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Abstract
This study investigates the use of physics-augmented neural networks to predict the frequency-response behavior of a 
nonlinear piezoelectric vibration energy harvester (PVEH). An analytical model is first developed under the assumption 
of geometrical linearity, incorporating a Duffing-type nonlinearity arising from the magnetic interaction, referred to as 
the baseline model. The physical parameters are calibrated using Particle Swarm Optimization (PSO) and the PVEH’s 
behavior is experimentally validated, based on frequency response curves collected from low to high acceleration levels. 
While the baseline model predicts the PVEH behavior accurately at low accelerations, it fails at higher accelerations where 
nonlinear effects become significant. To extend the model’s range of applicability, a physics-augmented neural network 
is introduced, resulting in an augmented model that integrates physical knowledge through loss and activation functions. 
Unlike existing data-driven approaches that typically focus on isolated response features, the proposed framework enables 
prediction of the frequency response in the presence of nonlinearities not accounted for in the analytical development. 
Performance evaluation within the -3  dB bandwidth region shows that the mean absolute percentage error (MAPE) of 
the baseline model is 81.1%, whereas the non-optimized and optimized augmented models achieve 7.8% and 2.2%, 
respectively. Furthermore, a purely data-driven neural network was implemented to evaluate the predictive capability of 
the augmented model. With a MAPE of 40.3%, the results underscore the importance of the custom loss terms used in 
the augmented model training. Given its superior performance, the augmented model presents a promising approach for 
enhancing predictive capabilities and optimizing vibration energy harvester design, extending its operational range and 
providing a new modeling tool for understanding the behavior of nonlinear PVEHs.
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1  Introduction

In recent years, the search for sustainable energy genera-
tion has gained attention, driven by the pressing challenge 
of pollution associated with traditional energy production 
[1]. Concurrently, there is an increasing focus on develop-
ing miniaturized, flexible, and low-power devices that do 
not depend on conventional batteries, which might present 
limited lifespan [2]. Within this context, energy harvest-
ing solutions have been emerging as viable alternatives for 
addressing both energy sustainability and device fatigue life 
efficiency [3].

Energy harvesting enables the conversion of energy 
from natural or human-generated phenomena into electri-
cal energy. Various physical effects, such as motion, vibra-
tion, and pressure, can be utilized to capture energy from 
the environment and convert it into usable electrical power 
[4]. The primary mechanisms for transducing mechanical 
energy into electrical energy include electromagnetism 
[5–8], electrostatics [9, 10], triboelectricity [11–13], piezo-
electricity [14–16] and hybrid strategies [17]. Among these, 
piezoelectric energy harvesting is particularly noteworthy 
due to its high power density, energy conversion efficiency, 
and simplicity to fabricate and implement [18, 19]. Conse-
quently, there is a strong emphasis on developing efficient 
piezoelectric vibration energy harvesters (PVEHs) with 
enhanced power generation capabilities [20].

PVEHs are usually studied in systems that consist of 
beams with attached piezoelectric (PZT) patches. The beam 
structure enhances mechanical coupling by introducing 
additional mechanical stress to the piezoelectric material 
when the beam is in bending mode [21–23]. To increase 
bandwidth and therefore improve power generation effi-
ciency in these systems, various design strategies have been 
employed, including multi-resonance [24, 25] and coupling 
effects [26, 27]. Another common strategy for bandwidth 
enhancement is the introduction of nonlinearities [28–31], 
with notable approaches including geometric optimization 
of the beam [32] and the use of magnetic interactions [33].

In order to accurately predict the behavior of a nonlin-
ear vibration energy harvester, which might be useful for 
designing purposes, a validated physical model is essential 
[34]. Over the years, mathematical frameworks for modeling 
PVEHs in nonlinear regime of motion have been proposed. 
For instance, Sebald et al. [35] investigated a theoretical 
nonlinear Duffing oscillator for vibration energy harvesting, 
examining how electromechanical coupling influences the 
nonlinearities. Similarly, Mahmoudi et al. [36] developed 
a hybrid piezoelectric-electromagnetic energy harvester 
model that combines various sources of nonlinearity into a 
cubic stiffness term. Garg and Dwivedy [37] conducted both 
theoretical and experimental investigations of a cantilever 

beam-based PVEH, taking into account nonlinear damp-
ing, as well as geometric and inertial nonlinearities. Addi-
tionally, Li et al. [38] developed a geometrically nonlinear 
model for cantilevered PVEHs subjected to base excitation, 
incorporating multiple sources of geometric nonlinearities 
to account for high displacement amplitudes. Recently, Ala-
zemi and Kurdila [39] developed a model for hysteretically 
nonlinear piezoelectric beams using functional differential 
equations coupled with a Krasnosel’skii–Pokrovskii hyster-
esis operator, enabling the prediction of memory-dependent 
dynamics relevant to energy harvesting and vibration con-
trol. However, the simplifying assumptions adopted in the 
aforementioned models might constrain their generaliza-
tion, often resulting in discrepancies between simulated and 
experimental results when the PVEH operates outside the 
initial operating conditions considered in the model. Such 
issue reflects a broader challenge in engineering modeling, 
where mathematical representations, although valuable for 
capturing general trends, might suffer from missing phys-
ics and simplifying assumptions, leading to discrepancies 
between predicted and observed behaviors.

In this context, data-driven techniques might offer a 
promising response to this challenge [40]. However, purely 
data-driven models often lack physical interpretation on 
how they achieve convergence, causing the identification of 
these black-box models to rely heavily on hyperparameter 
tuning and initialization choices, which can lead to physi-
cally inconsistent predictions, and also affect the generaliza-
tion capacity outside the training domain [41]. To mitigate 
this issue, several strategies have been proposed to integrate 
data-driven algorithms with prior physical knowledge, 
incorporating physical laws and constitutive models into the 
algorithm’s architecture [42]. Within this context, the goal is 
to combine strengths of both approaches, data and physics-
based modeling [43]. Some commonly used strategies are: 
physics-informed models, where the system’s equations 
are embedded in the loss function [44, 45]; hybrid model-
ing, where data-driven terms are used to identify missing 
physics [46, 47]; and physics-augmented models, where 
the data-driven model is constrained to satisfy physical 
and mechanical conditions [48]. Artificial neural networks 
(ANNs) are frequently employed in this context due to their 
capacity as universal approximators [49, 50].

Within the domain of physics-augmented neural net-
works, several studies demonstrate the advantages of inte-
grating physical requirements into neural network-based 
models compared to their pure black-box counterparts, par-
ticularly for nonlinear dynamical systems and frequency-
domain predictions [51]. For instance, Groote et al. [52] 
developed a physics-augmented neural network model for a 
slider-crank mechanism with partially unknown dynamics. 
This approach incorporates trainable physical layers that are 
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closely connected to the neural network to compensate for 
the missing dynamics. Benady et al. [53] trained an unsu-
pervised neural network and validated it through two test 
cases: a non-quadratic potential in the small strain regime 
using synthetic optical fiber measurements, and a Mooney–
Rivlin model in the hyperelastic case with synthetic digi-
tal image correlation observations. In their study, physical 
information is embedded through the loss function, the cho-
sen architecture, and physics-guided initialization.

