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ABSTRACT

Driven by the high volatility of renewable generation and load demand, modern microgrids operate in
rapidly changing environments, where fast convergence and stable resource coordination are crucial
for maintaining power balance, operational economy, and system reliability. Motivated by this need,
this paper investigates the predefined-time solution of the time-varying resource allocation problem
in microgrids subject to input disturbances. To this end, a predefined-time stability lemma is first
established for a class of nonlinear systems. Building on this lemma, a distributed sliding-mode-
based optimization algorithm is developed for the barrier-relaxed time-varying resource allocation
problem. The proposed algorithm guarantees predefined-time convergence in the ideal case and
practical predefined-time stability under bounded gain regularization. Furthermore, to address input
disturbances, which often prevent conventional consensus-based methods from maintaining global
constraints, an integral sliding-mode control strategy combined with a disturbance observer is
introduced within a unified distributed framework. The resulting method rejects disturbances, restores
the global power-balance equality constraint, and strictly preserves box constraints under an interior
initialization. Simulation results verify its effectiveness in time-varying optimal allocation, fast

predefined-time convergence, disturbance rejection, and scalability.

1. Introduction

In recent years, the increasing distributed and com-
plexity of power systems have made microgrids (MGs) a
major focus for modern energy management. As localized
energy systems that integrate renewable energy sources,
energy storage units, and diverse loads, MGs are capable of
operating either in grid-connected mode or independently
when the main grid is unavailable [1]. This autonomy im-
proves power system resilience and facilitates the integration
and utilization of clean energy. However, their distributed
structure, renewable-rich generation mix, and time-varying
operating conditions pose significant challenges to energy
scheduling and resource allocation. Traditional centralized
control approaches, which rely on global communication
and centralized computation, may become inefficient or less
reliable in such dynamic and uncertain environments [2].
To address these challenges, multi-agent system (MAS)
architectures have been widely adopted, where individual
MG components are represented as autonomous agents ca-
pable of local sensing, decision-making, and coordination.
Through local information exchange, these agents can real-
ize distributed optimization and coordinated control without
relying on a centralized decision maker. Such MAS-based
methods not only improve scalability and fault tolerance,
but also naturally match the autonomous and cooperative
characteristics of MG operation [3, 4].

While the MAS framework provides a suitable architec-
tural basis for addressing the time-varying (TV) resource
allocation problem (RAP) in MGs, the convergence rate
of the underlying distributed optimization algorithms re-
mains a critical performance metric, especially for systems
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that must react rapidly to load and generation fluctuations.
Early distributed optimization protocols mainly guaranteed
asymptotic convergence, as in [5] and [6]. Exponential con-
vergence was later established in [7], but the corresponding
settling time remained theoretically unbounded. To improve
transient performance, finite-time [8, 9] and fixed-time con-
vergent schemes [10, 11] were subsequently developed, both
of which guarantee convergence within a finite time interval.
However, these schemes still have practical limitations: the
convergence time of finite-time methods depends explicitly
on the initial conditions [12, 13], whereas the settling-
time bound of fixed-time methods is usually determined
indirectly by coupled controller parameters and is therefore
difficult to prescribe explicitly [14, 15]. These limitations
have motivated the development of predefined-time (PDT)
convergence methodologies, in which the upper bound of
the settling time can be specified directly in advance through
a transparent design parameter [16]. Among the PDT algo-
rithms, time-base generator (TBG) approaches are valued
for their clarity and ease of implementation in distributed
RAP. However, as shown in [17, 18, 19], such methods
generally ensure convergence only to a neighborhood of the
optimum, rather than exact convergence. Other PDT designs,
such as [20], achieve PDT consensus but only finite-time
convergence to the optimal solution, thus failing to complete
the full optimization process within the prescribed time.
In [21], a PDT optimization algorithm is proposed to solve
the dual-mode RAP of AC MGs. The work in [19] develops a
PDT distributed resource allocation algorithm to guarantee
satisfaction of the TV equality constraints. However, these
existing PDT-related works do not explicitly address input
disturbances, which are unavoidable in practical MG envi-
ronments.
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Input disturbances are unavoidable in practical MGs,
arising from renewable output fluctuations, communica-
tion noise, and modeling uncertainties. Such disturbances
can significantly degrade both feasibility and optimization
performance in distributed resource allocation. Existing
PDT methods either neglect disturbances [21, 17, 16] or,
when disturbances are considered, do not guarantee strict
invariance of coupled equality constraints, such as power
balance. In particular, conventional incremental-consensus
schemes [8, 22, 23] can maintain equality constraints under
ideal disturbance-free conditions through average-consensus
mechanisms. However, these mechanisms are sensitive to
input disturbances and may fail to ensure strict constraint sat-
isfaction. Although some studies model disturbances in the
optimization dynamics [24, 25, 26], they often overlook how
such disturbances propagate into the equality constraints,
which may lead to feasibility drift and biased optimal solu-
tions. Therefore, within a PDT framework, simultaneously
suppressing disturbances and rigorously preserving global
equality constraints remains a critical open challenge.

However, the aforementioned works mainly address
time-invariant distributed optimization problems. In prac-
tical MG operation, renewable generation and load demand
fluctuate continuously, leading to TV characteristics in both
operating costs and power constraints [27, 28]. Motivated
by these practical requirements, a growing body of work
has investigated distributed optimization problems with
TV objective functions, and has developed continuous-
time algorithms under different structural and information
assumptions. Studies in [29, 30] investigated distributed op-
timization with quadratic TV objective functions, for which
the optimality condition becomes linear and the update
law can be derived in closed form. In [31] and [32], the
Hessian matrices were assumed to be identical across agents,
which imposes a homogeneous second-order structure on
the networked problem. Related Newton-based distributed
schemes relying explicitly on inverse-Hessian updates were
further developed in [33, 34, 35]. While these assumptions
simplify the derivation of non-asymptotic convergence rates
and explicit error bounds, they are often difficult to satisfy
in practical MGs and may increase computational and com-
munication costs. Meanwhile, some recent PDT works on
TV optimization are developed under less restrictive struc-
tural conditions. For instance, [36] studies the distributed
optimization problem with TV coupled equality constraints
within a prescribed time, while [37] develops a distributed
PDT algorithm for the TV RAP over directed networks.
However, most of the existing studies mentioned above do
not explicitly take disturbances into account, although such
disturbances are unavoidable in practical MG environments.

Related work and gap. Despite these advancements,
several key gaps remain. Algorithms in [21, 17, 20, 18]
achieve PDT convergence, but they are mainly designed
for static optimization problems and therefore cannot fully
capture the dynamic nature of RAPs in MGs. Methods
in [29, 30, 38, 31, 32] address TV optimization, but they

often rely on restrictive assumptions, such as quadratic ob-
jective functions or identical Hessians across agents, and
generally neglect practical disturbances. Although distur-
bances are considered in [24, 25, 26], these methods do not
provide PDT convergence guarantees. Therefore, to the best
of our knowledge, a unified framework that simultaneously
achieves (i) TV resource allocation, (ii) user-prescribed set-
tling time, (iii) strict satisfaction of coupled equality and
local box constraints under bounded disturbances, and (iv)
fully distributed implementation using only local first-order
information remains unavailable. Such a framework is es-
sential for practical MG energy management, where fast
adaptation, strict constraint satisfaction, and disturbance re-
silience are required for reliable and economical operation.
This paper aims to fill this gap.

Contributions. Motivated by the above challenges in
dynamic MG operation, this paper investigates the TV RAP
in MGs under a MAS framework. A fully distributed PDT
optimization algorithm is developed to achieve disturbance-
resilient resource allocation under TV costs and operational
constraints. The main contributions are summarized as fol-
lows.

1) A novel PDT stability lemma is established, serving as
the foundation for a distributed PDT optimization algorithm.
The scheme allows the user to prescribe the convergence
time independently of the initial conditions. Compared with
practical PDT methods based on TBGs [17, 18, 19], our
approach offers theoretically optimality guarantees (Lemma
1).

2) Based on Lemma 1, we design a distributed PDT
algorithm for the barrier-relaxed TV RAP in MGs. Unlike
existing TV frameworks that rely on quadratic objectives
[29, 30], identical/diagonal Hessians across agents [31, 32],
or computationally intensive second-order information (e.g.,
Hessians and time derivatives of gradients) [19, 34, 35, 36],
our design uses only local first-order information and as-
sumes merely strong convexity of the global objective func-
tion and bounded time derivative of the aggregate gradient. It
guarantees invariance of the box constraints and recovers the
coupled equality constraint within PDT, thereby ensuring
convergence to the optimal solution of the barrier-relaxed
problem (Lemma 2 and Theorem 1).

3) To counteract bounded input disturbances, we aug-
ment the nominal PDT dynamics with a disturbance-handling
layer that combines an integral sliding-mode structure with
a PDT observer-based compensator. Whereas many existing
methods either ignore disturbances or fail to maintain global
equality constraint satisfaction in their presence [21, 17,
22, 23], the proposed design preserves the invariance of
the coupled equality constraint and guarantees robust con-
vergence to the optimal solution under persistent bounded
disturbances (Theorems 2 and 3).

