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Abstract. This paper proposes a robust active cloaking strategy for flexural waves in thin plates using piezoelectric
patches combined with negative-capacitance shunts and voltage-controlled actuation. The cloaking domain surrounding
a hole is divided into two regions: an absorbing region facing the incident wave, designed to attenuate it, and an emitting
region dedicated to reconstructing the missing wavefront. While negative-capacitance shunting enables wave attenuation,
its tuning often drives the system close to instability, creating a trade-off between performance and stability. To address
this issue, a robustness analysis is performed on the optimized cloaking configuration obtained via a finite element model.
Finally, a novel performance-retainment-oriented design framework based on Info-Gap theory is introduced, allowing
performance degradation to be explicitly incorporated as a design specification.
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1. INTRODUCTION

Cloaking is the ability of a structure to avoid waves interaction with a specific internal subdomain. A classical aca-
demic example of such a control strategy consists in tailoring the material properties around a hole in a thin plate so that
a plane wave remains planar after passing across the hole.

We propose a cloaking strategy inspired by Li er al. (2021), consisting of dividing the cloaking domain surrounding the
hole into two distinct regions: an absorbing region located upstream of the incident waves and an emitting region placed
downstream to reconstruct the missing wavefront. The absorbing region is implemented using piezoelectric patches
shunted with resistive and negative-capacitance circuits for waves total absorption, while the emitting region relies on
voltage-controlled piezoelectric patches for waves rebuilding.

Piezoelectric patches shunted with passive or semi-active electrical circuits have been extensively investigated for vi-
bration attenuation and wave control (Thomas et al. (2012)). In particular, negative-capacitance (NC) shunts have demon-
strated strong potential for broadband attenuation and bandgap enhancement in metamaterials (Yi and Collet (2021); Tateo
et al. (2016)). However, the tuning process of NC shunts often operates close to unstable modal regions (Berardengo et al.
(2018); Collet et al. (2011)), leading to a trade-off between stability and performance.

To quantify this trade-off, we need to understand the interaction between the operational and manufacturing envi-
ronments—such as industrial conditions—and the targeted configuration. Thus we have to assess the robustness of the
structure. The influence of parametric uncertainties on shunted piezoelectric systems has received limited attention. Al-
though some studies have investigated uncertainty propagation and sensitivity in vibration mitigation problems (Trindade
et al. (2020); Aloui et al. (2019)), robustness issues remain largely unexplored in the specific context of active cloaking
strategies combining absorbing and emitting regions.
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Therefore, we propose to investigate the influence of uncertainties on the cloaking performance of incident flexural
waves within our two-region strategy. The starting point of the robust design approach adopted here is the Info-Gap
framework (Ben-Haim (2004)). We also aim to extend this methodology toward a novel framework in which performance
degradation is treated explicitly as a design specification.

In this work, we first present the finite element (FEM) model of the structure. We then report the optimization results
that serve as the basis for the robustness analysis. Finally, we introduce a novel robust design methodology in which
performance loss is explicitly incorporated as a design specification.

2. NUMERICAL MODEL OF THE STRUCTURE

The numerical model is developed using COMSOL 6.2 and symmetrised to reduce computational time. The three-
dimensional finite element model (FEM) is presented in Fig. 1:
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Figure 1. Schematic of the symetrised numerical FEM model

The main structure consists of a half aluminum plate containing a fixed square hole at its center. Numerical damping
is applied at the non-symmetrized boundaries in order to emulate an infinite plate. A 4000 Hz excitation propagates from
left to right, originating from the excitation line.

The shunted piezoelectric patches are designed to absorb the incident excitation and thereby prevent wave scattering,
while the active patches located on the opposite side of the hole generate the missing portion of the wavefront. Both
effects are quantified using a cloaking quality criterion based on the plate’s transverse displacement w defined as follows:
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with § = Sine U Strans, Ag its area and w,.. 5 a reference field calculated for the same excitation but without patches
and without the hole.

