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Abstract10

Background: The existing analytical models used to identify the transverse11

elastic modulus from single fiber transverse compression (SFTC) test almost12

all consider a circular cross-section. Only one work has proposed an adap-13

tation for elliptical cross-section which still fails to accurately reproduce the14

force-displacement curve for high ellipticity.15

Objectives: The aim of this study is to introduce a novel analytical model16

capable of faithfully replicating the transverse behavior of elliptical fibers during17

SFTC test.18

Methods: To take into account the ellipticity of the fiber, the analytical model19

of Jawad and Ward is adapted using an equivalent contact radius derived from20

Hertzian contact theory. The proposed model is validated through a finite element21

analysis (FEA).22

Results: From the force/displacement curve obtained with the finite element23

analysis, the transverse elastic modulus of elliptical fibers (with ellipticity varying24

from 0 to 0.8) is correctly identified, by inverse method, with the proposed model.25

The maximum relative difference between the identified modulus and that defined26

in the FEA remains less than 1.2%.27

Conclusion: The analytical model proposed in this work precisely reproduces28

the behavior of an elliptical fiber during SFTC test, regardless of its ellipticity.29

Keywords: Transverse elastic modulus, Jawad and Ward model, Hertzian contact,30

Finite element analysis, Inverse identification31
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1 Introduction32

The fiber-reinforced polymer composites are currently widely used in various industries33

due to their excellent mechanical performance and lightweight. To accurately simulate34

the behavior of the composite during its life, it is necessary to know the material35

properties of each constituent. As fibers are generally considered transverse isotropic36

materials, the transverse elastic modulus ET is required.37

To experimentally characterize the transverse properties at the fiber scale (typically38

a few tens of µm in diameter), the established method is the Single Fiber Transverse39

Compression (SFTC) test which consists in compressing a fiber between a pair of plane40

parallel plates, as outlined in [1]. In fact, this approach was applied on various kinds41

of fibers such as aramid [2] or carbon [3]. Since the contact between the fiber and the42

platens induces a non-linear behavior, the transverse property identification is carried43

out by inverse method using analytical models.44

Among all the equations proposed in the literature, the Jawad and Ward model [4]45

is the most popular. The expression of the loading plate displacement U in terms of46

the applied force per unit length F and the elastic properties of the fiber is based on47

a plane strain formulation, considering a circular cross-section. However, some fibers,48

such as plant fibers, cannot be considered as a circular cross-section cylinder but rather49

as an elliptical one [5]. Hence, the Jawad and Ward model is no longer effective to50

identify the transverse elastic modulus as shown by Govilas et al. [6, 7]. These authors51

proposed an adaptation of this model to the case of an elliptical cross-section (Fig. 1)52

by differentiating the influences of minor and major radii. The major radius Rm is used53

in the calculation of the contact half-width b while the rest of the model considers the54

minor radius R since its perpendicular direction to the platens influences the fiber’s55

contraction. This analytical model is used to identify the transverse elastic modulus56

from FEA data. The relative difference between the transverse elastic modulus defined57

in FEM simulations and that identified with this adapted analytical model reaches58
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almost 90% for a flattening ratio of 0.8, which is still relatively high (even if it is less59

than the value obtained with Jawad and Ward’s model considering a single radius,60

either R or Rm).61
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Fig. 1 Schematic diagram of transverse compression of an elliptical cross-section fiber: (a) unde-
formed state - (b) deformed state.

The aim of this study is to introduce a new analytical model capable of accurately62

describing the behavior of an elliptical cross-section fiber during SFTC test, regardless63

of its flattening ratio. For this purpose, an analytical model based on that of Jawad64

and Ward, with an equivalent contact radius derived from Hertzian contact theory, is65

first described. The validity of the proposed model is then assessed by identifying the66

transverse elastic modulus of elliptical fibers by inverse method, using data generated67

from finite element simulations.68

2 Mathematical model69

To improve the analytical models used for the identification of the transverse elastic70

modulus in the case of an elliptical cross-section fiber, this paper proposes a new71

model, based on that of Jawad and Ward, but considering an equivalent radius Req72

for the calculation of contact half-width b, as described in the Hertzian contact theory73

[8, 9]. In the contact between two cylinders (of radii R1 and R2) with parallel axes,74

the Req radius is defined as:75
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1

Req
=

1

R1
+

1

R2
(1)

In the case of contact between a cylinder and a platen, the R2 radius tends to76

infinity, leading to:77

Req = R1 (2)

For an elliptical cross-section of the cylinder with minor radius R and major radius78

Rm, the radius of curvature R1 in the contact zone (considering the platen parallel to79

the major axis of the ellipse) is defined as:80

R1 =
Rm

2

R
(3)

For a transversely isotropic cylinder (the transverse isotropy axis being the cylinder81

axis), the proposed model then relies on equation (4) to calculate the contact half-82

width b and equation (5) to express the displacement of the cylinder U as a function83

of the force per unit length F and other physical quantities:84

b =
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4FRm

2

πR

(︃
1
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(4)
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with the elastic properties of the cylinder: EL the longitudinal elastic modulus,86

ET the transverse elastic modulus and νLT , νTT the Poisson ratios in the longitudinal87

and transverse plane respectively.88
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3 Finite element modelling method89