4) The proposed framework is rigorously validated using
an MG model with TV generation costs and loads. Compara-
tive numerical studies substantiate its superior performance
in user-prescribed settling time relative to representative
baselines [29, 30, 31]. Furthermore, the results confirm its
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Table 1
Comparison with representative methods.

Independe-

TV objectiveConverge-Disturb- Inequality
Ref. . nce from .
function? nce Type ances? . constraints?
Hessian?
[12] X FT X v v
[10] v FXT X X X
[11] x FXT X v v
[21] X PDT X v v
[24] X PDT v v x
[26] X FT v v x
[27] v/ Asymptotic X X X
[30] v Asymptotic X X X
[38] X FT X v v
[31] 4 FXT X X X
Herein v/ PDT v v v

capability to maintain strict constraint satisfaction, actively
reject disturbances, and ensure scalability in large-scale set-
tings.

The remainder of this paper is organized as follows.
Section II presents the preliminaries and problem formu-
lation. The main theoretical results and simulation studies
are provided in Sections III and IV, respectively. Section V
concludes this paper.

Notation: In this paper, R and RV denote the set of real
numbers and the N-dimensional real vector space, respec-
tively. The operator diag{-} denotes a diagonal matrix. For
a vector x € RY, its Euclidean norm is defined as ||x|| =
VxTx, and its L' norm is defined as ||x||; = 2511 [x;].
The function sgn(-) denotes the standard sign function. The
symbols Vp F(P,t) and V%,F (P, t) denote the gradient and
Hessian of F(P,t) with respect to P, respectively.

2. Preliminaries and problem formulation

2.1. Graph Theory

Consider an undirected simple graph G = (V, £) with
N = |V| nodes. Its adjacency matrix is W' = [w;;] €
RNXN where w;; = 1if {i,j} € £ and w;; = 0 otherwise.
The neighbor set of node i is N; = {j € V | {i,j} €
E}. Letdeg; = Z}I\il w;; be the degree of node i, and let
D = diag(deg,, ...,degy) denote the degree matrix. The
Laplacian matrix is defined as L = D — W, or equivalently,
lij = —w;; fori # j and [;; = deg;. If G is connected, the
eigenvalues of L satisfy 0 = A(L) < A,(L) < -+ < Ay (L).

2.2. Device Modeling

This subsection formulates a TV RAP for dual-mode
MGs operating in both islanded and grid-connected modes.
In grid-connected mode, an agent directly interfaced with
the main grid obtains the TV electricity price and exchanges
the required coordination information with a subset of
neighboring agents. The MG consists of conventional dis-
tributed generators (CDGs), photovoltaic (PV) units, wind

turbines (WTs), energy storage systems (ESSs), loads, and
a grid-interaction mechanism. Accordingly, the models in
this subsection are developed for the system-level energy-
management and economic-dispatch layer. Therefore, each
device is represented by an aggregate model that preserves
its dominant operational constraints and economic charac-
teristics.

2.2.1. CDGs

CDGs represent dispatchable generation units, such as
diesel generators and natural-gas-fired units, whose power
output can be continuously adjusted through control actions.
At the dispatch level, the quadratic form is a standard ap-
proximation of the fuel-cost characteristic of a conventional
generator over its normal operating region, and has been
widely adopted in economic dispatch and RAPs [21, 18]. To
capture realistic operating conditions, the generation cost of
each CDG agent i € C is modeled as:

Cio(Pc. 1) = a,c(OPL + b c (P c + 7,00, (1)

where a; (1), b; c(t), and y; () denote TV coefficients
corresponding to the nonlinear cost curvature, marginal
cost, and fixed cost, respectively. Convexity is ensured by
a; c(t) > 0 for all #. The power output of each unit is further
constrained by physical limits:

P < P < PO, @)
where PI“g“ and P77 denote the minimum and maximum
admissibie active-power outputs.

2.2.2. WTIs

The available power of a WT, denoted by p,, is a
nonlinear function of the forecasted wind speed v,,, ,, charac-
terized by a piecewise function that captures its fundamental
operational regions [39]

0, Vips < Vip OF Vi p > Vo
_ Vw,t—Vin
pw(Vw,t) - pw,r ( Vo—Vin > > Vin < Vw,t < Ve
Puw,r Ve SVt S Vour

3
where v;,, v,, v,,; represent cut-in, rated, and cut-out wind
speeds, respectively, and p,,, ,. is the rated power of the WT. In
contrast, P; denotes the scheduled power of the i-th WT,
which is the decision variable in the optimization problem.

Since wind generation is inherently uncertain and the
scheduled output may deviate from the available wind
power, reserve and penalty costs are introduced to charac-
terize the expected economic consequences of such mis-

matches. Accordingly, they are respectively defined as

Py
Cly (P, 1) = K;,(0) /0 (Pw = Pw) [p(Pu) dPyys
P_max

W
C;?W(R,W’ t) = Ki,p(t) P (pw - I)I,W) fp(pw) dpw’
(A4
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where «; (1) > 0 and K‘i’p(t) > 0 are TV nonnegative cost
coefficients, leua," denotes the maximum allowable dispatch
power for the i-th WT and f,(p,,) denotes the probability
density function of the available wind power p,,, which is
given by

T, (0. —U;,) ¢ _
fp(Pw) = ug;«

w,r Ow

Yexp(—g), @)

with
pw(vr - Uin) + Puw.r
Ew = >
P w,raw

where p,, . is the rated power of the WT, 7, > 0 is the shape
parameter, and o, > O is the scale parameter of the Weibull
distribution.

Accordingly, the total convex cost for WT agent i € W
is modeled as

Cow (P 1) =a,y (OPF, + by (OP,

) , 5)
+ Ci’W(Pi,W’ t) + Ci,W(R’W’ t)?

where a; p,(f) and b; y, (¢) are TV direct cost coefficients. The
WT dispatch power is constrained by

0< Py < P (©)

Here, since WTs have negligible fuel consumption compared
with conventional generators, the quadratic term above is
not intended to represent a physical fuel cost, but is adopted
as a smooth convex function to capture dispatch-related
operating, maintenance, and coordination costs.

2.2.3. PVs
The available power of a PV generator, denoted by p,, is
governed by the solar irradiance I [21, 39, 40]:

12
P, — ), O0<I<I,
rated <Istd1c> ¢

1
P, rated 1 q
st

p,(I) = @)

, I1>1

= L

where I, is the standard irradiance, I, is a critical irra-
diance threshold, and P4 is the rated power of the PV
system.

Let P; p denote the scheduled power of the i-th PV unit.
Similar to WT scheduling, PV dispatch is influenced by
renewable uncertainty arising from solar irradiance fluctu-
ations and forecasting errors. To capture the expected cost
caused by the mismatch between the scheduled PV power
and the stochastic available PV power, reserve and penalty
costs are introduced and respectively defined as

P p
Cir,p(f)i,P’ t) = Ki’r(t)4/0 (IJI"P - pu) fpu(pu) dpu,

L
Clp(Pp, 1) = K,-,p(t)/P (Po = P.p) fpo(po) dpys
i,P

where k; .(f) > 0 and ; ,(r) > 0 are TV nonnegative coeffi-
cients. Pl.r’";‘x denote the maximum allowable dispatch power.
Here, f,,(p,) denotes the probability density function of the
available PV power p,,, which is defined in the same manner
asin [21].

As with WTs, the total cost for the i-th PV system is
given by

C;.p(P,p. 1) =, p()PLy + by p(1)P, p + C] (P, p, 1)

. ®)
+ CfP(P,-’P,t), ieP,

where a; p(¢) and b; p(¢) are TV direct cost coefficients. The

PV dispatch power is constrained by

0< P p< P ©)

2.2.4. ESSs

The ESS operates bidirectionally, functioning as a power
generator when discharging and as a power consumer when
charging. For the i-th ESS, the power exchange P, f is de-
fined such that P, y > 0 corresponds to charging and P, j <
0 corresponds to discharging. At the energy-management
layer, the ESS is represented by an aggregate dynamic model
in which the state-of-charge (SOC) evolution is driven by the
charging/discharging power and efficiency factors. This type
of model is widely used in MG dispatch because it captures
the dominant energy-balance behavior relevant to scheduling
decisions without introducing unnecessary electrochemical
complexity. The SOC dynamics of the i-th ESS are governed
by

1

()= _r
i 1 gis ()

1
b

ic

<n,-,ch(f) VAROES Pi,_E(t)> . (10)

where E,(t) represents the stored energy level at time ¢, and
b;. > 0 is the energy capacity of the i-th battery. The

variables P, = (Pp() + /P20 +€), Pry) =
(= P + /P20 + €), with a small ¢ > 0, denote

the charging and discharging power, respectively. The co-
efficients 7; o, (), 7; 4is(#) € (0, 1] are the dynamic charging
and discharging efficiency factors.
The ESS operation is subject to the following physical
constraints:
—P <P () < PR, an
EMM < E (1) < EM,

where P"2* denotes the maximum power exchange capabil-

ity, and El.min and E™ define the allowable energy storage
range. In addition, E;(¢) is treated as an auxiliary state driven
by P, g(#), and the SOC penalty is included as a running
cost. Feasibility is enforced in practice via a standard projec-
tion/saturation operator to guarantee E;(f) € [El.mi“, Eima"].