The absorbing region is located on one side of the hole, upstream of the incoming flexural waves. It consists of three
patches arranged in the propagation direction, allowing the absorbing performance to be tuned through variations of the
electrical parameters.

The active region follows the same philosophy. The modeling of both regions is detailed in the following sections.

2.1 Modelling the shunted patches

The shunted patches consist of a pair of piezoelectric ceramic patches bonded to each side of the plate. The effect
of the electrical circuit is implemented through weak constraints applied to the electrodes, together with the appropriate
Lagrange multiplier associated with the charge flowing in the circuit. Figure 2 presents the electrical circuit associated
with each shunt.

The electrical parameters are shared across each column of the patch network. Thus, if we represent the network using
a simple matrix coordinate system with m for the row and n for the column, the equation implemented in our FEM model
is as follows:

Vi = — (C% + z’an)an ?)
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Figure 2. Schematic of the shunted piezo patches

2.2 Modelling the active part

The objective of the active region is to transfer the excitation information from the front of the hole to its back.
Under the main assumptions of plane wave excitation and linear mechanical behavior, the effect of the free propagation
of waves from one region to the other one is equivalent for waves to avoid interactions with the fixed hole. This simple
propagation between regions can be modeled as a time delay T between the normal incident displacement w (X, t) and
the transmitted normal displacement w(Xyyqns, t), thus:

w(XtranS7 t) = w(ch, t— T) 3)

However, the available information is limited to the electrical quantities generated by the shunted patches, and actu-
ation can only be achieved through the voltage applied to the patches in the active region. Therefore, in steady state at
pulsation w, we have:

an (t) — Ane—iw'rn an(t) (4)

trans inc

The complex exponential allows the signal to be properly delayed, while the amplification factor A compensates for
the amplitude loss induced by the piezoelectric coupling. The active patches are therefore voltage-controlled and bonded
to the plate in the same manner as the absorbing ones.

3. NUMERICAL OPTIMIZATION

The optimization (minimization) is performed using the cloaking criterion defined in Eq. (1). The structure is excited
with a harmonic force at 4000 Hz. Optimization relies on the twelve parameters introduced previously, namely the six
electrical parameters (R,, and C,,) and the six active control parameters (A,, and 7,,).

It should be recalled that the structure is known to become unstable for values of C, within the range —QCpT =
—75.2 nF to —205 = —36.6 nF (Collet et al. (2011)), corresponding to twice the piezoelectric capacitance at constant
stress and constant strain of a patch, respectively. Therefore, these stability constraints are explicitly incorporated into the
design space.

The material properties and the bounds of the optimization variables are summarized in Tables 1, 2, and 3.

Parameter Symbol Value
Density Pp= 7750 kg/m?
cE =k 1.2el1 Pa
Parameter Symbol Value ck l.1ell Pa
Density Ppl 2700 kg/m? Elasticity matrix | ¢, = ¢ = £ 7.5e10 Pa
Young’s modulus E 70 GPa ek =k 2.1e10 Pa
Poisson ratio v 0.33 c&s 2.3e10 Pa
Half width Ly 0.8 m . . d31 = dso -1.7e-10 C/N
Length L, T6m Plei?:tlgimc ds3 3.7e-10 C/N
Thickness tpl 3 mm doy = di5 5.8e-10 C/N
Hole width Ryl 0.12m Relative el = €%, 1730
Table 1. Parameters of the aluminium plate permittivity matrix A 1700
Patch width lps 5cm
Patch thickness Lp- 1 mm

Table 2. Parameters of the piezo patches

The optimization is performed using in-house developed software, and we obtained an optimized configuration with
eopt = 0.349. The corresponding displacement field is shown in Figure 3, together with the reference field and the holed
plate, for which the criterion is epo = 0.517.
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Parameter Symbol | Design interval
Resistance of the shunts R, [ 150 ; 6000 ] 2
Capacity of the shunts Ch [-160;-75.2 ] nF
Amplification A, [0;10]
Phase of amplification Tn [0;27]