To evaluate the accuracy of this new analytical model in describing the behavior of90

an elliptical fiber during SFTC test regardless of its ellipticity, FEM simulations of91

transversely isotropic elliptical fibers under transverse compression are performed with92

the COMSOL Multiphysics® software (v. 6.2, COMSOL AB, Stockholm, Sweden).93

Nine fibers are simulated, with a minor radius R = 15 µm and a major radius Rm,94

for an ellipticity (or flattening) factor f = 1 − R
Rm

varying from 0 (circular case) to95

0.8 (the flattest).96

Except for the fiber geometry, the building of the FEM model is similar to that97

of [6, 7]. In brief, a 2D plane strain formulation is used. Only a quarter of the fiber98

is modeled given the symmetries along the xz and yz planes. The material properties99

of the tested fiber are: EL = 50 GPa, ET = 1 GPa, νLT = 0.4 and νTT = 0.07.100

A maximum vertical displacement of 0.5 µm is applied to the upper platen, which101

corresponds to a maximum displacement U = 1 µm, considering the symmetry. A102

Segregated Augmented Lagrangian contact method is used between the platen and103

the fiber. Furthermore, frictionless contact properties were considered in this work, as104

the influence of the friction coefficient having proven to be negligible [2, 10]. Then the105

force per unit length F is obtained by integrating the normal stress on the contact106

zone. Finally, triangular elements are used for the fiber mesh while the rectangular107

platen is meshed with free quadrilaterals. The mesh size is refined on contact. The108

boundary conditions and mesh of the FEM model are shown in Fig. 2.109

The transverse elastic modulus ET is then identified by fitting the results (F/U110

curve) obtained by the FEM simulations with the proposed analytical model using111

a least mean square method. The accuracy of the model is assessed by giving the112

relative error ∆ET between the identified modulus Eid
T and the modulus defined in113

the simulation E0
T = 1 GPa:114
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Fig. 2 Boundary conditions and mesh of the finite element model of an elliptical fiber under trans-
verse compression.

∆ET =
Eid

T − E0
T

E0
T

(6)

To evaluate the model’s ability to reproduce the elliptical fiber behavior, the value115

of the least mean squares residual is calculated:116

ρ =
1

N

⌜⃓⃓⎷ N∑︂
i=1

(UFEA
i − Umodel

i )2 (7)

whereN is the number of points of the F/U curve, UFEA
i is the platen displacement117

in the FEA and Umodel
i is the fiber displacement given by the proposed analytical118

model.119

4 Results and Discussion120

The proposed analytical model is used to represent the behaviour of the nine fibers with121

the same material properties as in the FEA, and the results are given in Fig. 3, as well122

as the FEA results. In both approaches, as the ellipticity increases, the force increases123

for a given displacement level. Moreover, the F/U curves show that the analytical124
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model fits well the simulation results. To quantify the accuracy of the analytical model,125

it is used to identify the transverse elastic modulus from FEA data. Results in terms126

of relative error ∆ET and least mean squares residual ρ are given in Fig. 4. The127

maximum error on the identified modulus obtained is 1.2% for a flatness factor of 0.6128

and the maximum residual is 2.8× 10−16 m. That confirms the very good accuracy of129

the model to identify the transverse elastic modulus of the fiber.130

f=0,8

f=0

Fig. 3 Force/displacement curves for different elliptical fibers, for both analytical and FEM models.

The elliptical model proposed here is compared to the elliptical model of [6, 7]131

and the Jawad and Ward model, with a circular fiber of radius R or Rm. The results132

in terms of force/displacement curves for an elliptical fiber with f = 0.5 are given133

in Fig. 5. Fig. 5a, which gives the curves obtained for all models with ET = 1 GPa,134

shows that the proposed model is the most accurate to fit the FEM curve. On Fig. 5b,135

the curves are obtained for each model with the transverse modulus identified by this136

same model. All the identified transverse moduli and the corresponding residuals are137

given in Tab 1. As expected, the identified ET is the nearest of 1 GPa for the proposed138

model and moves away from the 1 GPa value for other models. These curves also show139

that non-linearity is better fitted by the proposed model than by the others.140
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a) b)

Fig. 4 Transverse elastic modulus identification results: (a) relative error ∆ET as function of the
flatness factor f - (b) least mean squares residual ρ as function of the flatness factor f .

Analytical model ET (GPa) ρ (m)

Elliptical model (this study) 1.01 6.16× 10−19

Elliptical model (ref [6]) 1.22 1.15× 10−15

Jawad and Ward with R 1.42 3.58× 10−15

Jawad and Ward with Rm 1.62 6.36× 10−15

Table 1 Transverse elastic modulus ET identified from
FEM results, with different analytical models and
corresponding least mean squares residual ρ

5 Conclusion141

This paper presents a new analytical model capable of accurately representing the142

transverse behavior of an elliptical fiber during SFTC test, regardless of its ellipticity.143

In fact, the analytical model of Jawad and Ward is adapted for elliptical cross-section144

using an equivalent contact radius derived from Hertzian contact theory. The very145

good accuracy (less than 1.2% of relative error) in identifying the transverse elastic146

modulus of the fiber from FEA data confirms the potential of this analytical model to147

be used by experimenters to analyze results from single fiber transverse compression148

test, and, more generally, from transverse compression of specimens with elliptical149

cylindrical cross-section. The analytical model has been improved with geometrical150
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a)

b)

Fig. 5 Force/displacement curves for an elliptical fiber with f = 0.5 : (a) results of FEM simulations
and different analytical models with ET = 1 GPa - (b) results of FEM simulations and different
analytical models with the identified ET (See Tab 1).

consideration; nevertheless, it corresponds to specific assumptions, and not takes into151

account other considerations as expressed in real tests, such as material behaviour152

(viscoelasticity, plasticity), boundary conditions (platen parallelism), loading (large153

deformation) or full geometry (3D variability, lumen porosity) [7].154
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