Other studies have proposed frameworks to ensure 
thermodynamic consistency or to overcome limitations 
related to partial observability. For example, Klein et al. 
[54] employed physics-augmented networks to address 
finite electro-elasticity problems by formulating the inter-
nal energy density as a convex neural network constrained 
by polyconvexity. Najera et al. [55] proposed a Hamilto-
nian-based framework using invertible neural networks 
and time-delay embeddings, enforcing physics consistency 
through the Euler–Lagrange formulation. Additionally, 
research has been devoted to improving existing physics-
augmented neural network architectures, indicating the 
growing applicability of this strategy [56, 57]. In a recent 
study, Yinusa et al. [58] investigated nonlinear nanofluidic 
flow-induced vibrations using Euler–Bernoulli beam theory 
and Eringen’s nonlocal elasticity, combining analytical and 
numerical approaches with machine learning to optimize 
thermo-magnetic performance and identify key parameters 
for enhancing stability and reducing noise. The study high-
lighted promising applications in energy harvesting using 
similar mechanisms.

In the realm of PVEHs, machine learning techniques are 
increasingly being explored. For example, Cai and Harne 
[59] employed neural networks as surrogate models for a 
classification problem involving a nonlinear harvester with 
magnetic interaction. They generated a dataset based on an 
analytical model to train the network for classifying the sys-
tem’s behavior. Similarly, Zhang et al. [60] created a dataset 
from experimental data for a wake-galloping PVEH, com-
paring the accuracy of various machine learning techniques 
in predicting the maximum displacement and RMS voltage 
of the system. Additionally, Peralta et al. [61] utilized a 
Kriging metamodel to optimize the shape of non-rectangu-
lar harvesters. Predicting full frequency response curves of 
nonlinear systems has attracted significant attention in the 
nonlinear dynamics community, where analytical, numeri-
cal, and reduced-order approaches have been explored to 
capture multivalued responses, nonlinear resonances, and 
backbone curves [62]. However, comparatively limited 
attention has been devoted to the use of physics-augmented 
data-driven techniques for predicting the full frequency 
response of nonlinear PVEHs, as existing studies tend to 
focus on specific response features rather than the complete 

frequency-dependent behavior. It is worth noting that some 
features, although important for design purposes, such as 
the optimal electrical load, could be addressed in paral-
lel with the system’s nonlinearity [63]. Therefore, analyz-
ing frequency response curves is essential, as it provides 
comprehensive information that reflects the transition from 
linear to nonlinear behavior, capturing variations that sin-
gle-point features alone cannot reveal. Predicting the full 
frequency response of nonlinear systems presents additional 
challenges, as it requires a comprehensive analysis of physi-
cal constraints, strategies to address the multiple solutions 
inherent in nonlinear systems, and the integration of physi-
cal information to ensure accurate predictions across a wide 
operational range.

Given this context, the present study focuses on a weakly 
nonlinear PVEH, where nonlinear effects are present but 
do not lead to jumps or bifurcations. As mentioned above, 
high-fidelity models for such PVEHs are available in the 
literature and can accurately capture their behavior; how-
ever, their complexity may not be justified in applications 
requiring fast evaluations, simplified control-oriented repre-
sentations, or early-stage design studies. In these cases, low-
fidelity models remain attractive due to their simplicity and 
reduced computational cost, despite their limited accuracy 
when nonlinear effects become more pronounced. In this 
work, an analytical model with a third-order stiffness term, 
referred to here as the baseline model, is developed and 
calibrated against experimental responses. While it matches 
experimental results at low acceleration amplitudes, its accu-
racy deteriorates at higher amplitudes, where the assumed 
nonlinear representation is insufficient. To address this limi-
tation, we propose a general framework for augmenting the 
baseline physics-based model with data-driven components, 
specifically physics-augmented neural networks, to extend 
their validity over a wider operating range.

In the proposed framework, the physics-augmented neu-
ral network receives the electrical voltage response curve 
predicted by the baseline model as input and outputs an 
approximation of the experimental response, referred to 
as the augmented model. The loss function is specifically 
designed to emphasize accuracy within the -3 dB bandwidth 
region, which is of particular importance for energy harvest-
ing applications. In addition, the formulation incorporates 
physical constraints, and the baseline model enforces physi-
cal principles. By integrating the physical insights from 
the baseline model with experimental data, this physics-
augmented framework improves prediction accuracy, par-
ticularly in conditions where the former does not adequately 
capture the PVEH’s behavior. Accordingly, the augmented 
model is compared against both experimental results and 
the analytical model. The physics-augmented neural net-
work demonstrates improved accuracy, making it a valuable 
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2  Physical system description and baseline 
model development

The development of a baseline model aims to provide an 
analytical framework for understanding the behavior of 
the studied PVEH, represented in Fig. 1. In the considered 
configuration, the cantilever beam is excited at the base by 
an imposed acceleration. To enhance energy generation, a 
piezoelectric layer is bonded near the clamped end. A tip 
mass, representing a magnet, is attached to the free end, with 
another magnet positioned nearby to induce magnetic inter-
actions. The equations of motion and frequency response 
curves are derived following established formulations for 
PVEHs, resulting in a Duffing-type nonlinearity to represent 
the nonlinear stiffness effects. This model is intended to cap-
ture the system’s dynamic response within a limited accel-
eration range, as determined by the simplifying assumptions 
adopted in its formulation. In what follows, 2.1 presents 
the hypotheses adopted in the model formulation. In 2.2, 
the Euler–Bernoulli beam model and the electromechani-
cal coupling are introduced. Based on a modal expansion, 
2.3 derives a reduced-order model of the PVEH. Finally, 
2.4 presents the expressions associated with the steady-state 
frequency response of the PVEH.

2.1  Problem statement

The development of the baseline model relies on a set of 
simplifying assumptions aimed at reducing the complexity 
of the problem. The assumptions are as follows:

	● the tip mass is modeled as a point mass;
	● geometric nonlinearities are neglected;

tool for predicting system behavior across a wider range of 
acceleration and frequency. This capability is particularly 
useful for the optimized design of energy harvesting mecha-
nisms through enhanced bandwidth prediction, especially in 
contexts where not only specific features are required but 
also the full frequency response curve. The scope of this 
work is centered on pre-bifurcation regimes, where the 
uniqueness of the neural network solution is guaranteed for 
a given excitation frequency. Studies reporting the use of 
neural networks to address dynamics with strong nonlinear-
ities suggest promising directions for extending the method-
ology presented herein [64–66]. This lies beyond the scope 
of the present study but is an important consideration for 
future work.

Based on the above, the paper is structured as follows. 
Section 2 presents the baseline analytical model of the non-
linear piezoelectric vibration energy harvester, including 
the simplifying assumptions, the electromechanical formu-
lation, the derivation of a reduced-order model via modal 
expansion, and the analysis of its steady-state response. 
Section 3 outlines the experimental setup and the data acqui-
sition procedure. Section 4 describes the parameter calibra-
tion using Particle Swarm Optimization and evaluates the 
predictive performance of the baseline model against exper-
imental data under different acceleration levels. Section 5 
introduces the physics-augmented neural network, describ-
ing the construction of the loss function, the training proce-
dure, and the comparison between the augmented model and 
experimental results. Different neural network architectures 
are considered, allowing a comparison between gray-box 
model predictions and those obtained from the analytical 
formulation. Finally, Sect. 6 summarizes the main findings 
and outlines perspectives for future work.