Battery degradation is primarily driven by charge and
discharge cycling. Therefore, a cycling degradation cost is
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introduced at the dispatch level to penalize battery through-
put, which is a dominant factor affecting battery lifetime, and
is defined as

Cieyete(Pi 1) = 6,(0) \/ (PH0)* + (P0) +e. (12)

where 6,(¢) is the cycling cost coefficient, calculated based
on the battery’s capital cost and cycle life as

i,cap

0;(t) = ————————,
l 2Ni,cycle(t) E;nax

with C; ., denoting the capital costand N; ., (#) represent-
ing the maximum cycle life.

To prevent excessively deep charging or discharging and
maintain the ESS around a desired energy level, an SOC
deviation cost is introduced as

En) - EFT\?
Cisoc(E;(1),1) = B;(1) x| (13)

where f;(¢) is the TV SOC deviation penalty coefficient and
E; °f is the reference energy level. In addition, the operation
and maintenance (O&M) cost is modeled by

Ciom(P > 1) = 7,(0) PYy, (14)
where y,(f) is the TV O&M cost coefficient associated with
the power throughput.

As aresult, the total operational cost for ESS agenti € £,
which captures the dominant economic factors in battery
operation, is defined as [18, 41]

Ci,E(Pi,E’ 1= Ci,cycle(Pi,E’ )+ Ci,SOC(Ei(t)’ 1)

(15)
+ Ci,om(P[,E’ t)'

It should be noted that the quadratic cost terms adopted
for PVs and WTs, together with the smooth cost terms used
in the ESS model, are modeling approximations rather than
exact physical cost laws. They are introduced to capture
the dominant dispatch-related economic effects while pre-
serving differentiability, convexity, and tractability for the
subsequent distributed optimization algorithm design.

2.2.5. Flexible loads
The economic benefit provided by flexible load (FL)
agent i € F is characterized by a TV utility function:

Ui p(Pp.1) = —a; p(OP g + b p(OPp,  (16)

where a; p(f) > 0 and b; (1) > 0 are TV coefficients
that capture the dynamic value of load flexibility. This con-
cave quadratic utility is a standard demand-response model,
reflecting the diminishing marginal benefit obtained from
increasing the adjustable consumption level. The admissible
demand range for the i-th FL is constrained by

PRt < Pip < P (17)

where Pl,mFin and P/2* represent the lower and upper bounds
of adjustable demand, respectively.

2.2.6. Grid interaction

The MG switches between islanded and grid-connected
modes, represented by a binary indicator p € {0,1}: p =
0 denotes islanded operation, where internal coordination
aims to minimize a system cost; p = 1 denotes grid-
connected operation, under which power interaction with the
main grid is permitted. The net exchange power between the
MG and the main grid is denoted by Pg(?), where Pg(t) > 0
represents power purchased from the main grid and Pg(7) <
0 represents power sold to the main grid.

The cost of power exchange between the MG and the
main grid is formulated to capture both economic transac-
tions and operational risks. The TV cost function accounts
for electricity purchase expenses and power selling revenues,
dynamically adjusted by real-time market conditions:

Co(t) = p (Pouy (1) P (1) = peen(t) PG ()

) 18)
+8,(1) P2(1),

where py,, (1) and p;(¢) are TV electricity prices for pur-
chasing and selling power, 6,(f) > 0is a TV coefficient as-
sociated with the quadratic term 5g (t)Pé(t), which penalizes
large power exchanges so as to discourage excessive depen-
dence on the main grid, and Pg(¥) is the net exchange power.
Specially, the smoothed power components are defined as

Pi() = % <PG(t) + \/Pé(t) + €> ,
PZ(1) = % <—PG(t) +4/PE0)+ €> ,

where a small constant € > 0 is introduced to smooth the
nonsmooth absolute-value operator. The exchange power is
constrained by the physical limits:

19)

—p PIX < Po(r) < p P, 20)

where P%* and P71 denote the maximum power purchase
uy sell
and sale capacities, respectively.
For notational simplicity, the explicit dependence on
time ¢ is omitted hereafter whenever it is clear from the
context.

2.3. TV RAP Formulation

This subsection integrates the heterogeneous device
models into a unified TV resource allocation framework.
Consider a MAS with a mode-dependent participant set V:
in islanded mode (p = 0), YV =CUWU P U EU F; in grid-
connected mode (p = 1), YV =CUWUPUEUFU{G}. Let
N :=|V|. The dynamics of each agent i € V are subject to
unknown input disturbances:

P(t) = u;() + p; (1), 1)

where P,(t), u;(¢), and p;(t) € R denote the state, control
input, and disturbance, respectively. To connect the physical
device models with the optimization algorithm, P is defined
as a unified net power injection variable. Specifically, P, > 0
denotes power generation or grid import, whereas P, < 0
denotes adjustable demand or grid export.
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2.3.1. Power Balance
To ensure stable MG operation, all participating entities
must satisfy the power balance constraint

D P+ Y Py + D P p0)

ieC iew ieP
tot (22)
+ 3P0+ p Po(t) = ) PIH1O) + Pogy(0),
e ieF

For notational convenience, we hereafter use P, to denote
the unified net power injection variable. Specifically, P, =
Pofori € C,P = Py fori € W, P, = P,p for
i € P,and P, = P, fori € &. For flexible loads, which
are treated as negative injections, we define P, := —P;
for i € F. Moreover, for the main grid, P, = P; when
p = 1. The transmission loss is modeled using the linear
loss approximation

Pos®= D nPO+ Y rPRO, (23

ieCUWUPUE ieF

participant i. For flexible loads, Pl.t,‘l’;(t) is decomposed as

where 0 < y; < 1 denotes the marginal loss factor of

Pty =dg+ P p(t), (€T, 24)

where d;, > 0 is a time-invariant baseline demand and
P, (?) is the adjustable demand component.
Substituting (23)—(24) into (22) yields

Y, U=mP® =Y A +7)P 0

ieCUWUPUE i€F

+p Po(t) = Y (1 +71)d;.
ieF

(25)

With the unified injection variable P;, the above balance
equation can be rewritten in the compact form

Y onp =) d, (26)

i€y iey
where the coefficients are defined as follows: #; = 1 —y; for
i€ CUWUPUE; n; = 1+y;andd; = (1+y,)d; o fori € F;
ng = 1 for the main grid when present in grid-connected
mode; and d; = 0 otherwise.

2.3.2. TV RAP
For a dual-mode MG, the TV RAP is formulated as

min Z Ci,C(I)i,C(t)’ t) + Z Ci,W(Pi,W(t)9 t)
ieC iew
+ z Ci,P(})i,P(t)’ H+ Z Ci,E(})i,E(t)7 1)
ieP ic€ (27)
= Y Upr(Pp(0.0) + C(0)
ieF
s.t. (2),(6),(9), (11),(17),(20), (26).

For notational simplicity, let P; denote the power decision
variable of participant i, constrained by P™" < P, < P,

and define C;(P;,t) accordingly for each participant. Then,
(27) can be rewritten as

N
min C(P,1) = Z C,(P,.1)
i=1

(28)

N N
s.t. Zthi = Zd[
i=1 i=1

PN < P < P™X ji=1,..,N.
In (28), the index i enumerates the agents in the participant
set V defined for the current operating period; hence, in the
islanded mode (p = 0) the main-grid entity is excluded and
N denotes the number of remaining participants. Notably,
unlike the static RAPs studied in recent works [11, 14, 17,
18, 20, 21, 24, 25, 26], (28) describes a TV constrained
optimization problem with TV cost functions, a coupled
global equality constraint, and local box constraints.

To handle the box constraints while preserving strict in-
terior feasibility, we adopt a logarithmic barrier approach [42].
The modified local objective function is defined as

1
fiBiut) = C(Pt) = = (In (8,1) +1n (8,)) . (29)
i
where 9;; = P™ — P, and 9,, = P, - P[mi“. We assume
P(0) € (Pl.mi“,PimaX), which ensures 9;1,8;, > 0. Here,
k;(¢) is a TV barrier parameter, defined as

(1) = a; exp(p;1),
a; exp(fit ),

1€ [0,17), (30)
te |t Iz 00),
with «;, f; > 0, where ¢ r> 0 is a designer-specified
time instant. This construction guarantees that x;(f) remains
positive and continuous over time.

