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Abstract

This study investigates the application of Bayesian Neural Networks for regression tasks aimed at recovering structural
damage parameters from time-domain wave propagation data. The raw wave propagation data are simulated in a one-
dimensional elastic bar using the Spectral Finite Element Method, considering data collection from a limited number of
sensors. The damage fields are modeled as rectangular profiles, described by three parameters: position, size (or width),
and magnitude. The inverse problem of damage recovery is formulated within a Bayesian framework, where the wave-
field data collected by the sensors serve as inputs, while the outputs consist of probabilistic distributions of the damage
parameters, allowing the quantification of uncertainty in the damage parameters and providing a stochastic characterization
of the damage state. The training data include deterministic values for system properties, while the validation and test
datasets incorporate uncertainties in the elastic bar’s properties, thereby simulating modeling errors during the inference
stage of the inverse model. The main contribution of this work is to demonstrate the effectiveness of Bayesian Neural
Networks as surrogate inverse models for damage characterization, addressing challenges related to model training and
generalization. The results highlight the potential of this approach for reliable damage assessment in Structural Health
Monitoring applications under uncertainty.

Keywords Structural health monitoring - Deep learning - Bayesian neural network - 1D wave propagation - Inverse
problem - Surrogate model

1 Introduction in mechanical properties, such as stiffness. Recently, with

the fast advances of Artificial Intelligence (Al), and more
Structural Health Monitoring (SHM) is an essential pro-  specifically machine learning (ML) and deep learning
cess for maintenance, anomaly detection, and improving  (DL) techniques, automation of SHM has become promi-
the serviceability of structures through the management  nent in the engineering field [1-3]. Neural Network (NN)
and repair of damage, which is often manifested by changes =~ models have contributed to extensive analysis of datasets
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and intricate system behaviors through automated feature
extraction. However, there are still ongoing challenges, such
as the lack of interpretability regarding uncertainties in the
network’s output and robustness to structural changes [4],
both of which are crucial for the decision-making process in
an effective SHM system.

The Bayesian modeling framework can be a valuable
tool for investigating uncertainty in DL models. In this con-
text, a Bayesian Neural Network (BNN) is an NN that takes
into account uncertainty in one or more of its weights by
treating them as random variables rather than deterministic
entities. Therefore, a BNN provides predictive uncertainty
estimates in the form of full output distributions rather than
single-point predictions, enabling the quantification of con-
fidence intervals and uncertainty bounds for inferred dam-
age parameters, thereby enhancing the interpretability and
reliability of the surrogate model’s response and contribut-
ing to the reduction of false positives and false negatives in
practical SHM applications [5—7]. BNNs also learn effec-
tively from small and noisy datasets and are more robust to
overfitting than traditional NNs. This makes them particu-
larly suitable for applications such as SHM, where uncer-
tainty estimates can build a cost-informed decision-making
process process [8]. In this regard, several studies in the lit-
erature have explored using BNNs to support SHM proce-
dures [7—13], with most of them, to the best of the authors’
knowledge, focusing on damage detection, condition clas-
sification or damage evolution (severity). The exception is
the work by [12], which not only detects damage but also
locates it in Carbon Fiber Reinforced Polymer (CFRP) com-
posites using ultrasonic Lamb waves, although not fully
characterizing the damage profile.

The main objective of the present work is to propose the
use of BNNs as a surrogate inverse model to fully charac-
terize damage profiles using measured wave propagation
data. Additionally, this study addresses challenges related
to BNN model training and generalization, particularly
in SHM regression tasks. Unlike classification problems,
where posterior predictive distributions can be accurately
approximated despite imperfect sampling, regression tasks
pose greater difficulty for Markov Chain Monte Carlo
(MCMC) methods to converge when sampling from the
posterior distribution of network parameters, due to the
continuous nature of regression outputs [14]. The measured
data were synthetically generated using Spectral Finite Ele-
ment modeling of one-dimensional wave propagation in
an elastic bar, with data collected from a limited number
of sensors distributed along the bar’s length. The damage
profiles are modeled as rectangular shapes, fully character-
ized by their center position, size (or width), and magnitude.
To assess the robustness of the proposed approach, the sur-
rogate inverse model was also tested with profiles generated
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from a model that includes property uncertainties, as well as
with Gaussian damage profiles (which were not used during
the BNN training procedure).

