaterials and the compactness
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of metasurfaces. The interaction between solid structures and acoustic field may still be the
main subject of transmedia metasurface design. Transverse interaction may be further reduced
if the metasurface unit is designed to be wider, as demonstrated in this work. However, this
would result in sparse discretization or a narrower range of steering angles. A more compact
strategy under the framework of acoustic-structure interaction will be pursued in further study.
Another disadvantage for such structures is the narrowband operation due to the introduction
of resonators. But non-resonant structures like maze-like unit may not be compatible with
symmetrical design as the quadruple resonator in this work. Alternative mechanisms for the
modulation of the impedance matrix remain to be developed. In addition, only the application of
one-dimensional Willis metamaterials in metasurfaces is discussed in this paper. The transverse
Willis coupling strength will be non-zero when the unit structure is designed asymmetrically.
The composed metasurface will be able to carry transverse power flow transmission subjectively,
which may further support the design based on generalized impedance theory. This work will
enrich the mechanism for transmedia wave manipulation and the structure design for the unit of
transmedia metasurfaces.
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Appendix A. Parameters of the designed hybrid Willis impedance metasurfaces

Detailed parameters for the hybrid elements of the two cases are recorded in the second and third
columns of table 1, respectively. Detailed parameters of the quadruple resonators in cases 1 and 2
are recorded in tables 2 and 3, respectively. The parameter spaces for optimization are given in the
last column of each table. A genetic algorithm is employed to access the target transmission and
impedance matrices. The probabilities of crossover and mutation are both set to 50%. The fitness
value is calculated according to equations (5.8) and (5.9). Each model is optimized five times, with
1000 generations and 20 samples per generation. The best samples are used to assemble the final
metasurface.

Appendix B. Discussion of the potential impact of mismatches on operating

frequency—dofr(gi(lllqgsr}])cox’sg I og(t)ﬁété,ff?cri]eglcf)g QJ Itlggtrlloeglsthfggg r‘}\](iﬁl a refractive angle of 64°

ldasft]) is shown in figure 5. High efficiency is achieved only near the target operating frequency
of 2000 Hz. The quadruple resonators cause significant efficiency fluctuations as the frequency
deviates from the design value. Consequently, the metasurface exhibits narrowband filtering
characteristics.

The impacts of viscosity in the solid and fluid are investigated in simulations, respectively.
For the metasurface at a given operating frequency fop =2000Hz, the viscosity in the solid is
characterized by a complex Young’s modulus

E’ =En(1 +1tans), (B1)

where tané is the loss tangent defined as the ratio of the imaginary part to the real part of
the modulus. The loss tangent is varied from 0% to 1% to evaluate the impact of viscosity on
the performance of the Willis impedance metasurface. The simulation results are plotted as a
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Table 1. Parameters optimized in the first step (unit: cm).

casel case?2 parameter space
We 1.42 1.45 [0.60,1.50]

unit 1 2 3 4 5 6 7 8 9 10 parameter space
d}, 0.21 040 045 0.6 031 054 021 0.15 028 019 [0.15,0.70]

green solid line in figure 6. The transmission efficiency decreases from 90.7% as the loss tangent
increases. Additionally, thermoviscous effects in the fluid are considered by modelling the fluid
inside the metasurface using the thermoviscous acoustics module of COMSOL Multiphysics. The
efficiency is significantly reduced, as indicated by the blue dashed line in figure 6. With only the
thermoviscous effect introduced, the efficiency drops from 90.7% to 27.7%. As the loss tangent
increases, the efficiency further decreases as well.

A fabrication error with a maximum value of 0.1 mm (i.e. ranging from —0.1 mm to 4-0.1 mm)
is assumed to assess the parameter tolerance of the metasurface. Errors are introduced separately
into the Willis element and the quadruple resonator. For each case, 1000 random samples are
generated using COMSOL multiphysics with MATLAB. Then, the resulting maximum relative
error is 10% according to the parameters in tables 1 and 3. The probability density functions of
efficiency are shown in figure 7a,b, respectively. Figure 7a shows a distinct peak at an efficiency of
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Figure 6. Efficiency of the metasurface with a refractive angle of 64° under viscosity in the solid alone (green solid line) and in
both solid and fluid (blue dashed line).

Table 3. Optimized parameters in the second step for the units in case 2 (unit: cm).

unit 1 2 3 4 5 6 parameter space
0.50 . ) [0.15,0.70]

Downl oaded from http://royal soci etypublishing.org/rspa/article-pdf/doi/10.1098/rspa. 2025. 1021/ 6150990/ r spa. 2025. 1021. pdf
by guest
on 09 July 2026

1201702 28 905 201 edsy/jeunofBioBuiysijqndiraposiefoy/:siny H


https://royalsocietypublishing.org/journal/rspa

(a)

(v
—_
=2
~
r2
o

N
in

58] w

Probability Density
5. 5

Probability Density

—_—

0 ! 0 -
0% 25% 50% 75%85.9% 100% 0% 25% 50% 75% 100%
ciency Efficiency

Figure 7. Probability density functions of efficiency for (a) the Willis element and (b) the quadruple resonator under a
fabrication error with maximum value of +=0.1mm.

85.9%, indicating that the Willis coupling element has some robustness to fabrication errors. The
efficiency distribution is nearly uniform when errors are imposed into the quadruple resonator
as shown in figure 7b. This indicates high sensitivity to fabrication errors due to the presence
of resonators. Future work will focus on developing non-resonant mechanisms to improve
robustness against mismatches in operating frequency and fabrication tolerance.
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