Consequently, the original RAP (28) is transformed into

N
min F(P,t) = Z fi(P, 1)
i=1

N N
s.t. Z n P = Z d;.
i=1 i=1

Let PO’:ig(t) and P*(¢) denote the optimal solutions of (28)
and (31), respectively. Under Assumption 2 on the uniform
e-strong convexity of the physical cost, their mismatch at 7
can be bounded as

IP* (1)) Porigaf)us,/—eKmm(tf), (32)

where Kkin(7y) £ min;e(; Ny K;(77). This bound shows
that increasing K, (7 r) reduces the approximation bias. In
particular, to guarantee || P* (¢ )= Px. (tp)ll <8, itsuffices

orig
2N
to choose Ky (77) = =

In the remainder of this paper, we focus on solving the
barrier-relaxed problem (31).

€29}
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2.4. PDT Stability
To achieve PDT optimization, the concept of PDT sta-
bility is first introduced.

Definition 1. [21] The TV RAP (31) is said to be solved
within a PDT if there exists a constant t,, > 0 such that

{ lim [|P() — P*()]| = 0,
t—t,, (33)

IP(t)— P*(®)l| =0, Vi>1,,

where P*(t) denotes the optimal solution of problem (31)
and t,, is a predetermined time constant that exhibits no de-
pendence on initial system states or algorithmic parameters.

According to Definition 1, a new lemma on PDT conver-
gence is established as follows.

Lemmal. Let{ >0,y >0, s, > 0, and s; > 0. Define the
piecewise function Q(t) as

o) - {Ql(t), 1€ [T, 1),
1, t €lt,, ),

where Q : [tg,t,) — [0, o) is measurable and Qi/y (S

Llloc([to, t,,). Consider the linear differential equation

V()= (51 + sy Q0 V@), V(g >0.  (34)

Then system (34) is PDT convergent to the origin with time
t,, if and only if

Im
/ Q0" dt = +o. (35)
Ty

Proof. Define H(t) = C(sl + szyQI(t)l/V) for t €
[t9. 1,,). Since /7 € L! (l19.1,)) and s, > 0, we have
H € L] (1,1,) and H@®) > 0 ae. on [ty,1,). By
Carathéodory’s existence theory applied to V' = —H(#)V,
the unique absolutely continuous solution on [f, #,,) is

t
V() =V(ty) exp<—/ H(7) dT) (36)
To

¢
=V (tg)e 510710 exp<—§s2y/ Q)7 a’7:> )
)

Therefore, V' (¢) > 0 for all ¢ € [#,¢?,,), and
V(i)=—-H@®V (@) <0 ae.on [29, 2,)-
Thus, V (¢) is non-increasing and bounded below by zero, so
lim,_, - V'(¢) exists.
(i) Sufficiency: Assume that (35) holds. Since Qi/y >0,

the integral f[; Q, (1)'/ ¥ dt is non-decreasing on [#, ,,) and
satisfies

=t

1
/ Q" dr— .
i

Substituting this relation into (36) gives

lim V(1)
=1,

t
=V (1) e 5 10n=0) exp (—Cszy / Ql(r)l/ydr> =0.
To

. J/
v

—0

(37

Hence, V' (¢) converges to zeroast — ¢, . Defining V(z,,) = 0
gives a continuous extension at t = ¢,,,.
(i1) Necessity: Conversely, suppose thatlim,_,,- V' (f) =0
m
but ft;’" Q,(1)'/7 dt < co. Because Qi/y > 0, the improper
integral satisfies

t

tm
lim Q () "dr = / Q,(0)'"dr < w,
i ) 1o

so passing to the limit in (36) gives

lim V(1) =V (19) e~ ¢s1n=10)

ty (38)
xexp(—é’szy/ Ql(r)l/ydr> > 0,
)

which contradicts lim,_,,- V() = 0. Therefore (35) is nec-
essary. "

Finally, define V'(¢,) := lim,,- V(t) so that V is
continuous at ¢,,. For t > t,, Q(t) = "1 and (34) becomes
V(t) = —{(s; + s,7)V (¢), whose unique solution is

V)=V, exp(— sy + 50 = 1,)),

In particular, if (35) holds then V' (¢,,) = O and thus V'(¥) = 0
on [t,,, ). O

r>t

m*

Definition 2. Let Q(z;T) : [0,T) — Ry be a prototype
time-base function of the form in Lemma 1. For a phase
starting at t, with duration T > 0, define

Ht: 1, T) 2 5 + 5,7 Qt —1,. TV, te(t,1, +T).

This shifted gain inherits the terminal singularity property
of Q(;T)ast =t +T.

Remark 1. Lemma I provides a necessary and sufficient
condition for convergence. In this condition, only mild reg-
ularity on Q is required, which greatly enlarges the admis-
sible class of time-base functions. In particular, the PDT
lemma in [21] is recovered by choosing Q,(t) = (¢, —
1), and similar TV gain constructions (e.g., [43]) can
be accommodated within the same criterion. Beyond these
special cases, many other choices are possible, e.g., Q,(t) =
@, — P withp >y, or Q(t) = exp(a/(tm - t)q) with
a,q>0,Q,(1) = (1,—)77 [In(1/(1,,—1))] P itho < p <y,
all of which satisfy /t(’)m Q07 dt = +co.
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Remark 2. The function Q(t) offers design flexibility for
PDT convergence. However, exact PDT convergence in
Lemma 1 relies on an unbounded gain near t,,. In practical
implementation, a regularization term Q, ;(t) is introduced
(e.g., replacing (t,, — t) with (t,, —t + ), 0 > 0) to ensure
bounded control inputs. Consequently, the PDT convergence
in Lemma 1 is relaxed to practical PDT convergence. The
following proposition quantifies the residual at the prede-
fined time ¢,

Proposition 1. Suppose that the regularized gain Q ,(t)
satisfies Q) ;(1) > 0,1, = /t;m Q,,(0)'/7dr < co. Then,
Jor system (34) with Q,(¢) replaced by Q, (1) on [1y,1,), the
solution satisfies

VU(I;) = VO'(IO) exp(—é’sl(tm - to) - CSZYIO.) > 0
Moreover, for t > t,,, lim,_, V() = 0.

Proof. Replacing Q;(#) in Lemma 1 by Q, (¥), for t €
[tO’ tm)’ ylelds

Ty

t
Vo (1) = Va(to)eXP<—CS1(t—fo)—CSzY/ 91,6(1)1”611)-

Letting t — 1, gives the stated residual at 7,, . Since (1) = 1
for t > t,,, one has exponential decay for t > ¢,,, and thus
lim,_  V,(t) = 0. O

Throughout the paper, the following widely used as-
sumptions are adopted [31, 32, 37, 44].
Assumption 1: The communication graph G is connected and
undirected.
Assumption 2: The physical objective function C(P,t) is
uniformly e-strongly convex in P, i.e., V%C(P, 1) = el for
some € > 0 and for all (P,t). Moreover, || %VPC(P, D <&
for some constants & > 0.
Assumption 3: For all t
nonempty.
Assumption 4: The disturbance vector u(t) € RN is uni-
Sformly bounded: 3 i > 0 such that ||u(t)|| < f forallt > 0.

€ [0,00), the feasible set is

3. Main Results

In this section, we develop PDT algorithms for solving
the TV RAP in MASs, both with and without input dis-
turbances. The proposed algorithms are developed at the
supervisory layer to generate optimal TV power-reference
signals for MG resource allocation.

3.1. PDT algorithm for the MAS without
disturbances
We begin with the MAS without input disturbances, i.e.,
#;(t) = 0. On this basis, the following sliding-mode-based
PDT algorithm is developed to solve the TV RAP (31) under
the agent dynamics (21):

ui(t) = =7 H (1) (kgs;(0) + wi(D)

t
s;(ty=nP(t)—d; + / H,(7)y,(r)dr, 39)
0

vit)= ) (g—g) +k, ), sen(g — ),

JEN; JEN;

where H(t) = H(t;t,,T) is a TV gain that can be time-
shifted at the beginning of each control phase, as specified in
Definition 2. g; = %V p fi(P;, 1) is the scaled local gradient
and Vp f;(P;, 1) denotes the derivative of Jf; with respect to
P,. The gains k; > 0 and k, > 0 are design parameters. The
initial conditions are required to satisfy the following strict
interior constraint
PMn < P(0) < P, iev, (40)

so that the logarithmic terms in (29) are well-defined.

The following lemma shows that, under the initial con-
dition (40), both the global equality constraint and the box
constraints in (31) are satisfied.

Lemma 2. Consider the closed-loop system (21) with (39)
for the TV RAP (31). If (40) holds, then

1. The global equality constraint Zl]i] n P(t) = Zl]il d;
is achieved in PDT t,,, and remains satisfied for all
1> 1,

2. PMM < P(1) < P™ forallt > 0andalli € V.

Proof. Step 1: Satisfaction and maintenance of the global
equality constraint.