The remainder of this work is organized as follows: In
the Mathematical Modeling section, the mathematical for-
mulation of the forward and inverse problems is presented.
In the Numerical Experiments: Simulated Guided Wave
Propagation Data section, the datasets used to train, vali-
date, and test the proposed inverse surrogate are described.
The BNN-Based Damage Characterization section presents
and discusses the results for different damage profiles. The
Discussion section analyzes and discusses the advantages
and limitations of the proposed model. Finally, the last sec-
tion draws the conclusions.

2 Mathematical modeling

This section presents the proposed mathematical models for
the forward and inverse problems, which are designed in
conjunction to recover damage profiles from time-domain
wave propagation data collected in a one-dimensional elas-
tic medium.

2.1 Forward model - 1D wave propagation in an
elastic bar

Under the geometric linearity assumption (infinitesimal
extension strains and small rotations), the equations of
motion for a one-dimensional continuous bar in axial exten-
sion can be derived from Hamilton’s principle within the
context of linear elastodynamics:

52 (B@a@ ™) =

where u(x, t) denotes the longitudinal displacement, E(x) is
the Young modulus (local), p is the material density, and
A(x) is the bar cross-section area. For non-dispersive waves,
Eq. (1) describes the wave propagation phenomena of bars
with linear isotropic property and negligible lateral iner-
tia effects [15]. The one-dimensional bar used to generate
samples for training has material and geometric properties
defined in Table 1. The boundary conditions for the problem
in Eq. (1) are: u(x = 0) =0, (EA 0yu)|s—1 = f(t), where
f(#) is a 2-cycle Hanning-windowed tone burst, with central
frequency of 25 kHz

The space-discretized equations of motion are obtained
using the spectral finite element method, as detailed in [16].
Equation (1) is discretized using N, = 120 non-overlapping
spectral elements of order No = 6, where the order is cho-
sen following the rule of thumb from [17], resulting in a

0?u(x,t)

Al) =55 (M
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Table 1 Physical system properties and their associated uncertainties

Parameters Nominal values Considered uncertainties
L 1 [m] 0.1%

4 3.6 x 107" [m?] 1.0%

E 200 x 10° [Pa] 2.0%

p 7556 [kg/m®] 2.0%

Vi 1[N] _

system of ngdl = 720 degrees of freedom. The resulting
system of linear ordinary differential equations (ODEs) is
as follows:

Mii 4 Ku = £(t), )

where u(t) € R” is the displacement vector of the discrete
governing equations, M and K are the global mass and
stiffness matrices of the discretized system, which carry
information regarding inertia and stiffness of the proposed
system, and f is the global force vector. On the element

level, M7;, K7, and f; are computed as follows:

Kj; = /Q ) pAY;; de, (3)
K§; = /Qh EAp; d, 4)
5 = (f .

i = (fvi) I 5)

where Q" is the element domain of integration and v (z)
are the Lagrange Polynomials defined on the internal nodes
of the element; for the SFEM, these nodes are the points of
the Gauss-Lobatto-Legendre quadrature [17], which are the
same used for integration.

The ODEs in Eq. (2) are then integrated with the Com-
posite Explicit Method proposed by [18], with a time step
5t =5 x 107 8s over a time span of T = 2 x 10~ 3s.

The direct problem consists of determining the sys-
tem’s response given a damage field d(z|a). In this
study, damage is modeled as a scalar-valued 1D field
d(x,) : x € [0,L] — [0,1], stationary in time, corre-
sponding to a local reduction in stiffness; damage is param-
eterized by a = (z., d¢, D), as given by Eq. (6):

— <
o) = {0 P il ©

7

where z. is the location of the damage’s center, d¢ is its
width and D represents the local reduction in the Young’s
Modulus of the bar, that is to say F(x) = (1 — d(x))Ep.

This simple model is commonly used in the literature, as
can be seen in [19-25]. The properties of the intact material
are provided in Table 1, along with the uncertainties associ-
ated with each parameter.

The uncertainty values for the properties, also
presented in Table 1, indicate that each parame-
ter can vary from its nominal value by an amount of
nominal value X uncertainty x (1 + ) for each gener-
ated sample of the model. Here, Fj represents the amplitude
of the applied excitation, while v ~ A/(0,1) represents a
sample from an univariate Gaussian distribution with mean
= 0 and standard deviation ¢ = 1. In other words L, 4, E
and p are random variables such that L ~ N (L,0.1%L),
A~ NT(A1.0%A), E ~ Nt (E,2.0%E) and
p~N*t(p2.0%p); where N*(u,0) is shorthand for
Li0,4+00] X N (1, 0), with Ijg 1 being the unitary support
over the real positive line.