Table 3. Parameters of optimization

We are generally satisfied with the results, particularly regarding the active region, as the missing portion of the dis-
placement field is well reproduced. However, the displacement field in the incident region remains somewhat disturbed
by the hole. Indeed, the negative capacitances did not converge to the expected values, which should be close to —2C7,
as the reduced stiffness allows for increased dissipation (Tateo et al. (2016)). We propose to retain this optimized config-

uration for the remainder of this work, while exploring alternative optimization strategies to investigate this discrepancy
with the literature.
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Figure 3. Normal displacement of the holed plate (top), reference (middle) and optimum (bottom)
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4. ROBUST DESIGN

Robust design makes it possible to account for and quantify the influence of uncertainties in model input parameters,
whether geometrical, material, environmental, or design-related, on system performance. It therefore provides a decisive
criterion for selecting an optimal configuration by comparing the robustness of different candidate solutions. Robustness
considerations can also be directly integrated into the optimization process.

A robust design methodology is generally structured around three main steps. Since robustness evaluation typically
requires significant computational effort, the process begins with a qualitative or quantitative sensitivity analysis of system
performance with respect to input variables. If certain parameters are shown to have negligible influence, the number of
variables can be reduced, thereby decreasing the computational cost of the subsequent stage. The second step consists
in evaluating the robustness of the selected solution using an uncertainty modeling approach appropriate to the system.
Finally, a robust optimization of the retained configuration is performed in order to improve robustness or reliability, either
by reducing performance sensitivity to input variability or by statistically decreasing the probability of system failure.

4.1 Sensitivity analysis

The sensitivity analysis (SA) to identify influential parameters is performed using the Morris method. Details of
the method can be found in Saltelli et al. (2008). The main idea of the method is to perform multiple finite-difference
evaluations in the parameter space to obtain the so-called elementary effects of each parameter, which approximate the
local partial derivatives. The mean and standard deviation of these elementary effects are then analyzed to identify:
influential linear parameters (high mean, low standard deviation), influential and potentially coupled parameters (high
mean, high standard deviation), and negligible parameters (low mean, low standard deviation).

The sensitivity study is conducted around the previously obtained optimum (Table 4) and considers the geometric
and material parameters of the structure, the optimization parameters, and the operating temperature, which affects the
permittivity of the patches (modeled as a relative perturbation). The additional parameters and their nominal values are
summarized in Table 5.

Parameter Symbol | Nominal value
Resistance (column 1) Ry 750 Q
Capacity (column 1) Ch -98.1 nF
Resistance (column 2) Ro 3680 2
Capacity (column 2) Cs -98.1 nF
Resistance (column 3) R3 4430 )
Capacity (column 3) Cs -160 nF
Amplification (column 1) Aq 5.86
Phase (column 1) m 3.14
Amplification (column 2) Ao 8.44
Phase (column 2) T 3.12
Amplification (column 3) Az 4.53
Phase (column 3) T3 0

Table 4. Value of optimization parameters at optimum

Based on the nominal values of the parameters, we applied a relative perturbation of +5% to define the explored
parameter space. The results of the Morris analysis are shown in Figure 4, which presents the ranking based on the mean
values of the elementary effects.

The Morris analysis highlights the influence of the plate parameters, particularly three of them—thickness, volumetric
mass, and Young’s modulus—which are retained as influential parameters for the subsequent robustness analysis.

4.2 Robustness analysis

In this work, robustness modeling is investigated using the Info-Gap (IG) theory (Ben-Haim (2004)). The IG approach
is a non-probabilistic method that enables the development of solutions resilient to deviations from a nominal reference
model. It is particularly attractive in the early design stages, as it requires limited information about input variability.