Throughout this lemma, the TV gain H;(t) = H(t;0,¢,,)
is generated by Definition 2. Based on (39), the dynamics of
the system can be written as

P() = —n ' H (1) (kysi(D) + w; (1),

! (41)
;) =mP(t)—d; + /0 H,(t)y;(7)dr.
Taking derivative on s,(t), we get
5;(t) = —H (ks (). (42)
Consider the Lyapunov function V| = % Z,l] siz. Its time

derivative along (42) satisfies

N N
Vi= ) 58 =—k,Hi(t) ) 57 = =2k H(OV).  (43)
i=1

i=1

Invoking Lemma 1 together with (43), we conclude that s;
reaches the origin within the PDT ¢,,;. Moreover, according
to Assumption 1, one has

N N
lefi(t) = Z Z (gi _gj)
i=1 i=1 je_/\/‘i
. “4)
+ kp Z 2 sgn(gi - gj) =0.

i=1 jeN,
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Consequently, when ¢ > ¢, it holds that

N N N t N
Y -Yd =35 —/0 Hy(z) ) y,(t)dr =0.
i=1 i=1 i=1 i=1

Thus, for all # > ¢,,;, the global equality constraint in (31) is
preserved throughout the system evolution.

Step 2: Strict box constraint invariance. Assume for
contradiction that D := {P € RN : PM" < p <
Pl.max, Vi e V} is not forward invariant. Let f = inf{r > O :
P(t) ¢ D} be the first exit time. By continuity, P(f) € 0D
and P(t) € D for all t € [0, 7). In addition, from (42), one
has s,(1) = 5;(0) exp(—ks Jy Hi(x) dr) , and therefore s;()
remains bounded for all ¢ > 0.

Upper-bound case: Let S* = {i € V : P(f) = P™}.
Define e(t) = YN nP() — YN d; = YN 5;(t) and
Apa 1= Zv mP™™ — YN d,. Since P(0) € D and
n; > 0, we have e(0) < A,,. Moreover, the global error
satisfies é(t) = —k H(¢t)e(t), whose solution is e(t) =
e(0) exp(—ks JEH () dr). Then e(f) = a()e(0) with
a(f) € (0, 1], which implies e(f) < A,,,. Indeed, if e(0) < 0
then e(f) < 0; otherwise e(f) < e(0) < A, Hence
e(f) # A and thus ST C V.

By the connectivity of the graph, S™ C V guarantees the
existence of an agent i* € ST having at least one neighbor
Jj & ST. According to (29), as t — 77, P+(t) — Pirfa"_
yields g+ () — +oo. For any such neighbor j ¢ ST, g0
does not diverge to +oco0 as t — 7, and hence

Wir (1) 2 (g+ (1) = &;(1)) = +oo. (45)

Since H/(f) > 0 on an open interval containing 7 and s;+ () is
bounded, (45) implies P« (t) < 0 fort € (f—6,7) with § > 0.
Thus P« (?) is strictly decreasing before f, contradicting that
it reaches P at 7 from the interior.

Lower-bound case:Let S~™ ={ieV : P(f) = Pl.mi“} #
fand Ay, = Yo, PM0 — 3N d,. From P(0) € D
we have e(0) > A,;,, and since e(f) = a(f)e(0) with
a(f) € (0, 1], it follows that e(f) > A;,, hence S~ C V. The
remaining argument is symmetric and yields y;x(f) = —oo
and P (t) > 0 near 7, again a contradiction.

Therefore, f cannot exist, and D is forward invariant.
Hence, Pimin < P(?) < Pimax forallt > Oand alli € V.
This completes the proof. O

Theorem 1. Under Assumptions 1-3, suppose that the gain
k, is chosen such that k 2y - Then the pro-

> —_— . —

P P= eH™ng/iy(L)

posed distributed optimization algorithm (39) solves the TV
RAP (31) within the PDT t,, = t,,; + .

Proof. By Lemma 2, the strict box D is forward invariant
and the global equality constraint in (31) is recovered at
t = t,, and remains satisfied for all + > ¢,,;. Moreover,
Lemma 2 implies s;,(f) = Oforallt > ¢,,; and alli € V.
Hence, for ¢t > t,,; the closed-loop dynamics (39) reduce to

B(t)=—-n " H(Oy,(), i€V. (46)

To establish optimality within an additional PDT #,,,, we
re-initialize the TV gainon [¢,,;,1,,) as

H(t) = H(t; 1,1, tn), tE [t,1,1,)

according to Definition 2. This re-initialization does not
affect the equality maintenance since s;(#) = Oforallt > 7,,;.
For notational simplicity, we still denote the gain by H| (¢).

By Assumption 2, problem (31) admits a unique optimal
solution trajectory denoted by P*(¢) = [Pl* @, ..., ijl o1r.
Consider the Lyapunov candidate

Vo(t) = F(P,1) = F(P*(1),1),

which is positive definite in P — P* by Assumption 2. Then
the derivative of V, along (39) for ¢ > ¢,; is

V, =VLF(P,0HP - VLF(P*, 1)P*
AF(P,f) OF(P*,1) 47)
+ - .
ot ot

Since the equality constraint Z,L n Pi(t) = Z,}L d; is time-
invariant and the optimal trajectory P*(¢) remains feasible
for all 7, we have 5" P*(f) = 0. Let A*(¢) denote the
Lagrange multiplier corresponding to the equality constraint
in the KKT condition. Then, the KKT condition yields
VpF(P*,t) + *(t)n = 0, which implies

VLF(P*,t)P* = -2*(O)n" P* =0,
Therefore, the term
—VLF(P*,1)P* =0.
Consequently, ¥, becomes

OF(P,t) OF(P*.1)

N
V2=ZVPifi'Pi+
i=1

ot ot
N
=—H, 1)) ) gl&g—g)
i=l jeN; (48)
N
—k,H (0 ) ) gisen(g; - &)
=1 jeN;
L OF(P.0) _ OF(P*.1)
ot o

To handle the last two terms in (48), we invoke the second-
order Taylor expansion. First, due to the barrier singularity
at the boundary and the non-increasing property of V5, the
trajectory P(f) is confined to a compact interior subset K,
where F(P,1) is twice continuously differentiable. Specif-
ically, for any vectors P = [PI,PZ,...,PN]T and w =
[w, w,y, ..., w N]T within this feasible region, there exists
P=w+a(P—w),a €(0,1), such that

F(P,t) =F(w,t) + VLF(w,t)(P - w)

49
+ %(P —w)'VLF(P,1)(P - w). “9
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Substituting w =
F(P*,1) yields

P into the Taylor expansion form for

F(P*,1) =F(P,1) + VLF(P,1)(P* - P)

50
+ %(P* — P)'V3L,F(P,t)(P* — P). O

where P = P + f(P* — P), § € (0,1). Recall from (29)
that F(P,t) = C(P,t) + B(P,t), where C(P,t) represents
the physical cost component and B(P) denotes the sum of
logarithmic barrier terms. Since V%,F = V?,C + V%,B, and
V%,B > 0 due to the convexity of the barrier, we have
V%,F > V%,C. Using Assumption 2, V%,C > ely, which

implies V%F > el globally in the interior. Consequently,
we have

F(P,t) = F(P*,t) <|VpF(P.OI IP = P*|.  (51)

On the other hand, substituting w = P* into (49) gives

F(P,1)— F(P*,1) = VLF(P*,1)(P — P*)

52
+ %(P — PHTVLF(P,1)(P — P*). o

Since P* is the optimizer subject to the equality constraint
> n; P, = D, the KKT condition implies VpF(P*,1) is
parallel to #. Meanwhile, since both P and P* satisfy the
constraint, we have r]T(P — P*) = 0. Thus, the first term
VEF(P*, H(P—P*) = 0. Applying V%,F > eI, we obtain
F(P.1) = F(P*.0) 2 Z||P ~ P*|I*. (53)
Analogously, we bound the TV term. Recall that F(P, 1) =
C(P,H) = TN k7 (1)B;(P), where B;(P,) = In(9;,(P,)) +
In(9; ,(P;)). Thus,
3 N
VpF(P,t)= =V pC(P,1) = Y k7' (1) Vp Bi(P).
ot i=1 l '

9
ot

By Assumption 2, ”%V pC(P, t)” < ¢&. Moreover, under
the strategy (30), fci_l(t) is bounded on [0, ¢ f) and satisfies
fcl._l(t) = 0 for all + > I Although k'i_l(t) may have a
jump at 1 = 1, this occurs only at a single isolated time
instant. Hence, the following estimate is understood in the
almost-everywhere (a.e.) sense, which is sufficient for the
subsequent Lyapunov derivative analysis. In particular, for
t > t; it holds that 3 k7(t) Vp B,(P(t)) = 0. For
t € [0,7,], Lemma 2 guarantees that P;(r) € (Pimi“, PM)
for all i, and P(¢) is continuous. Hence, V P B;(P,(1)) is
bounded on the compact interval [0, f], i.e., there exists a
constant B;(t ;) > 0such that IVp B(P(O)I < B;(1;)forall
t e [0, f]. Therefore, the above bound implies there exists
Mp(t;) > 0 such that

N

Y &7V p B(P(1))

i=1

< MB(tf), Vt>0ae.