2.2 Inverse model - Bayesian neural network

The procedure used in this work to recover damage pro-
files from time-domain wave propagation data is based on
a BNN [5, 6]. As BNNs are stochastic artificial networks
trained with Bayesian inference, they naturally allow for
quantifying uncertainties associated to deep neural network
predictions. The basic characteristics of BNNs are briefly
presented next.

Let us assume a set of data D is associated to a set of
network parameters @ = (W, b), where W and b are the
weights and biases. In a Bayesian framework variables
and parameters are modeled as random variables whose
characteristics are described by means of PDFs (probabil-
ity density functions). In this sense, as data D and model
parameters are modeled as random variables, one may relate
them by the Bayes rule as shown next:

p(DI6) po(6)

p(8|D) = o (D)

()

where p (6|D) is the posterior PDF of model parameters
given a set of data D; p (D| ) is the likelihood function,
which quantifies how well the model explains the observed
data D given specific set of model parameters 8; and the
denominator p (D) is the evidence or marginal likelihood,
acting as a normalizing constant. As for po(8), it is the prior
distribution, encoding assumptions about model parameters
before observing the data D. Briefly speaking, Eq. 7 pro-
vides the full stochastic model to infer about model param-
eters 0 given data D. In practice, instead of modeling all the
layers as stochastic, one usually chooses only a few layers
as stochastic, usually placed at the end of the networks. As
for the BNN design used in this work, it is described next.

@ Springer
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The first step in the process is to define the BNN archi-
tecture, depicted in Fig. 1. The dropout rate (fixed at 5%)
and the activation functions — Rectified Linear Unit (ReLU)
for all hidden standard layers (dense and convolutional) and
no activation for the Bayesian layer — were predetermined
and held constant during hyperparameter tuning. Hyper-
parameter optimization was performed via grid search,
which involved fine-tuning several hyperparameters of
the deterministic layers, such as layer types, the number
of layers, and the number of units or filters in each layer.
Regarding the Bayesian layers, it is important to note that
they are prone to overparameterization due to the added
complexity of modeling distributions over weights. In par-
ticular, experiments with architectures containing multiple
Bayesian layers demonstrated that propagating uncertainty
through successive probabilistic layers creates a cascading
effect, which substantially increases the complexity of the
loss landscape [14, 26, 27]. This added complexity makes
optimization significantly more challenging, often render-
ing the loss function excessively difficult to be minimized.
Consequently, the grid search was constrained to architec-
tures with a single Bayesian layer, positioned as the final
hidden layer (refer to Fig. 1) and limited to a maximum of
16 units. This configuration was selected to reduce model
complexity and improve training stability while still captur-
ing the probabilistic nature of the problem. Moreover, even
with this constrained design, the Bayesian layer contributes
to improved generalization by enabling the model to quan-
tify uncertainty in its predictions, a particularly valuable

P

/
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property in settings with limited or noisy data [28]. The net-
work architecture presented in Fig. 1 employs the DenseRe-
parameterization layer as the layer immediately preceding
the outputs, from TensorFlow Probability'. During training,
this layer samples weights using the reparameterization
strategy, which expresses each trainable parameter sample
as 0; = u; + o;.€, where e ~ N(0,1). This formulation
allows stochastic sampling to be expressed as a differen-
tiable operation, enabling efficient gradient-based optimi-
zation while propagating uncertainty through the model. In
other words, this layer incorporates trainable parameters p;
and o; for both weights and biases, while also allowing for
the specification of a prior distribution pg (6;) ~ N (0, 1),
while the posterior is modeled using a mean-field normal
distribution. The divergence function, used for regulariza-
tion during training, is defined with the Kullback-Leibler
(KL) divergence, which measures the difference between
the prior and the posterior distributions [29]:

vy [

(P(®|D)||po(®)) = —

eu | D
HOUID

po @(J))

where ®9) are random draws from the posterior.