Fig. 1  a Schematic diagram of a cantilever beam under base excitation with a piezoelectric layer and magnetic interaction. b Distances with rela-
tion to the neutral axis
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m
∂2wrel(x, t)

∂t2 + ca
∂wrel(x, t)

∂t
+ ∂2M(x, t)

∂x2

= −m
∂2wb(x, t)

∂t2 − Fmagδ(x − L),
� (1)

where x is the spacial coordinate, t is the time coordinate, 
wrel(x, t) is the transverse deflection of the beam relative 
to its base, wb(x, t) is the excitation, M(x, t) is the internal 
bending moment, I  is the equivalent area moment of inertia 
of the composite cross section, ca is the viscous damping 
coefficient, Fmag is the magnetic force, m is the mass per 
unit length of the beam and δ is the Dirac delta function. 
The value of m is a composition of the mass of the beam 
and the tip mass:

m = Mtδ(x − L) + ms,� (2)

where Mt is the tip mass and ms is the mass per unit length 
of the substract.

The magnetic force, Fmag, between two-point magnets 
can be approximated by [70]:

Fmag = αmag

d2 ,� (3)

where αmag is a constant related to the magnetic properties 
of the magnets and the surrounding medium, and d is the 
distance separating the magnets. This distance d is directly 
linked to the initial distance d0 between the magnets and the 
vertical displacement of the beam w, represented through 
the geometry of a right triangle, as depicted in Fig. 1 a). This 
relationship can be expressed as:

d =
√

d2
0 + w2

rel.� (4)

The magnetic force can be resolved into horizontal and ver-
tical components, focusing on the vertical component in this 
model, since its the one parallel to the movement direction. 
Using the previously established relationships in Eqs. (3) 
and (4) along with the triangular geometry, the vertical com-
ponent of the magnetic force is given by:

Fmag,y = αmagwrel(x, t)
(d2

0 + w2
rel(x, t))1.5 .� (5)

This equation can be approximated by a third-order Taylor 
expansion:

Fmag,y = αmagwrel(x, t)
d3

0
− 1.5αmagw3

rel(x, t)
d5

0
.� (6)

	● the electromechanical coupling is assumed to be linear;
	● the magnetic interaction is approximated by the force 

between two-point magnets;
	● the Euler-Bernoulli beam theory assumptions are 

adopted;
	● the boundary conditions are considered to be those of a 

beam clamped at one end and free at the other (cantile-
ver beam);

	● only the first vibration mode is considered; therefore, 
nonlinear modes are assumed to be uncoupled.

These assumptions constrain the model’s applicability to 
scenarios involving low base acceleration levels and require 
specific design conditions, for instance, limiting the size of 
the tip mass. Additionally, they exclude the consideration 
of various forms of nonlinear electromechanical coupling, 
which may be relevant in more complex or high-energy 
systems.

Several studies have proposed more comprehensive 
models by relaxing the simplifying assumptions adopted 
in linear approaches, thereby extending their validity to a 
broader range of operating conditions. For instance, Jiajie 
Li et al. [38] studied how the inclusion of geometric non-
linearities allows the model to accurately predict system 
behavior at higher displacement amplitudes. Moreover, the 
tip mass is no longer treated as a point mass; instead, its dis-
tributed nature is taken into account by equivalent force and 
moment contributions at the beam tip, enabling improved 
accuracy when the point mass approximation is no longer 
valid. Similarly, in the work of Abdelkefi et al. [67], non-
linear electromechanical coupling is modeled and analyzed, 
showing that in some configurations, at least a third-order 
nonlinear representation is necessary to achieve accurate 
results.

In contrast, simpler models, such as the linear formula-
tion presented by Erturk and Inman [68], can still provide 
accurate predictions, depending on the operational condi-
tions and system configuration. Ultimately, the level of 
model complexity is a design choice that should balance 
analytical tractability with the need for generalization. The 
more a model seeks to generalize across operating condi-
tions and configurations, the more it must incorporate non-
linear and distributed effects. For the purpose of this work, 
however, a geometrically linear model is deemed sufficient, 
as the physical parameters are calibrated experimentally, 
and the only source of nonlinearity is considered to arise 
from the magnetic force.

2.2   Euler-Bernoulli beam electromechanical model

Based on the Euler-Bernoulli formulation, the equation of 
motion of the PVEH represented in Fig. 1 is [69]:
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Cp
dV (t)

dt
+ V (t)

R
= −θp

ˆ L

0

∂3wrel(x, t)
∂x2∂t

dx,� (11)

where Cp is the internal capacitance of the PZT layer and 
R is the load resistance. The circuit is represented in Fig. 2.

Since this work focuses on the first bending mode and 
the PVEH is considered weakly nonlinear, as consequence 
without coupling to higher modes, the next subsection 
introduces the reduced-order representation of the model. 
One should note that the central idea of the present article 
relies on a pre-existing model whose simplifying assump-
tions lose accuracy outside the limits for which it was origi-
nally derived. For instance the expression for the magnetic 
force, Eq. (3), follows the assumptions adopted in B.P. 
Mann and B.A. Owens (2010) [74], Bernard, Brian P. et al. 
(2013) [75], and Sharvari Dhote et al. (2018) [76], where the 
authors analyzed mechanisms in which the magnets oscil-
late along a single direction, thereby allowing the hypoth-
esis of collinearity/parallelism of the magnetic field lines. In 
our specific case (Fig. 1), such assumption becomes inaccu-
rate as the vibration amplitude increases, introducing addi-
tional nonlinear effects into the PVEH. A similar argument 
applies to geometric nonlinearity: the hypothesis of large 
displacements leads to nonlinear contributions not captured 
by the original model, as demonstrated by Farokhi et al. 
(2022) [77]. Possible extensions of the proposed framework 
to problems involving other forms of nonlinearity (such as 
bistable structures, Norenberg et al. (2023) [78]) must be 
built upon modeling approaches that more closely reflect 
the actual operating conditions.

2.3  Modal expansion

The modal superposition method is a solution often pro-
posed to calculate the system’s response directly from Eqs. 
(10) and (11). This approach assumes a modal basis for 
the displacement w, enabling a reduced-order solution to 
the problem. By applying this method, the response can be 
expressed as follows:

w(x, t) =
∞∑

i=1
ϕi(x)qi(t),� (12)

in which ϕi(s) and qi(t) are the ith modal shapes and modal 
coordinates, respectively, with the following boundary con-
ditions for the studied clamped-free beam with a lumped 
mass at the tip [79]:




ϕ(0) = 0,
ϕ′(0) = 0,
EIϕ′′(L) = 0,
EIϕ′′′(L) + ω2Mtϕ(L) = 0,

� (13)

With respect to the internal bending moment M(x, t), it can 
be written as:

M(x, t) = EI
∂2wrel(x, t)

∂x2 + fp(x)θpV (t),� (7)

where θp is the electromechanical coupling, fp(x) the func-
tion defining the piezoelectric patch position,1 V(t) is the 
electrical voltage and EI is the bending stiffness of the com-
posite cross section, which is given by:

EI = b
[
Es(h3

s − h3
a) + Ep(h3

s − h3
c)

] 1
3

,� (8)

where b is the width of the beam, ha is the position of the 
bottom of the substructure layer from the neutral axis, hb is 
the position of the bottom of the PZT layer (therefore, top 
of the substructure layer) from the neutral axis, and hc is the 
position of the top of the PZT layer from the neutral axis, 
as represented in Fig.  1 b). Considering the experimental 
nature of the present work, the electromechanical coupling 
is simplified as follows:

fp(x) θp → θp,� (9)

thereby absorbing the effects of the positioning function and 
obtaining θp directly from the experimental data. Therefore, 
substituting Eq. 7 and Eq. 6 into Eq. 1 the following equa-
tion is obtained:

m
∂2wrel(x, t)

∂t2 + ca
∂wrel(x, t)

∂t
+ EI

∂4wrel(x, t)
∂x4 + V (t)θp

+
(

αmag

d3
0

wrel(x, t) − 1.5 αmag

d5
0

w3
rel(x, t)

)
δ(x − L) = −m

∂2wb(x, t)
∂t2 .