LetE=¢+M g(ty). Consequently,

H%VPF(P, z)H <& Vi>0ae. (54)

Consider the scalar function

OF(P* + s(P — P*),1)
ot ’

@(s) = s €[0,1].

Let P, := P* + s(P — P*). Then, by the chain rule,

d 0F(P.1) /9 T *
e (—VPF(PS,1)> (P - P*).

@' (s)= 5

Using (54), we have |¢/(s)| < &|| P — P*||. Integrating from

s=0tos =1 yields [2220 _ AL < gyp — pr,
Therefore, by virtue of (53), one has

OF(P,t) OF(P*,1) = (2
2 20 <oy 2 VR
(55)

In addition, define g(¢) = [g{(?), ..., gN(t)]T and on the basis
of Assumption 1, we have

N

i D gi(g,-—gj)=%z > (s-8) =¢"Lg 2 0.

i=1 jeN; i=1 jeN;

Moreover, leveraging the e-strong convexity of F(P,t) and
the bounds on constraint coefficients 0 < #; < #,,.., we uti-
lize the property that gradient consensus implies optimality
under the resource constraint. Then, there exists a constant
E= '126 > 0 such that (see Lemma 3 in [31])
max

g Lg(t) > gﬁz(L)(F(P,t)—F(P*,t))~ (56)

For the sign function term in (48), we adopt the Filippov

interpretation, i.e., for each pair (i,j) we take 6;;(r) €
Sgn(g;(1) — g;(1). Then

N N
Z Z gisgn(g; — &) = Z Z 80

i=1 jeN; i=1 jeN,
| < |
=32 2 @) =52 Y lg-gl
i=1 jeN, i=1 jeN; (57)
= D la-gl > [ D (&-g)P=VeLs
{i.j1e€ {i.jle€

> \/gﬂz(L) \F(P,1) — F(P*,1).

Finally, combining (55)—(57) with (48), we obtain

V,<—H(t)g"Lg—k,H; (Vg Lg
OF(P,1) _IF(P*.1)
ot or

il
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<= H\(0) S A(L)(F(P.0) = F(P*.1)

— k,H, (1) g/lz(L) VF(P,1H)— F(P*,1) (58)

+ 5\/3\/1?(1), D= F(P*.10).

i 2Enmy
From the condition k, > ——=m&
PT eHMN /(L)

min; o, y H(*) 2 51 > 0, one has

with H{nin =

Vz S - H](t) gﬂz(L)(F(P, t) - F(P*’t)) (59)

=~ Hi(){ V5.

where & = EAZ(L) > 0. By Lemma 1, V, converges to
zero within the PDT 7,, and V;, = O forall t > ¢, + 1,,,.
Therefore, the TV RAP (31) is solved in PDT ¢,, = ¢, +
t O

m2-

Remark 3. The TV gain H((t) = 5| + Sp¥ Q)7 serves
multiple purposes. First, H((t) > s; > 0 for all t, and
thus H{“i” i=inf,cpo, ) Hi(®) 2 sy, which guarantees that
the required gain condition on k, remains finite and prac-
tically implementable, avoiding excessive gains that may
cause actuator saturation or noise sensitivity. Second, the
TV component s,y Q)7 increases the effective Lyapunov
decay rate in V- < —{ H,(t)V,, thereby enabling accelerated
convergence and supporting the PDT design without enlarg-
ing the fixed gain k .

3.2. PDT algorithm for the MAS with
disturbances
In this subsection, we aim to suppress and compensate
input disturbances while keeping the global equality con-
straints satisfied. To address this, we propose the following
novel PDT algorithm.

3.2.1. PDT Controller Design for Disturbance
Rejection
w;(t) = w;(t) = Hi () P(1) = ky, sgn(P(0),
wi(t) = = Hy (1) (kysi(0) + wi0))

t
s;(t) = n, P(t) — d; + / H,(t)y,(z) d, (60)
0
vi)= ), (si—g) +k, ), sen(si —s;),
JEN; JEN;

where 15,-(t) = P,(t)—w;(t). The gain k,,, > Ois selected such
that k,, > fi.

Theorem 2. Under Assumptions 1-4, and with the gain k,
chosen as in Theorem 1, if in addition k,, > fi, then the
proposed distributed optimization algorithm (60) guaran-
tees that the MAS (21) solves the TV RAP (31) within the
PDT i, despite input disturbances.

PrO()f: Let to ) 0, tl ) ;ml’ 12 4 fml + ;mz, and t3 )
T + T + Ty3. Throughout the proof, H,(¢) is generated
as

H(t;tg, Tpy), 1 E [tg, 1)),
H () = {H(t;1),1,,), tE [t 1),
H(t;ty,T,3), tE [ty 13).

Then, we first show that the proposed controller suppresses
the input disturbances. Substituting (60) into (21) yields

B(1) = (1) — Hy()B(1) — kyy sgn(B(0) + w0, (61)
where P.(t) = P;(t) — w;(t). Hence,
P(t) = —H () P(t) — k,, sgn(P(0) + u(),  (62)

with P = [P, P,,..., Py1T and pu = [y, py, ... un1".
Choose the Lyapunov function V; = %PTP. Taking its
derivative along (62) gives
Vs = PP < —H ()| PI* = ky|IP|| + P (o)
< —H{OIPI? = k I PIL+ PN @)
< —HOIPIP? = (k,, = DI P
< —H,0|P|I* = =2H,0)V5,

(63)

By Lemma 1 and the comparison principle, V3(f) converges
to zero within the PDT 7,,;. Moreover, since the discontin-
uous term —k,, sgn(P) is employed, the invariance of the
sliding manifold P = 0 is understood in the Filippov sense.
In particular, when k,, > ji, the set-valued inclusion at
P = 0 guarantees P(f) = 0 for all t > i, Consequently,
the actual system states P; exactly track the reference states
w; forallt > 7,,,, and the effect of y;(¢) is rejected thereafter.
Next, we show that the equality constraint is recovered
and then maintained. For ¢t > 7,,,, P,(t) = 0 implies P,(t) =
w;(t) and thus Pi(t) = w;(t). Invoking (60), the closed-loop
dynamics for ¢ > 7,,; reduce to the disturbance-free form

B(t) = —n7 " H\(t) (kgs;() + wi(D))
t (64)
s;(t) = n; P(¥) — d; +/ H(t)y(r)dr,
0

with y;() = X,cn k,(g — g;). Consider the Lyapunov

function V, = % Zﬁl si2. Following the same derivations
as in Lemma 2, one obtains V, < -2k H,(t)V,, which
implies s,(f) — O for all i within a PDT 7,,,. Therefore, the
global equality constraint is satisfied for all t > 7,,; + 7,
Moreover, once s,(f) reaches zero on [t{, t,), the subsequent
re-initialization of H/(¢) in the next phase does not destroy
this condition. Therefore, s;(t) = 0 for all # > ¢,.

Finally, we establish convergence to the optimal solution.
Consider V5 = F(P,t) — F(P*,1). For t > 7, + I,
by repeating the same analysis as in Theorem 1, it fol-
lows that P;(f) converges to the optimal solution of the TV
RAP (31) within an additional PDT 7,,;. Consequently, the
TV RAP (31) is solved within the PDT 7,, = 7, + 7,, +

t ]

m3*
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Remark 4. Unlike existing methods that ignore disturbance
effects on equality constraints [8], the proposed dual-layer
scheme ensures both constraint satisfaction and optimal
convergence. By constructing a sliding manifold via P, the
system tracks the reference dynamics to achieve exact distur-
bance rejection, while the integral sliding mode maintains
trajectories within the feasible set. Consequently, a sequen-
tial convergence property is established: once P = 0 is
reached, the subsequent optimization evolution is rendered
immune to input disturbances.

3.2.2. PDT Disturbance-Compensation Controller
Design
To further improve robustness, we incorporate a PDT
disturbance observer (DO) into the reference-system frame-
work. The observer is given by

A1) = —H(1)¢;(t) — i sgn(¢; (1)),
@i(1) = yi(1) — P(1), (65)
Yi(t) = —H (1) (1) — ji sgn(e;(1) + u; (1),
where fi; is the estimate of y;, ji is a known bound given in
Assumption 4 and y; is an auxiliary variable.

By using (65), we propose the following observer-based
composite control algorithm:

wi(t) = w;(1) = p(1) = Hy () B (0),
(1) = =7 Hy (@) (kys;(0) + w;(0)) ,

t
s;(t) = m P(t) — d; + / H\(0)y;(7)d, (66)
0
v (1) = Z (gi _gj) +k, Z sgn(gi _gj),
JEN; JEN;

where the control parameters are kept consistent with those
in algorithm (60).