The final output of the network is generated through
the IndependentNormal layer. This layer models the out-
put distribution, where the event shape corresponds to the
number of independent normal variables. The distribution

Flatten

I\ N (zes | mo(us), 0T)
[\ N, | mo(y).0%1)

oy . 1
(N¢/4,64) Pf%’g,‘;;};“‘c N(D; | mo(u;), 0*T)
(6) Outputs

Average Poolmg

1D

(Nowpue/2.64) |

Fig. 1 Proposed architecture of the BNN. Here, N denotes the number of sensors used to measure the time-domain response, while N; represents

the number of time points, given the duration of the measurement
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is then sampled, converting it into a tensor for downstream
processing.

Regarding the loss function £(6), the Negative Log-
Likelihood [30] is used in conjunction with the KL diver-
gence as a regularization term [5]:

£(6) == logp(ai | w,8) + KL (p(® | D) | po(®)), ©)
=1

where, in the context of the approached problem, «; are
samples of the damage profile parameters (or the outputs of
the model), u; denotes the samples of observed time-domain
displacement data collected from the sensors (or the inputs
of the model) and p(e; | u;, 0) is the likelihood of the dam-
age profile parameters o; given an input sample u; and the
model parameters 6. In this work, the likelihood is assumed
to follow a Gaussian distribution with fixed variance, which
corresponds to the common assumption of Gaussian obser-
vation noise. Accordingly, the likelihood can be expressed
analytically as:

plei | wi,0) = N(a | mo(u;), o?1), (10)
where mg(u;) denotes the model prediction (i.e., the mean
of the Gaussian), and o2 is the assumed covariance, repre-
senting homoscedastic Gaussian noise.

As for the optimization algorithm used during the back-
propagation procedure of the proposed model, two were
considered: Adaptive Moment Estimation (ADAM) and
Stochastic Gradient Descent (SGD). Experiments were
conducted with both algorithms, and their performance in
minimizing the cost function will be discussed in the BNN-
Based Damage Characterization section. For both optimiz-
ers, the following standard hyperparameter values were
used: for ADAM, the exponential decay rate for the first
moment estimates was set to 51 = 0.9, and for the second
moment estimates to 5 = 0.999; for SGD, the momentum
was set to 0.0 (i.e., no momentum). For ADAM, a fixed
learning rate of 0.005 was used. In contrast, for SGD the
learning rate followed an exponential decay schedule, start-
ing at 0.01 with a decay rate of 0.96 every 10,000 steps (i.c.,
minibatch updates), which, given the dataset size, corre-
sponds to approximately one decay every 10 epochs. The
learning rate decay strategy was not applied to ADAM, as
its internal adaptive mechanism already adjusts the learning
rate during training, making external scheduling redundant.
In contrast, the decay schedule was beneficial for SGD,
which lacks such adaptivity and therefore can benefit from
a gradual reduction in the learning rate to improve conver-
gence stability.

Note that, when using a BNN for prediction, the output
is typically obtained using a Markov Chain Monte Carlo

(MCMC) approach. In this method, a large set of param-
eters 6; is sampled from the posterior distribution and used
to compute a series of possible outputs «;. These outputs
correspond to samples from the marginal distribution
p(a|u, 8), where u corresponds to the current measurement
of the system [5].

In the context of the proposed problem, given a set of
system responses u, a sufficient number of samples are
drawn to estimate the underlying distribution of the param-
eters o, which describe the damage field (see the Forward
Model - 1D Wave Propagation in an Elastic Bar section).
The measured responses, obtained from N, sensors uni-
formly spaced along the length of the bar. Furthermore, dur-
ing the inference sampling procedure, samples that violate
the physical domain of the problem are discarded. Specifi-
cally, for a damage sample o = (z., d¢, D) to be consid-
ered valid, the support of the damage field must lie entirely
within the spatial domain x € [0, L]. This imposes the fol-
lowing constraint:

dl dl
mcfizo and chr?gL. (11)

Samples that do not satisfy this condition are discarded from
the posterior estimate.

3 Numerical experiments: simulated guided
wave propagation data

Synthetic data were generated using the forward model
described in the Forward Model - 1D Wave Propagation
in an Elastic Bar section, with both the excitation signal
and the damage profile provided as inputs. The resulting
displacement field was recorded by eight sensors uniformly
distributed along the length of the bar, spanning from x =
0.1m to x = 1.0m, on the free end where the guided wave
is applied, as illustrated in Fig. 2. Measurements were col-
lected over a 2 ms time window, with a sampling frequency
of fs = 400kHz.