� (10)

Regarding the electrical circuit equation, it can be derived 
from the voltage across the resistive load. A complete deri-
vation can be found in [68], and the result is as follows:

1  It is important to note that the function fp(x) is formulated accord-
ing to the geometric design. It may be defined through a Heaviside 
function, or simply set to unity when the piezoelectric patch is bonded 
along the entire beam [71–73].

Fig. 2  Diagram of the electrical circuit
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	● knl = −1.5αmag

d5
0

ϕ4(L) is the nonlinear stiffness;

	●
ˆ L

0
ϕ(x) θp dx → θp (for the sake of notation);

	● Fm = −

(ˆ L

0
msϕ dx + Mtϕ(L)

)
.

Note that the variable q in Eqs. (19) and (20) represents the 
modal coordinate, which is not directly measurable. The 
measurable physical quantity is the displacement w, related 
to q through Eq. (12). As the function ϕ(x) varies along the 
beam axis, measurements should be consistently taken at 
the same point p0 to ensure that ϕ remains constant, allow-
ing the derived constants to be meaningful. Consequently, 
the values of the modal force and nonlinear damping iden-
tified from the equations in terms of w rather than q will 
depend on the specific measurement point. To indicate this 
dependence, the parameters associated with the measure-
ment point p0 are denoted with the superscript p0.

2.4  PVEH frequency-domain description

For algebraic convenience, Eqs. (19) and (20) are normal-
ized by introducing the following non-dimensional param-
eters [63]:

y = q

q0
, q0 = FmA0

ω2
0

, Ω = ω

ω0
, τ = ω0t,

α = knlq
2
0

ω2
0

, υ = CpV

θq0
, β = 1

RCpω0
, and κ2 =

θ2
p

ω2
0Cp

,
� (21)

resulting in the non-dimensional form of the dynamic 
equations:

y′′ + 2ζy′ + y + αy3 + κ2v = cos(Ωτ), � (22)

v′ + βv = y′. � (23)

The frequency response curves are obtained by the har-
monic balance method [84], considering only first-order 
harmonics. Assuming that the solutions of Eqs. (22) and 
(23) have the form:

y = Y cos(Ωτ + φ1), � (24)

v = Vapcos(Ωτ + φ2), � (25)

in which Y and Vap are the harmonic amplitudes of displace-
ment and voltage, respectively, and φ1 and φ2 are the phase 
differences. The frequency-amplitude relation of the PVEH 
is obtained by substituting Eqs. (24) and (25) into Eqs. (22) 
and (23), neglecting the higher order harmonics and equat-
ing the coefficients of cos(Ωτ) and sin(Ωτ), yielding to:

The modal shapes can be expressed as [80]:

ϕi(x) = Ai

[
cos

λi

L
x − cosh

λi

L
x + τi

(
sin

λi

L
x − sinh

λi

L
x

)]
,� (14)

where τi is given by:

τi = MtL(cosλi − coshλi)λi + mL2(sinλi − sinhλi)
−MtL(sinλi − sinhλi)λi + mL2(cosλi + coshλi)

,� (15)

and Ai is determined using the orthogonality conditions 
[81]:

ˆ L

0
ϕq(x)mϕr(x) ds + ϕq(L)Mtϕr(L) = δqr,� (16)

where δqr is the Kronecker delta function. Additionally, ωi 
is the ith undamped natural angular frequency, written as:

ωi = λ2
i

√
EI

mL4 ,� (17)

where λi is the solution of the following eigenvalue problem:

Mt

mL
(sinh λi cos λi − sin λi cosh λi) λi + (1 + cos λi cosh λi) = 0.� (18)

Finally, considering the expansion around the first-mode 
only2, the reduced-order equations of motion are obtained 
as follows:

q̈(t) + 2ζω0q̇(t) + ω2
0q(t) + knlq

3(t) + θpV (t) = FmA0cos(ωt), � (19)

CpV̇ (t) + V (t)
R

+ θpq̇ = 0, � (20)

in which:

	● ζ is the mechanical damping ratio;
	● ω2

0 = ω2
1 + αmag

d3
0

ϕ2(L) is the frequency associated 

with the first bending mode of the beam, considering the 
magnetic effects;

	● ω1 is the frequency associated with the first bending 
mode of the beam in the absence of magnetic effects;

2  The algebraic procedure associated with the modal expansion 
follows the classical treatment found in standard references on 
continuous?system modeling [82, 83]. In the context of this work, 
the procedure unfolds as follows: the substitution of Eq.  (12) into 
Eqs. (10) and (11), followed by multiplication of the resulting expres-
sion by the mode of interest ϕ1(x) and subsequent integration over 
the spatial domain, while exploiting the orthogonality properties of the 
mode shapes.
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introduces a hardening effect, while attraction (αmag < 0) 
results in a softening effect. In this study, the magnets are 
arranged in an attractive configuration to suppress bistabil-
ity effects, and the base acceleration is limited to a low level 
to avoid inducing jump phenomena [85, 86].

Figure  3 provides a graphical perspective of the linear 
modal base, using the geometric and material parameters 
of the experimental beam. The experimental setup used for 
data acquisition is illustrated in Fig. 4. The cantilever beam, 
made of steel 1.0330 (135 × 10 × 0.8 mm, tip mass value 
of Mt = 7.6 g and d0 = 13 mm), is mounted on an alumi-
num base and excited by a Data Physics GW-V100 shaker 
(Fig. 4a). A DJB A/600 accelerometer is fixed to the beam 
to provide feedback for closed-loop control of the imposed 
base acceleration. The beam carries a microfiber compos-
ite (MFC) piezoelectric patch of type M-2807-P2 bonded 
near the clamped end, and a cube magnet (Supermagnete 
W-07-N) at the free end; a second magnet is positioned 
nearby to enable magnetic interaction (Fig. 4c).

The selection of the measurement point (p0) is also impor-
tant. A location too close to the clamped end may exhibit low 
displacement amplitude, which can be affected by measure-
ment noise. Conversely, a position too close to the free end 
may experience higher amplitude displacements, potentially 
causing perpendicularity issues due to increased horizontal 
motion. Therefore, it is essential to choose a constant mea-
surement point that prioritizes vertical-axis displacement 
while minimizing these technical issues. The choice of an 
appropriate measurement point can be guided by analyz-
ing ϕi(x) around the mode of interest (Eq. (14), for i = 1, 
see Fig. 3). One should note that at x = L/2, the first mode 
reaches approximately 32% of its peak amplitude, which 
already mitigates the perpendicularity issue when com-
pared with measurements taken at x = L. For experimental 
robustness, the PVEH output is therefore measured near the 
junction between the beam and the piezoelectric patch, at 
p0 = 40 mm, where the modal amplitude is approximately 
13% in the vicinity of the first mode.