Let d denote the vector that fully defines the state of the system, and let u be the subvector of d containing the
influential parameters for which uncertainty is considered. The nominal estimate of these uncertain parameters is denoted
by ug. The amount of uncertainty is modeled using the parameter b € [0, 1], called the horizon of uncertainty, which
defines the uncertain space in which u resides: U (h, ug). In our case, U corresponds to three uniform probability density
functions (PDFs) associated with the three selected influential parameters. Uniform PDFs are chosen because they make
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Parameter Symbol | Nominal value
Density Opl 2700 kg/m?
Young’s modulus
of the plate E 70 GPa
Poisson ratio
of the plate v 0.33
Thickness " 3
of the plate pl mm
Hole width hopt 0.12 m
Patch width lp- 5cm
Patch thickness tp2 1 mm
Relative perturbation
of the permittivity Reps,. 1
of the patch

Table 5. Additionnal parameters of the SA
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Figure 4. Morris ranking of parameters

minimal assumptions regarding probabilistic properties and can be easily translated to geometrical tolerances and relative
variations.

For h = 0, u can only take the nominal values ug (i.e., the bounds of the uniform PDFs collapse to the nominal
values). At maximum uncertainty 2 = 1, u can take any value within the full range of the uniform PDFs.

Our optimization is formulated as a minimization of the criterion e, so the IG framework focuses on the quantity
ew(h), defined as the worst-case performance over the horizon of uncertainty, and is defined as follows:

— d
ew(h) x| e(d, u) (&)

The robustness of the configuration defined by d is then assessed by examining the evolution of e,, with respect to h,
which is referred to as the robustness curve. In our case, the uniform PDF of ¢, is constructed according to the european
norm EN 485-4 concerning cold-rolled aluminum plates, giving ¢,; € [2.85, 3.15] mm. For the two other parameters, we
assume a relative variation of +£3% for E and £1% for p.

The robustness of the optimized configuration is evaluated for values of A € [0;0.05] using 5 increments. The
associated e,, is determined using a pattern-search algorithm. The results are shown in Figure 5, together with the
evolution of the uncertain parameters (compared to their nominal value).
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Figure 5. Robustness curve of optimum configuration and evolution of uncertain parameters

It can be observed that the current optimum is not robust to uncertainties, as e,, quickly rises to a value close to
enole = 0.517, which corresponds to the criterion value for a simple holed plate. Therefore, a new configuration is
required, with a higher nominal e value, that better retains its performance under similar horizons of uncertainty. This
would correspond to a robustness curve with a steeper slope.

We aim to formulate this search as an optimization problem, for which the criterion could be defined through a
proportion 3 such that Se,,(h = 0) = Begp: = e, (h = 1). The idea is to define a performance-loss criterion by relating
the nominal optimized performance to the worst-case performance at maximum uncertainty. This approach defines a set
Dg of design vectors dg satisfying:

Vdg € Dp, | max e(dg,u) < Be(ds, uo) (6)

We then select the best compromise design vector dc € Dg such that, for our original minimization problem:

d. = arg o e(dg, uo) (7

As this optimization can be computationally expensive, we aim to develop this methodology using a metamodel of the
criterion e, particularly since not all values of 3 may admit a feasible solution set Dg.

5. CONCLUSION AND PERSPECTIVES

We have shown that our structure demonstrates cloaking capabilities thanks to our two-region strategy. However, the
optimization reveals some discrepancies with the state of the art regarding the configuration of the absorbing region. We
plan to implement a two-stage optimization process: the first stage for the absorbing region, focusing on the criterion over
the surface S;,,., and a second stage for the active region, focusing on Si,qps-

Using a standard robust design (RD) methodology, we demonstrated the sensitivity of this metamaterial to uncertainties
and formulated a novel RD approach that prioritizes performance retention. Additionally, with the aid of a metamodel, we
aim to adopt a probabilistic perspective on the uncertain quantities, in order to reduce the conservatism of the performance
reduction criterion.
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