In the simulations, sensor readings incorporate a signal-
to-noise ratio (SNR) of 20 dB. As detailed in /nverse Model
- Bayesian Neural Network section, these time-domain sen-
sor measurements capture the system response and serve as
inputs to the inverse model, illustrated in Fig. 1. Therefore,
the inputs and outputs of the BNN have shapes of (N, V¢,
Ny) and (N, N,), respectively, respectively, where N, N,
Ny, N, represent the number of samples, time points, sen-
sors, and damage parameters.

Narrowband signals are recognized as the preferred
method for exciting guided wave signals in non-destructive
testing applications [31, 32]. Thus, for this study, a 2-cycle

@ Springer



704 Page 6 of 20

J Braz. Soc. Mech. Sci. Eng. (2026) 48:704

Fig. 2 Schematic representation of the

. ¢ : Sensors: 1 2
simulated experiment, showing the j

distribution of the eight sensors along
the bar

x=0 Ex=0.1m

x=1m
—
cesn [.]
o o
Fig. 3 Two-cycle Hanning-windowed 0.025
pulse. a Time domain signal F(¢). b
Absolute value of the Fourier transform
of the signal F(?) 0.02¢
Z 0.015
th
= 0.01¢
0.005
1 . . . . 0 : ] ]
0 0.02 0.04 0.06 0.08 0.1 0 12.5 25 375 50
t [ms] f [kHz]

(a) Time domain

Table 2 Dataset division for training and evaluating the BNN model

Dataset Damage profile  Properties Number
uncertainties? of samples

Training Rectangular No 20000

Validation/test Rectangular Yes 5000

Test Gaussian No 1000

Hanning-windowed tone burst with a central frequency
fe =25 kHz is employed as the excitation signal. The
waveform is defined by

o fut
mfe )) sin(2rft), 0<t<2f, n=2.
n

£(H) =05 (1 ~cos ( (12)

This excitation lasts for 0.1 ms and is sampled at a rate of
4 MHz to generate the signal. The resulting time-domain
waveform and its frequency spectrum are shown in Fig. 3.

This excitation signal, depicted in Fig. 3, is used as input
to the forward model to solve the direct problem for three
distinct scenarios. Each scenario corresponds to a different
dataset configuration, summarized in Table 2.

As can be seen in Table 2, a total of 26,000 synthetic
samples were generated through computational simulations.
For training, 20,000 samples were created using rectangular
damage profiles. Each profile is randomly generated with
uniform sampling and fully defined by three parameters:
position (center), size (width), and magnitude, representing
the percentage reduction in bar stiffness within the damaged

@ Springer

(b) Frequency Domain

region. An additional 5,000 samples with rectangular pro-
files are used for validation and testing, incorporating
uncertainties in the bar properties (see Table 1). This asym-
metric splitting of the training, validation, and test datas-
ets was adopted to assess the robustness of the proposed
inverse surrogate when trained under idealized reference
conditions and subsequently evaluated on data affected by
realistic uncertainties in the physical properties. In a related
but more challenging setting, training with data that include
physical uncertainties was adopted for damage assessment
in plate-like structures [33], where it contributed to improv-
ing the DL-based model’s performance. Furthermore, 1,000
Gaussian-shaped damage profiles are generated for testing
only. These profiles are parameterized as

d(z, ) = D exp (—(”3_””)2> : (13)

202

where o = d;/6 and sampled in the same way as the rectan-
gular ones, enabling evaluation of the model’s generaliza-
tion capability to damage shapes not seen during training.
Figure 4 illustrates the considered damage profiles, and the
parameter ranges are summarized in Table 3. The range of
the position parameter x. is chosen to ensure that all dam-
age profiles lie within the structure. The upper bounds for
width and intensity are arbitrary, as larger values would only
make identification easier, while the lower bounds for dy
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Fig. 4 Graphical representation of ! i
parameterized damage profiles: a rectan- i i
gular and b Gaussian iX iXc

5 ! 5

e D ke D

IS} i kS|

d 7 of,
0 1 0 1
X [m] X [m]

(a) Rectangular Damage

Table 3 Damage profiles parameters and their limits

Parameter Notation Minimum Maximum
Position [m] e 0.01 0.99

Size [m] dy 0.05 0.15
Magnitude D 0.1 0.5

and D correspond to the smallest values that remain distin-
guishable from noise given the 20, dB signal-to-noise ratio.