9α2

16
Y 6 + 3α

2

(
1 − Ω2 + κ2Ω2

Ω2 + β2

)
Y 4

+
[
1 + Ω4 + (4ζ2 − 2)Ω2 + (2κ2(1 − Ω2 + 2ζβ) + κ4)Ω2

Ω2 + β2

]
Y 2 − 1 = 0,

� (26)

V 2
ap = Ω2Y 2

Ω2 + β2 . � (27)

These nonlinear frequency response curves are typically 
solved numerically, for example using the Newton–Raph-
son method or other standard numerical approaches. Given 
the physical interpretation of Equation (26), only positive 
real solutions should be considered. In fact, Equations 
(26)–(27) define the baseline model considered hereinafter, 
whose parameter identification are described in Sect. 4. The 
next section presents the experimental setup of the study.

3  Experimental setup

The design considerations and experimental procedure are 
outlined to provide a comprehensive understanding of the 
approach used to obtain the PVEH’s response data. The 
setup is designed to investigate the behavior of the PVEH 
under varying conditions of resistance and base accelera-
tion, with a focus on the first bending mode of the beam, 
which is the most important for maximizing displacement 
and electrical voltage output. The experimental setup and 
physical mechanism are described in 3.1, followed by the 
dataset definition in 3.2.

3.1  Design concept and experimental setup

The beam is built from a magnetic material (steel) to 
enhance coupling with the tip magnet. To minimize unnec-
essary weight in the shaker base, the main structure, that 
hosts the beam, is made from aluminum. Additionally, the 
nature of the interaction between the magnets, whether 
attraction or repulsion, requires rigorous analysis. As indi-
cated in Eq. (6), repulsion between magnets (αmag > 0) 

Fig. 3  Normalized mode shapes ϕi(x) 
of the cantilever beam with tip mass, 
computed using the geometric and mate-
rial parameters of the experimental setup. 
The first bending mode (i = 1) is high-
lighted, and the locations x = L/2 and 
the measurement point p0 = 40 mm are 
indicated, illustrating the relative modal 
amplitudes used to guide the selection of 
the experimental measurement position
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considered in this study. The other excitation amplitudes 
represent low (0.02g) and medium (0.04g) excitation levels, 
associated with the activation of nonlinear effects, whereas 
at lower acceleration levels the PVEH is expected to behave 
linearly.

To illustrate the PVEH’s nonlinear behavior for a given 
resistive load, Fig.  6 compares the frequency response 
curves for the three studied acceleration levels, all obtained 
under a fixed resistive load of 105 Ω. As the excitation level 
increases, a shift in the resonance frequency is observed. 
Specifically, the peak frequency at 0.10g occurs at a lower 
value compared to those at 0.02g and 0.04g. This downward 
shift is indicative of a softening behavior, typically associ-
ated with nonlinear dynamic systems. The result suggests 
that nonlinear effects become increasingly significant as the 
input energy grows, providing experimental evidence of 
the presence and activation of nonlinearities in the studied 
PVEH, even if jump phenomena is not present.

The experimental setup and the resulting dataset play a 
key role in the subsequent analysis. They provide the nec-
essary basis for calibrating the physical parameters of the 
baseline model, assessing its predictive accuracy, and serv-
ing as data for the physics-augmented neural network intro-
duced in later sections.

4  Analytical model parameter identification

Based on the experimental data obtained by the setup 
described in the previous section, the calibration of the 
physical parameters is carried out using the Particle Swarm 
Optimization (PSO) algorithm [87], a heuristic optimization 
technique. The use of PSO as the identification method for 
the experimental parameters is motivated by its straight-
forward implementation and tunability. This approach has 

Instrumentation (Fig. 4b) includes a VibPilot data acqui-
sition system, a variable resistance box for adjusting the 
electrical load (1 Ω–10 MΩ), and a control computer for sig-
nal processing. A laser vibrometer (OMETRON VH300+) 
measures the beam’s velocity. The schematic in Fig.  4d) 
shows the system connections: the shaker excites the base, 
accelerometer feedback maintains constant acceleration, 
and signals from the vibrometer and piezoelectric patch are 
measured through the VibPilot for acquisition. Data are then 
transferred to the control computer for post-processing and 
analysis.

3.2  Dataset description

A total of 21 experiments are conducted to investigate the 
PVEH’s response under varying resistance and acceleration 
conditions. The tests focused on the frequency range from 
40 to 44  Hz, targeting the first bending mode, providing 
greater electrical voltage output. A frequency sweep sine 
signal was applied at a sweep rate of 0.7 Hz/min, and the 
experiments are performed at three different acceleration 
levels: 0.02g, 0.04g, and 0.10g.

The dataset distribution is shown in Fig.  5, illustrating 
the different combinations of resistance and acceleration 
used to obtain the experimental curves. For an excitation 
amplitude of 0.10g, the maximum tested resistance is lower 
than for 0.02g and 0.04g. This is due to the 10 V voltage 
limit imposed by the acquisition system: as acceleration 
increases, the resulting displacement, and therefore the gen-
erated electrical voltage, also increases. At higher excitation 
levels, the voltage threshold is reached at lower resistance 
values, reducing the range of resistances that can be tested. 
The upper acceleration amplitude of 0.10g was chosen 
because it is close to the onset of jump phenomena in the 
frequency response curves, making it the maximum value 

Fig. 4  Experimental setup. a Cantilever beam mounted on the shaker, 
equipped with an accelerometer for vibration measurement. b Shaker 
generating controlled vibrations with the structure mounted on top, 

monitored via laptop with data acquisition software and signal condi-
tioning. c Beam integrated with magnets and the MFC. d Connections 
between the main elements of the experimental setup
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response curves of displacement and voltage (please, see 
Eqs. (26)–(27)), derived from the baseline model, and the 
experimental data. The value of Cp, which is required for 
the analytical model, is directly measured using a multime-
ter and is found to be 22nF.

been adopted in similar works involving piezoelectric sys-
tems [88, 89], with particular emphasis on Alcântara et al. 
(2025) [23], where the physical parameters of a nonlinear 
PVEH were identified using PSO. The algorithm identifies 
the optimal set of parameters (Θ =ζ, ω0, F p0

m , kp0
nl , κ) that 

minimizes the discrepancy between the analytical frequency 

Fig. 6  Experimental frequency 
response of the power output for a 
resistive load of 105 Ω, showing 
the effect of increasing acceleration 
and the resulting nonlinear soften-
ing behavior

 

Fig. 5  Dataset distribution show-
ing the different combinations of 
resistance and acceleration selected 
for the experimental tests. For 
each point, frequency response 
curves for both displacement 
and voltage were measured. An 
example is highlighted for 0.04g 
and 1 × 105 Ω. The acceleration 
range was chosen to avoid jumps 
and bistability effects, while the 
resistance range was selected to 
optimize electric power generation 
in piezoelectric devices by using 
high resistances, but without reach-
ing values that could cause voltage 
saturation
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levels not included in the calibration process. The compari-
son, in terms of the electrical voltage response amplitude 
for selected resistance–acceleration combinations, is shown 
in Fig. 7.

The results indicate that the model calibrated reproduces 
the experimental response with good accuracy at both low 
(0.02g) and medium (0.04g) excitation levels, capturing 
the PVEH behavior in these regimes. In contrast, at higher 
excitation amplitudes, noticeable deviations emerge, with 
the model underestimating or misrepresenting the response. 
This discrepancy arises from the increasing influence of 
nonlinear effects not captured by the calibrated model, 
which includes only a third-order stiffness nonlinearity. 
Consequently, the model does not generalize well to higher 
acceleration levels but remains effective for predicting the 
PVEH’s response under lower excitation levels.