Theorem 3. Under Assumptions 14, suppose that the con-
troller gains are chosen as in Theorem 2. Then the observer-
based composite distributed optimization algorithm (66)
with the observer (65) guarantees that the MAS (21) solves
the TV RAP (31) within the PDT f,, = t;’nb + 17,

Proof. The proof is divided into two steps. Step 1 establishes
disturbance observation within the PDT t;’nb, while Step 2
shows that the closed-loop system solves the TV RAP within
an additional PDT 7,,. Let 1y £ 0,1, £ 1%, 1) £ 1° +7,,,
13 21047, +1,0,and 14 £ 1047, +7,5+7,3. Throughout
the proof, H(?) is generated as

H(t:10, 1), 1 € [1g.1)),
H,@) = .
H(t;t3,7,3), tE [ts,14).

Step 1. Define the observation error e 4 @) = f;)—p;(2).
From (65) and (21), we obtain

$i(1) = 3, (1) = P(1) = (1) — py (1) = e, (0).

Moreover, substituting ;(t) = —H{(t)¢;(t) — jisgn(¢;(?))
yields ¢;(t) = —H  (t)¢;(t)—jisgn(¢p;(¢))—p;(?). Consider the
Lyapunov function Vg(t) = %d)i(t)z. Its derivative satisfies

Vo = dihi = —H\(0$; — iilpi| — dip;
<-H|0¢] = (A= |wl)I¢i| < —H (0] (67)
=—2H,(t)V.

Then, invoking Lemma 1 gives that ¢;(f) — 0 within the
PDT t"mb. Furthermore, since the discontinuous term sgn(-)
is employed, solutions are understood in the Filippov sense.
At ¢; = 0, the Filippov set-valued map satisfies ¢; €
—il=1,11 = w(®) = [ = fi = (@), ji = p;()]. Under the
assumption |y;(t)| < ji,one has 0 € [—ji — p; (1), fi — pu; (1)1,
equivalently, there exists v;(f) € [—1,1] such that 0 =
—jiv;(t) — p;(t). Hence, once ¢;(¢) reaches 0 at t = t;’nb, the
sliding manifold ¢,;(f) = 0 is invariant for all r > tfnb, and
therefore ([)i(t) = 0 holds almost everywhere on [tfnb , 00).
Step 2. For t > t;’nb, applying (66) to (21) yields

P(t) = —H () P(t) — e, (1), (68)

_ T
where e, = [eMl,eﬂz,...,e”N] . Since Step 1 guaLrantees
e, () = 0 forall + > 1%, (68) reduces to P(r) =

—Hl(t)ls(t),t > tzf. In line with Theorem 2, consider
Lyapunov candidate V;(f) = %IN’TIN’. Its derivative is

V,=PBTP=—H,@®)P"P=-2H,0V, (69

Invoking Lemma 1 together with (69), we conclude that
P(t) — 0 within an additional PDT 7.1, and thus P;(7) tracks
w;(t) exactly forall t > tﬁf’ +1,,. Accordingly, following the
same argument as in Theorem 2, algorithm (66) ensures that
the MAS (21) subject to input disturbances converges to the

optimal solution of the TV RAP in PDT 7,, = 1 +7,. O

Remark 5. Problem (31) provides a unified TV RAP model
for MG operation. It incorporates TV cost/utility functions,
an equality constraint for power balance, and box con-
straints for operational feasibility, while accommodating
both islanded and grid-connected modes via the mode indi-
cator p. The resulting formulation balances modeling fidelity
and computational tractability for practical MG resource
allocation studies.

Remark 6. Some works formulate RAPs with a TV coupled
equality constraint [19]:

N
min F(P,t)= )" fi(P,.1)

i=1

N N
st Y mP= ) di).
i=1 i=1

Here, d;(t) denotes the TV local resource allocation of agent
i and is assumed to be differentiable with uniformly bounded
rate, i.e., |d;(t)| < v. Under Assumptions 1-3, the proposed

(70)
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algorithm (39) can be suitably improved to solve (70). The
modified algorithm is given as follows:

up = =0y Hy (1) (Kys, +wy) + 7 (o),

t
s; = ;P — di(1) + ‘/0 H,(0)y;(7) dx, (1)
Vi= Z (81— 8;) +k, Z sgn (g = &;)-
JEN; JEN;

Remark 7. In the theoretical analysis, the discontinuous
sign function sgn(-) is employed to guarantee exact con-
vergence. For implementation, it is advisable to use the
smooth approximation sgn () = ¢/\/ $* + €2 with a small
design parameter € > 0 to reduce chattering and enhance
robustness. This approximation satisfies |sgn. (¢)| < 1
and sgn (¢p) — sgn(¢p) as € — 0. The residual error
at the predefined time bounded by || P(t,) — P*(l‘;,)||2 <

(2k e El]il |N; 1)/ (e&). This residual can be made arbitrar-
ily small by choosing € sufficiently small.

Remark 8. This work can be viewed as a further extension
of [9,33]. Unlike the fixed-time static optimization prob-
lem studied in [9], this paper considers TV cost functions,
achieves PDT convergence, and further incorporates local
inequality constraints. Compared with [33], this paper re-
laxes the structural assumptions on the cost functions and
further takes persistent bounded disturbances into account,
thereby enabling the simultaneous treatment of optimization,
constraint satisfaction, and disturbance rejection within a
PDT framework.

4. Simulation results

This section reports two simulation studies under differ-
ent scenarios. Example A is a numerical study that evaluates
multiple performance aspects of the proposed algorithm and
compares it with [31, 29, 30]. Example B adopts practical
MG component cost models and constraints to validate
applicability in a more realistic setting. Unless otherwise
stated, we consider an MG consisting of two CDGs, one WT,
one PV unit, one ESS, and one FL. The physical layout and
the communication topology are shown in Fig. 1 and Fig. 2,
respectively.

Figure 1: Schematic of the MG system.

Figure 2: Communication topology among the six agents.

4.1. Comprehensive Performance Evaluation
(Example A)

This subsection evaluates the proposed algorithm from
four perspectives: effectiveness, scalability, comparative
performance against existing methods, and robustness to
disturbances. For a fair comparison, we adopt the same TV
objective and constraints as in [32]: f;(P,,t) = %ai(t)Pi2 +
b;(t)P; with a;(t) = 6 + 25in(0.347) and b;(t) = —4 cos(%),
where i denotes the agent index and 7 is in seconds. The
constant demand is set as d; = 20 MW for each agent. The
controller parameters are chosenasy;, = 1, k, = 1, k p = 5,
Q)y=0¢,-07"y=1s5 =5, =5and o = 0.02.
For the smooth implementation of the sign function, the
approximation parameter is chosen as € = 0.01.

4.1.1. Effectiveness test

We first consider the disturbance-free case. Set the PDT
as t, = 0.3s. In Fig. 3(a), the solid curves depict the
agent trajectories of (21) under controller (39), while the
dashed curves denote the TV optimal trajectories computed
by a centralized solver. It can be seen that all agents track
their corresponding optimal trajectories within the PDT
t,,. Fig. 3(b) further shows that the power-balance error
zlﬁl n P — Zﬁl d; converges to zero within the same PDT,
confirming enforcement of the global equality constraint.

Power generation (MW)

04 06 08 1 12 14
Time (s)

(b)
Figure 3: Effectiveness of the proposed algorithm (39) under
t, = 0.3 s. (a) Power trajectories of P—P; and their

corresponding optimal solutions; (b) demand-supply syn-
chronization.

4.1.2. Scalability evaluation
We evaluate scalability under (i) plug-in changes and (ii)
large-scale networks.

Plug-in test (6— 10 agents). Four additional agents (agents
7-10) are connected to the network at + = 0.5s, and the
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communication topology is expanded to a 10-agent ring.
Set t,, = 0.1s. The newly added agents use the same cost-
function form as above. Fig. 4(a) shows that after the plug-
in event, the agents re-converge to the updated TV optimal
solution within an additional PDT 0.1s. Fig. 4(b) shows
that the total supplied power adjusts accordingly. When
the additional agents are integrated and the total demand
increases, the total supplied power rapidly rises to track
the updated total demand, thereby restoring a new power
balance.

n (MW)

1

v

Power generatio

" =018 2-015
0 01 02 03 04 05 06 07 08 08 1

Time (s)

(a) (b)

Figure 4: Scalability of the proposed algorithm (39) under
t,, = 0.1 s, with the number of agents increased from 6 to 10
att = 0.5 s. (a) Power trajectories and their corresponding
optimal solutions; (b) demand—supply synchronization.

Large-scale test (100 agents). We further consider a
randomly generated connected communication network with
100 agents, as shown in Fig. 5. The local cost function is
fi(P.) = 3a(0P? + b(t)P, and d; = 12 MW for all
agents. The 100 agents are divided into ten groups, agents
in the same group share identical TV parameters g;(¢) and
b;(¥) listed in Table 2. The PDT is set to ¢, = 0.05s, while the
other controller parameters are kept the same as above. Fig. 6
shows that the proposed algorithm (39) remains effective in
this large-scale setting, achieving TV optimal tracking and
enforcing power balance.