The dataset size was empirically chosen to ensure con-
vergence and generalization of the inverse model. Although
generating such a dataset experimentally may be impractical
due to time and resource limitations, it is feasible in simula-
tion-based workflows, where large datasets can be generated
offline. In real-world applications, this approach supports a
trade-off: by leveraging simulated data, it becomes possible
to reduce the number of physical sensors while still enabling
damage characterization through data-driven models.

Furthermore, additional care is taken to ensure that the
damage does not exceed the physical spatial domain. Spe-
cifically, the extent of the damage, considering both its posi-
tion and size, is constrained to stay within the bar’s length.
For instance, if a damage profile is located at 0.01 m on the
bar and has a size of 0.1 m, it will not extend beyond the
left end of the bar (at z = 0 m). In such cases, the portion of
the damage that exceeds the physical domain is disregarded,
and a parameterization correction is applied to adjust its
position and size accordingly.

4 BNN-based damage characterization

In this section, the results are presented and discussed
regarding the performance of the proposed BNN model
in recovering damage field profiles, along with challenges
associated with its training. First, note that the only prepro-
cessing step applied to the raw data was normalizing both

(b) Gaussian Damage

the input and output data to the range [0, 1] via min—max
scaling.

Training a BNN is a non-trivial task. Compared to tra-
ditional NNs, BNNs are more prone to convergence issues
due to their highly non-convex, multimodal posterior distri-
bution [5]. This makes the optimization process sensitive to
initialization and stochasticity during training. To mitigate
these issues, multiple training runs with different random
seeds should be performed, followed by careful seed selec-
tion to ensure reproducibility and generalization.

To illustrate this, 100 training experiments were con-
ducted using both the Adam and Mini-batch SGD optimiz-
ers. Each run employed a different random seed to control
the data splits, dropout masks, and weight/bias initializa-
tions. All models were trained for 100 epochs with a batch
size of 32. For weights and biases in the standard layers,
He initialization (also known as Kaiming initialization)
was applied, which is designed for activation functions like
ReLU. It samples weights from a normal distribution with
variance inversely proportional to the number of input neu-
rons n;, [34]:

WNNOL2) (14)

Nin

This approach compensates for the variance reduction
introduced by the ReLU function, helping to maintain a
consistent signal magnitude across layers, which aids both
gradient flow and convergence.

For Bayesian layers such as the ReparameterizedDense
used in this work, which do not use an activation function,
Xavier (Glorot) initialization was applied to the mean of the
weight distributions. Specifically, weights were sampled
from a uniform distribution with support limits proportional
to the inverse square root of the sum of the number of input
nin and output neurons ngyg [35]:
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W~u(—\/ 6 \/ 6 ) (15)
Nin + Nout Nin + Nout

This initialization is better suited for linear layers as it main-
tains stable activation variances. The uncertainty-related
parameters (e.g., variances or log-variances) were initial-
ized with small values to reflect prior assumptions and pro-
mote stable convergence.

Figure 5 presents the training curves averaged over the
100 runs for each optimizer configuration, with shaded
regions representing the 95% confidence intervals.

In 91% of the experiments, the Adam optimizer failed to
reach a satisfactory minimum, with the mean relative error
(MRE) across the predicted damage parameters in the vali-
dation dataset ranging from approximately 78% to 164%.
These runs are referred to as “bad seeds” due to their poor
convergence behavior (see Fig. 5a). In contrast, Fig. 5b illus-
trates a subset of runs that successfully converged, with the
MRE dropping to values between 5% and 14%, demon-
strating that Adam can perform well under favorable initial-
izations. Meanwhile, the SGD optimizer (Fig. 5¢) showed
consistent convergence across all runs, with final loss values
stabilizing around —3 and MRE ranging from approximately
13% to 22%. Although convergence was slower compared
to the best Adam runs, SGD proved to be significantly more
robust to initialization. [36] explain this behavior, stating
that SGD has more generalization power than Adam in DL.
Specifically, (1) the opportunity to escape a minimum for