5  Physics-augmented neural networks for 
the PVEH response prediction

Aiming to improve the generalizability of the baseline 
model, particularly at higher acceleration levels, a physics-
augmented neural network approach is employed, seeking 
to extend the model’s range of applicability. Unlike purely 
data-driven black-box models, this type of neural network 
incorporates physical knowledge into its optimization proce-
dure by means of adaptions performed on the loss function, 
providing greater interpretability and physical consistency 
in the results. In this work, such integration is achieved 
by using the amplitude of the baseline voltage frequency 
response curve as input, along with a custom loss function 
and the activation function in the network architecture. The 
output of the network, referred to as the augmented model, 
represents an approximation of the experimental results, 
with varying resistances. Since the baseline model already 
provides satisfactory accuracy at low and medium excita-
tion levels, the benefits of the augmented approach become 
more relevant at higher accelerations, where larger output 
amplitudes, and consequently greater power generation for 
harvesting, are achieved. For this reason, only the higher-
amplitude data are used for training the network. In 5.1, the 
formulation of the loss function is described, whereas 5.2 
presents the network architecture and the training loop. In 
5.3, the performance of the augmented model is evaluated, 
highlighting the advantages of the proposed strategy over 
the analytically derived model.

5.1  On the composition of the loss function

A neural network is a mathematical model composed of a 
layered structure of nonlinear activation functions. In this 

The optimization process is conducted using the medium 
and high excitation level data, as the nonlinear behavior is 
present in PVEH output. The cost function is defined as the 
mean absolute error between the experimental data and the 
baseline model prediction, for both voltage and displace-
ment frequency responses, considering all resistances in the 
selected acceleration. The optimization process uses 50 par-
ticles and runs for 200 iterations. The resulting values of the 
parameters are presented in Table 1. Considering that N is 
the number of experimental curves used, the optimization 
process is formulated as follows:

Θ∗ = arg min
Θ

J(Θ).� (28)

3 where

Θ = ζ, ω0, F p0
m , kp0

nl , κ,

J(Θ) =
N∑

n=1


3

∣∣∣V̂ (Ω, Θ) − Vn(Ω)
∣∣∣
2

σ2
Vn

+

∣∣∣Ŷ (Ω, Θ) − Yn(Ω)
∣∣∣
2

σ2
Yn


 ,

subject to:
40 Hz ≤ Ω ≤ 44 Hz,

35 ≤ ω0 ≤ 50,

10−4 ≤ F p0
m ≤ 10−1,

10−4 ≤ ζ ≤ 10−2,

− 109 ≤ kp0
nl ≤ −107,

10−3 ≤ κ ≤ 1.

� (29)

where σ2 is the data variance, V̂  and Ŷ  represent the pre-
dicted amplitudes of voltage and displacement, respec-
tively, obtained from the baseline model, whereas Vn and 
Yn denote the experimental amplitude values of voltage and 
displacement for the nth curve. The constraints are deter-
mined through an heuristic approach, based on identifying 
the order of magnitude of the parameters that yield a physi-
cally consistent response when compared to the experi-
mental data. A weight of 3 is applied to the voltage error to 
prioritize higher accuracy in the electrical voltage domain, 
which is more relevant for energy harvesting applications. 
Details regarding the convergence of the optimization pro-
cess are presented in Appendix A.

Having calibrated the parameters of the baseline model 
through the procedure previously described, the PVEH is 
evaluated against experimental results for acceleration 

Table 1  Identified values of the physical parameters
Symbol Quantity Value

ζ Damping ratio 5.39 × 10−3

ω0
Natural Frequency 42.46 Hz

F p0
m

Modal Force 9.94 × 10−2 N

kp0
nl

Nonlinear stiffness −5.94 × 108N/m3

κ Adimensional Electrome-
chanical coupling 8.33 × 10−2
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y(x) ≈ ŷ(x) = H(L) ◦ H(L−1) ◦ · · · ◦
H(1) ◦ H(0)(x), for x ∈ RD,

� (30)

where the transformations H in each layer are defined as:

x0 := H(0)(x),
xℓ := H(ℓ)(xℓ−1) = σ(Wℓxℓ−1 + bℓ), 0 < ℓ < L,

ŷ(x; W, b) = H(L)(xL−1) := WLxL−1 + bL.

� (31)

work, it is adopted a dense fully-connected architecture (also 
referred as multi-layer perceptron), which is commonly 
used and presents a flexible framework. Such configuration 
is made up of L hidden layers, each containing Nℓ neurons, 
where every neuron is connected to all neurons in the subse-
quent layer through a nonlinear activation function σ(·). Let 
x ∈ RD denote the input and y ∈ R the target output. The 
neural network aims to approximate the target function y(x) 
by a function ŷ(x), which can be expressed as:

Fig. 7  Comparison between the baseline model and the experimen-
tal results for the electrical voltage amplitude in frequency response 
curves, considering different combinations of acceleration and load 

resistance. Two cases are highlighted: 3.3 × 104Ω at 0.02g and 
2 × 105Ω at 0.10g. The results show that increasing the excitation 
acceleration reduces the predictive accuracy of the baseline model
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Rmax-amp (ŷ(·; θ)) =
∣∣∣max

n
ŷ(xn; θ) − max

n
y(xn)

∣∣∣ .� (37)

Although the information captured by RMAE-3dB and 
Rmax-amp is implicitly reflected in the global MAE met-
ric, these additional terms provide localized supervision on 
key physical features of the PVEH. Their explicit inclusion 
in the loss function serves as a form of regularization and 
supports a multi-objective training strategy, encouraging the 
model to accurately capture both overall trends and critical 
performance regions.

Lastly, to avoid nonphysical oscillations and to promote 
smoothness in the predicted curve, a regularization term 
is included to penalize large variations between adjacent 
frequency points. This term enhances local continuity and 
reflects the smooth behavior observed in the experimental 
data. The smoothness loss is defined as:

Rsmooth (ŷ(·; θ)) = 1
N − 1

N−1∑
n=1

|ŷ(xn+1; θ) − ŷ(xn; θ)| ,

� (38)

where N  is the number of frequency samples. Since this 
term depends solely on the predicted response ŷ, it acts as a 
prior to encourage physically plausible solutions. Given this 
terms, the total loss function (L) is defined as:

L = γ1RMAE + γ2RMAE-3dB + γ3Rmax-amp + γ4Rsmooth,� (39)

where γn are weights used to calibrate the order of magni-
tude of the different loss terms. To the best of the authors’ 
knowledge, this work is the first to propose such a loss func-
tion structure for addressing energy harvesting applications 
based on vibration signals.

5.2  On the network’s architecture and the training 
loop

Two distinct neural network architectures are considered for 
comparison.  For sake of simplicity, the models are refer-
enced herein as #1 and #2. In the model #1 architecture, 
L = 4 layers are considered, having each of the four fully 
connected layers 100 neurons. Number of layers and neu-
rons are selected without any prior optimization criterion. 
Conversely, in the model #2 architecture, the number of 
neurons per layer and layers are determined through an 
optimization process using the Optuna library [91] available 
for Python, with the search space ranging from 10 to 100 
neurons per layer, and the number of layers ranging from 
2 to 6. In this model selection step, cross-validation (CV) 
using 4 folds is employed to minimize overparameteriza-
tion risks. To train the network, the dataset composed of 10 

In these expressions, Wℓ ∈ RNℓ×Nℓ−1  and bℓ ∈ RNℓ  denote 
the weights and biases of the ℓ-th layer, respectively, and σ 
is the element-wise activation function. The neural network 
output ŷ(x) = ŷ(x; W, b) is thus fully determined by the set 
of weights and biases, hereafter denoted by θ := {W, b}.