Figure 5: Communication topology among the 100 agents.

W)

Power generation (M

165 —
0 005 01 015 02 025 03 035 04 045 05

Time (s)

Time (s)

(a) b)

Table 2
TV cost coefficients g;(f) and b;(¢) for the 100-agent case

Group a;,(t) b;(1)

1 5+ 1.5co0s(3.2¢) —5cos(51)
2 6+ 1.2 cos(2.1¢) —4 cos(31)
3 4.5+ 0.9 cos(5.71) -3 cos(2t)
4 7+ 1.1 cos(6¢) —2sin(31)
5 6.5 + 0.8 cos(?) —cos(51)
6 5.8 + 1.3 cos(6.97) 0.5 cos(4t)
7 4.2 + 1.4 cos(4t) 1.5 cos(6t)
8 6.9 + 1.6 cos(7¢) 2 cos(7t)

9 5.1+ cos(2t) 30 cos(2t)
10 6.2 + 0.7 cos(6t) 40 sin(4t)

Figure 6: Scalability test of the proposed algorithm (39)
under ¢, = 0.05 s with 100 agents. (a) Power trajectories and
their corresponding optimal solutions; (b) demand—supply
synchronization.

4.1.3. Comparative experiments

TV distributed optimization has been studied in [31, 29,
30]. Compared with these methods, the problem addressed
here allows more general objective structures. For a fair
comparison, all methods are initialized with the same P(0) =
[12,19.5,25,19.7,20.5,21.3]7 and executed on the same
communication topology and benchmark objective.

In this test, the PDT of the proposed algorithm is set
to t,, = 0.1s, while the other parameters remain the same
as in the preceding tests. We implement the algorithms in
[29, 30, 31] with the parameter choices reported therein: for
[29], 0 = 3 and y = 90; for [30], « = 5 and = = 80; and for
[311, a0 =al? = 1,657 =3,60? =2, and y = 1.

Fig. 7 plots the agent trajectories together with the TV
optimal solution. The proposed controller (39) converges
within the PDT and exhibits a significantly faster transient
than the compared methods. Moreover, Table 3 summarizes
the convergence times, the convergence time is defined as the
smallest time ¢, such that the tracking error remains below
the threshold for the rest of the simulation, i.e.,, :=inf{t €
[0,T] : ||P(z)—P*(2)|| <1073, Vr € [t,T]}. This further
confirms the superiority of the proposed scheme in terms of
convergence speed.

Power generation (MW)

Power generation (MW)
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Table 3
Convergence time comparison in the comparative experi-
ments

Method Convergence time
Proposed algorithm (39) 0.0610 s
[31] 1.7985 s
[29] 1.9726 s
[30] 2.2551 s
s s
2.

Figure 7: Comparison of power trajectories. (a) Proposed
algorithm (39) under ¢,, = 0.1 s; (b) [31]; (c) [29]; (d) [30].

4.1.4. Disturbance rejection test

We evaluate disturbance rejection using the observer-
based algorithm (66). The disturbances are chosen as y; =
15sin(t + 9), uy = 13sin(t + 0.5), 3 = l4cos(t — 2),
g = 15sin(1.4t — 1.2), us = 17sin(1.4¢ + 8), and pg =
11 cos(t + 5), with i = 20. The disturbance is injected at
t = 2s, while the other parameters remain the same as in the
previous case.

Fig. 8(a) shows the disturbance trajectories. Fig. 8(b)
reports the estimation errors y; — f; when the observer in (65)
is enabled, indicating fast estimation and accurate recon-
struction. It can be observed that the disturbance estimation
error rapidly converges to zero, indicating that the proposed
DO can accurately reconstruct the unknown disturbance
within the PDT and thus provides an effective basis for
disturbance compensation.

Observation error j; — fi;

6 7 8 8 10 o 1 2 3 s 6 7 8 9 10

4Timse (s)
(a) (b)

Figure 8: Disturbance rejection test. (a) Disturbances trajec-
tories y;; (b) estimation errors u; — fi;.

Fig. 9 further examines the ability of the algorithm to
maintain the global equality constraint in the presence of
disturbances. Fig. 9(a) shows that without disturbance com-
pensation, the power-balance mismatch becomes evident
after t = 2 s. In contrast, Fig. 9(b) shows that with the

observer-based scheme (66), demand—supply synchroniza-
tion is restored even under external disturbances. These re-
sults confirm that the proposed disturbance-observer—based
PDT distributed optimization scheme not only achieves fast
disturbance rejection, but also preserves the equality con-
straint with small tracking errors.

>V 9P, with DO

o 1 2 3

‘Jl'im3e (s;
(@) (b)

Figure 9: Demand-supply synchronization under distur-
bances. (a) Without the DO (65); (b) with the DO (65).

4.2. Application-Oriented Validation with
Practical Cost Functions (Example B)

In this subsection, simulations are carried out using the
practical cost models and constraints developed in Section
IL.B. Following the parameter selections commonly adopted
in [45, 39, 46], all parameters appearing in the cost functions
are summarized in Table 4. The communication topology is
the same as Fig. 2. The controller parameters are chosen as
d; = 18 MW, t, = 0.3s, n;, = 0.9 and we choose identical
barrier parameters for all agents a; = 0.05 and g, = 1.2.
The remaining controller parameters remain consistent with
Example A.

First, Algorithm (39) is implemented in the absence of
external disturbances. As shown in Fig. 10(a), the active
power outputs of all units converge to their corresponding
optimal values within the PDT ¢,, = 0.3s, while remaining
inside the prescribed box constraints. Fig. 10(b) further
shows that the power-balance error converges to zero within
the same PDT, confirming enforcement of the global power-
balance constraint. Fig. 10(c) shows that the marginal costs
V p.fi reach consensus, indicating that an economically op-
timal dispatch is achieved.

Next, we activate the DO and apply Algorithm (66). The
disturbance pattern is chosen identical to that in Example A.
4). As illustrated in Fig. 10(d), the disturbance estimation
errors rapidly converge to zero, demonstrating accurate re-
construction and effective disturbance compensation.

It should be noted that, to reflect realistic TV characteris-
tics in MGs, the objective-function parameters in Table 4 are
selected as slowly TV coefficients with a period of 24 X 3600
s. Since the proposed algorithm focuses on fast convergence
within a PDT, the variations of these parameters during the
short convergence process are very limited. Therefore, the
resulting trajectories may visually appear close to those of
a time-invariant case, although the underlying optimization
problem is TV.
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Table 4
Practical cost-model parameters and inequality con-
straints

CDG: a, +(7) = 0.015 + 0.005 sin%aszh,
by () = 25 + 8 5in 21300 € /Mwh,

71.c(0) = (0.3 +0.1[1 + cos =200 ) MW,

a,,(t) = 0.008 + 0.002 sin —22-€ /MW>h,
byc()=12+3 sin%z?ggo‘”e/MWh,

72c(®) = (0.8 +0.25in =280 ) MW,

PUn =0 MW, P =80 MW, i = 1,2.

WT :v,,=4m/s, v, =10 m/s, v,,, =35 m/s,

Dy =60 MW, k, = x, = 3.1 €/MWh,

ay =3 €/MWh, 7, =2, 6, =8 m/s,

PMn = 0 MW, P = 60 MW.

PV : I, = 1000 W/m?, I, = 150 W/m?,

ap =3 €/MWh, P, =60 MW,

K, =K, = 3.1 €/MWh,

Pt =0 MW, P& = 60 MW.

ESS : #., = 0.9, 1, = 0.95, b, = 0.048 MWh,

C.,, = 125000 €/MWh, N, = 3000, E™/ = 0.5,
p=23,y=02€/MW? =001, P" =40 MW.
Load : a,(1) = 0.1€/MW?h, P =0 MW,

P = 40 MW,

_ 27(1—18-3600)
bp(t) = 0.3 +0.05 cos 2B € /NMwh,
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Figure 10: Example B with practical cost functions under
t,, = 0.3 s. (a) Power trajectories; (b) demand—supply syn-
chronization; (c) marginal-cost consensus; (d) disturbance
estimation errors

5. Conclusion

In this paper, a distributed predefined-time optimization
algorithm has been proposed to solve the time-varying re-
source allocation problem in microgrids under input distur-
bances. Using only local first-order information, the algo-
rithms achieve predefined-time convergence to the optimal
solution of the barrier-relaxed time-varying resource allo-
cation problem while strictly preserving the box constraints
and recovering the global power-balance. Disturbances are
effectively rejected via an integral sliding manifold com-
bined with a predefined-time disturbance observer, with-
out compromising feasibility. Simulation results demon-
strate faster transients than existing time-varying distributed
methods, scalability, and successful disturbance rejection.
The proposed approach is further demonstrated on a mi-
crogrid case study with practical device models, showing
its capability to coordinate economic dispatch under time-
varying costs and disturbances. Future work will focus on
communication-efficient implementations, resilience mech-
anisms, and extensions to more general energy systems.
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