In purely data-driven models, a widely adopted choice is 
the mean absolute error (MAE) between the predicted and 
the observed data, here denoted as RMAE, and defined by:

RMAE (ŷ(·; θ)) = 1
N

N∑
n=1

|ŷ(xn; θ) − y(xn)| ,

� (32)

where N  denotes the number of observed data samples.
The -3 dB bandwidth is commonly used as a metric to 

define the operational range in energy harvesting systems, 
as it represents the frequency interval over which the out-
put power remains close to its maximum value [90]. To 
incorporate this physical insight into the learning process, 
a loss term focused on the -3 dB region is introduced. This 
region is defined based on the experimental amplitude of 
the voltage frequency response curve, where the amplitude 
remains above ypeak/

√
2, with ypeak being the peak value 

of the experimental response. The corresponding loss term, 
denoted as RMAE-3dB, is given by:

RMAE-3dB (ŷ(·; θ)) = 1
N3dB

nup∑
n=nlow

|ŷ(xn; θ) − y(xn)| ,

� (33)

where the indices that delimit the -3 dB bandwidth, nlow and 
nup, are defined as:

npeak = arg max
n

y(xn), � (34)

nlow = max
{

n < npeak | y(xn) <
y(xnpeak)

√
2

}
, � (35)

nup = min
{

n > npeak | y(xn) <
y(xnpeak)

√
2

}
, � (36)

and N3dB = nup − nlow + 1 corresponds to the number of 
samples within the 3 dB region.

Another quantity of practical relevance in energy harvest-
ing systems is the maximum voltage amplitude, as it defines 
the best operational point in terms of power extraction. To 
ensure the neural network accurately captures this peak 
behavior, a loss term denoted as Rmax-amp is introduced:
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The weights γn in Eq. 39 are chosen to ensure that all 
loss terms have the same order of magnitude, and are set as 
follows:

γ1 = 1, γ2 = 1, γ3 = 2, γ4 = 10.

For the model architecture #1, training is terminated after 
6781 epochs, according to the early stopping criterion. For 
the model architecture #2, training ends after 7571 epochs. 
Figure 8 illustrates, on the left, the evolution of each indi-
vidual loss term along with the total loss in the training set. 
On the right, the figure shows the evolution of the total loss 
for both training and validation sets over the epochs. The 
absence of overfitting is a result of the regularization strate-
gies previously described. The loss curves indicate stable 
convergence, with all individual loss components decreas-
ing steadily and the total loss showing no abrupt fluctuations. 
The training and validation losses follow similar trajectories 
throughout, confirming the absence of overfitting and the 
effectiveness of the applied regularization strategies.

5.3  Evaluation of the augmented model’s 
performance

To further assess the improvements of considering the regu-
larization terms in the total loss function of the neural net-
works in their predictions capabilities, a purely data-driven 
neural network also is proposed, such that γ2 = γ3 = γ4 = 0 
in Equation (39). The architecture considered for the data-
driven network is the same as the model #2, and the evolu-
tion of its loss function evolution is in Appendix B. After 
training the neural network, the next step is to evaluate the 
performance of the augmented models in comparison to the 
experimental results, the purely data-driven neural network 
and to assess whether the proposed methodology offers 
an improvement over the baseline model. To achieve this 
hypothesis, the mean absolute percentage error (MAPE) 
is used as the performance metric. As shown in Fig. 9, the 
comparison between the augmented and baseline models 
demonstrates a significant improvement. The mean MAPE 
of the baseline model is 81.1%, whereas the non-optimized 
and optimized augmented models achieve 7.8% and 2.22%, 
respectively, highlighting the performance gains achieved 
through the proposed optimization. Considering the purely 
data-driven network, the mean MAPE is 40.3%. These 
results indicate the improvements obtained by including the 
regularization terms in the loss functions. Also, as shown 
in Fig. 9, the optimized model performs better on the test 

curves is randomly divided into training, validation, and 
test sets, following a 70:15:15 split. The later is never used 
during the learning steps, and the validation set is used just 
to evaluate model overfitting. At the end of the architecture 
optimization step considering 25 trials, the best performing 
architecture for model #2 was found to have 6 layers, and 67 
neurons per layer. Both models use the hyperbolic tangent 
as activation function, whereas the final layers employ the 
softplus activation function to ensure non-negative outputs, 
consistent with the physical meaning of the amplitude–fre-
quency response. A fixed random seed is used to ensure the 
reproducibility of the results.

The training set is used to optimize the weights and biases 
of the network by minimizing the loss function L described 
previously (please, see Eq. (39)). At each epoch, the loss on 
the validation set is monitored to prevent underfitting and 
overfitting. After training, the performance of the network is 
evaluated on the test set to assess its ability to generalize on 
unseen data. The optimization process is carried out using 
the Adam optimizer [92], which combines adaptive learning 
rates with momentum. To further improve convergence, the 
learning rate is dynamically adjusted during training using 
the OneCycle policy [93], following its standard configura-
tion, with a maximum learning rate of 0.001, reached after 
30% of the total training iterations.

To enhance robustness and reduce the risk of overfitting, 
data augmentation is applied to the inputs. For each original 
sample (xn, yn), a set of M  augmented inputs is created by 
adding zero-mean Gaussian noise:

x̃(m)
n = xn + ε(m)

n , with ε(m)
n ∼ N (0, σ2

mI), m = 1, . . . , M,� (40)

where σm ∈ {0.01, 0.02, 0.03, 0.04, 0.05} are the noise lev-
els applied to each augmentation. The augmented training 
set is then given by:

Daug =
{(

x̃(m)
n , yn

)
| n = 1, . . . , N ; m = 1, . . . , M

}
.� (41)

This strategy has been shown to be effective in mitigating 
overfitting [94], as it increases the diversity of training sam-
ples and encourages the network to learn features that are 
invariant to small input perturbations.

Additionally, early stopping is employed as a regulariza-
tion strategy [95]. Training is terminated when the valida-
tion loss exceeds twice the training loss for 50 consecutive 
epochs. This criterion prevents the model from over-adapt-
ing to the training data and helps preserve its generalization 
capability.
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value and the peak frequency. In the test cases presented in the 
graph, the augmented model’s predictions nearly coincide with 
the experimental amplitudes, whereas the baseline model dis-
plays a more considerable discrepancy.

While the baseline model and the purely data-driven network 
appear qualitatively reasonable, the augmented model achieves 
systematically higher accuracy across all evaluated conditions. 
This improvement is particularly relevant for predicting key 
design parameters such as peak amplitude, peak frequency, and 
bandwidth, which are critical for optimizing energy harvest-
ing performance. Moreover, the proposed framework extends 
the baseline model’s validity to regimes where its assumptions 
no longer hold, offering a transferable methodology for other 
weak nonlinear energy harvesting systems.

resistances, indicating a greater ability to generalize to 
unseen data.

It is crucial to evaluate how the augmented model recon-
structs the amplitude of the electrical voltage and power 
frequency response curves and how it compares to the base-
line model, the experimental responses, and the purely data-
driven network. This comparison is shown in Fig.  10 for 
the cases from the test dataset, which, unlike the training 
and validation sets, was never included in the training loop. 
From these graphs, it is evident that the augmented model pro-
vides a significantly better approximation of the voltage and 
electrical power response across the entire frequency range, not 
just within the -3 dB bandwidth. Additionally, the augmented 
model offers improved predictions for both the maximum 

Fig. 8  Evolution of loss values 
during the training process. a First 
architecture: 100 neurons per layer 
and 4 layers, without optimization. 
b Second architecture: 67 neurons 
per layer and 6 layers, obtained via 
optimization
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Fig. 10  Frequency response curves 
comparisons for the test dataset. 
The top row shows the volt-
age response, while the bottom 
row presents the corresponding 
electrical power response. The left 
column corresponds to a resistance 
of 120 kΩ, and the right column 
to 180 kΩ. Overall, the augmented 
model shows closer agreement 
with the experimental observations 
than the baseline model and than 
the purely data-driven model

 

Fig. 9  MAPE for each resistance 
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flexibility to capture unmodeled nonlinearities, thereby mit-
igating the “black-box” character typically associated with 
neural network approaches.

The results demonstrate a substantial improvement in 
predictive capability: the baseline model exhibits an average 
MAPE of 81.1%, whereas the non-optimized and optimized 
augmented models achieve 7.8% and 2.2%, respectively, 
and the purely data-driven model achieves 40.3%. These 
findings show not only a quantitative improvement but also 
a qualitative one, as the frequency-response curves pre-
dicted by the augmented model closely reproduce experi-
mental peak positions, bandwidths, and curve shapes across 
the evaluated resistances. Furthermore, the optimized model 
generalizes to unseen test resistances, since the qualitative 
trends predicted by the analytical model are preserved by 
the augmented framework.

Overall, the findings confirm that integrating physics-
based modeling with data-driven learning extends the valid-
ity of simplified analytical models into regimes where their 
underlying assumptions lose accuracy. In the context of 
vibration energy harvesting, such improved predictive capa-
bility is particularly relevant, as reliable estimation of non-
linear frequency-response behavior is essential for design 
objectives such as bandwidth maximization (here defined as 
the −3 dB range). In addition, the augmented model devel-
oped in this work expands the applicability of metamodels 
traditionally limited to the prediction of isolated features 
(such as the maximum voltage amplitude or the resonant fre-
quency) by addressing the full frequency domain. Another 
conclusion of particular relevance to design concerns physi-
cal consistency: by retaining the analytical formulation in 
parallel with the correction of experimental discrepancies, 
the insights provided by the simplified model (such as the 
identification of optimal load resistances) are preserved, 
despite its restricted assumptions associated with the sim-
plified hypothesis.

Future developments of this work will address two main 
directions. First, the framework will be extended to account 
for jump phenomena in the model output. Since these non-
linear effects are associated with the coexistence of multiple 
solutions near resonance, the neural network will need to 
be adapted to represent multivalued responses. In this con-
text, physics-informed regularization based on energy or 
power balance principles, in the spirit of physics-informed 
neural networks, could be leveraged to guide the learning 
process toward physically admissible solution branches and 
improve the representation of jump-related nonlinearities. 
Although a few recent studies have begun to explore such 
capabilities, their application to energy harvesting remains 

6  Conclusions

This study explores the behavior of a nonlinear piezoelectric 
vibration energy harvester consisting of a cantilever beam with 
a PZT patch and a tip mass, subjected to magnetic forces. The 
PVEH is initially modeled analytically, assuming geometric 
linearity with the only nonlinear term arising from the magnetic 
interaction. The PVEH’s equations are derived based on exist-
ing literature, resulting in a Duffing-type nonlinearity, referred 
to as the baseline model. To investigate the PVEH’s behavior, 
an experimental setup is designed, and tests are conducted at 
accelerations of 0.02g, 0.04g, and 0.10g, with varying load 
resistance values. The physical parameters of the equations are 
identified experimentally using Particle Swarm Optimization 
to fit the model.

After calibrating the parameters, the baseline model is 
compared to the experimental frequency response curves 
for 0.02g, 0.04g, and 0.10g. The results show that while 
the model accurately predicts the behavior at 0.02g and 
0.04g, it fails to capture the dynamics at 0.10g. This mis-
match highlights that nonlinear effects not accounted for in 
the analytical formulation, such as geometric nonlinearities 
and magnetic field reorientation, become increasingly sig-
nificant at higher excitation levels, leading to distortions in 
both amplitude and resonance frequency. These deviations 
explain why the baseline model underestimates the soften-
ing behavior observed experimentally.

To extend the model’s range of applicability, a physics-
augmented neural network is introduced with two distinct 
architectures, resulting in two augmented models. Physics 
is integrated into the ANNs in three ways: the input is the 
voltage amplitude from the baseline model, the loss func-
tion is customized to prioritize accuracy within the -3 dB 
bandwidth and enforce physically consistent values, and 
the softplus activation function is used to ensure non-neg-
ative outputs, as required by the frequency response curve 
amplitude definition. A direct comparison with a purely 
data-driven network, obtained by removing the physical 
regularization terms from the loss function, shows a reduc-
tion in predictive accuracy and generalization capability, 
highlighting that these differences are associated with the 
presence of physical regularization terms from the phys-
ics-based constraints rather than from network complexity 
alone. The architecture of the optimized augmented model 
is determined through a hyperparameter search using the 
Optuna library, resulting in 6 layers and 67 neurons per 
layer. The main conclusion regarding the loss function 
design is that the augmented model remains consistent with 
the physical nature of the response while gaining sufficient 
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smaller swarms (10–15 particles) showed weaker conver-
gence and occasional trapping in local minima, while larger 
swarms (≳ 70) provided no substantial improvement in 
solution quality or parameter consistency. Figure 11 illus-
trates the optimization process in two scenarios: in (a), 40 
particles are used, whereas in (b) the population size is set to 
50. It is worth noting that, in both cases, increasing the num-
ber of iterations beyond 100 does not significantly improve 
the identification of the physical parameters. In order to 
ensure convergence of the search, a total of 50 particles and 
200 iterations is adopted in the PSO, balancing computa-
tional cost and numerical accuracy.

Loss evolution of purely data-driven model

In Fig. 12, it is shown the loss evolution corresponding to 
the purely data-driven model, where the loss corresponds 
only to the mean absolute error.

largely unexplored. Second, the proposed approach could 
be integrated into optimization procedures aimed at maxi-
mizing harvested power. In this context, the augmented 
model could serve as a fast and accurate surrogate for 
design exploration, enabling the identification of optimal 
PVEH configurations and operating conditions.

Appendix

Number of particles and maximum number of 
iterations selection

In the particle swarm optimization, each particle represents 
a candidate solution in the parameter space, defined by the 
vector of unknown parameters Θ = (ζ, ω0, F p0

m , kp0
nl , κ), 

balancing exploration and computational cost. Tests with 

Fig. 12  Evolution of loss values 
during the training process for the 
purely data-driven model

 

Fig. 11  Convergence behavior of the particle swarm optimization. (a) 
Evolution of the cost function using 40 particles. (b) Evolution of the 
cost function using 50 particles. In both cases, the cost function sta-

bilizes after approximately 100 iterations, indicating that increasing 
the number of iterations beyond this threshold does not significantly 
improve the identification of the physical parameters
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