Fig. 5 Training curves for the BNN

both SGD and Adam depends positively on the “size” of
the basin (the region around the minimum) and negatively
on the gradient noise; (2) for the same basin, SGD tends to
escape faster than Adam. This is mainly because: (a) Adam
adapts the gradient using a scaling factor, which makes the
basin “larger” and smoother, whereas (b) Adam’s averaging
technique results in lighter gradient noise compared to SGD.
Therefore, SGD is more unstable in sharp minima (defined
as minima with small “size” of their basins), but can escape
to flatter minima (which often generalize better) more eas-
ily. Furthermore, additional training runs were performed
with Adam using reduced sensor configurations, namely 4
sensors (sensors 1, 3, 5, and 7; see Fig. 2) and 1 sensor (sen-
sor 8; see Fig. 2). For the 4-sensor configuration, the model
converged in 73% of the runs, whereas for the single-sensor
configuration it converged in 100% of the runs, representing
an improvement in convergence. However, this increased
stability comes at the cost of degraded final predictive per-
formance, as well as reduced generalization to other field
shapes, such as Gaussian profiles.

A summary of the average and standard deviation of the
MRE, as well as absolute error metrics (MAE and RMSE),
for the predicted damage parameters under different training
regimes is provided in Table 4. Absolute errors are reported
in physical units, computed from de-normalized predictions
and respecting the admissible parameter bounds. MAE is
reported together with the standard deviation of absolute
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Table 4 Relative (MRE) and absolute (MAE and RMSE) error metrics of the predicted damage parameters for different training regimes, reported

in physical units after de-normalization

Optimizer/metric Parameter
Position (z.) Width (dy) Magnitude (D)
MRE [%]
Adam with bad seeds 199.84 + 42.99 132.58 = 14.42 124.09 +3.79
Adam with good seeds 5.52+2.26 11.22 +11.40 3.73+3.37
SGD 10.51 +3.55 28.43 +4.02 19.66 +4.45
MAE
Adam with bad seeds 0.456 + 0.212 [m] 0.085 £ 0.066 [m] 0.244 +0.012 [-]
Adam with good seeds 0.007 + 0.015 [m] 0.010 + 0.009 [m] 0.010 +0.009 [-]
SGD 0.093 +0.022 [m] 0.038 £ 0.004 [m] 0.034+0.017 [-]
RMSE
Adam with bad seeds 0.625 [m] 0.088 [m] 0.344 [-]
Adam with good seeds 0.017 [m] 0.014 [m] 0.013 [-]
SGD 0.212 [m] 0.074 [m] 0.117 [-]
Fig. 6 Best training runs of the > Adam Optimizer - Best Run
BNN using Adam and SGD opti- =~ 4
mizers. Blue lines represent train- d )
ing loss, and red lines represent 5 0
validation loss et
o -2
o 4
Wi
' 0 20 40 60 80 100
Epochs
) SGD Optimizer - Best Run
s 1
=
3 /\A |
* 2
2 AN Al My p
o 3 )
NG LR AV AVA LU Y WAV
' 0 20 40 60 80 100

errors, while RMSE highlights the impact of larger devia-
tions on the validation/test dataset.

With poor initialization, the Adam optimizer effectively
loses damage localization capability, yielding position errors
approaching half of the structural span and absolute errors
close to the admissible parameter bounds. When properly
initialized, Adam achieves the most accurate predictions
for the damage location x., with absolute errors remaining
small relative to the admissible spatial range. The damage
magnitude D is estimated with moderate accuracy, exhib-
iting larger normalized errors than the location parameter
but remaining well below the admissible bounds. In con-
trast, the damage width d, represents the most challenging
parameter, as indicated by its comparatively high MAE and
RMSE relative to its narrow admissible range, revealing
occasional deviations approaching the parameter limits.

Overall, a well-initialized Adam optimizer outperforms
SGD in terms of training and validation accuracy, as shown

Epochs

in Fig. 6, making it the preferred choice for the final model.
Nevertheless, when multiple training runs to identify favor-
able random seeds are computationally prohibitive, SGD
represents a viable alternative due to its more stable behav-
ior across different initializations. Furthermore, although
the mean absolute error for the damage width d, remains
moderate in absolute terms, its magnitude becomes signifi-
cant when compared to the narrow admissible range of this
parameter. The elevated RMSE further indicates occasional
larger deviations approaching the admissible bound, high-
lighting the increased sensitivity of width estimation under
more challenging scenarios.

The selected BNN model, whose architecture is depicted
in Fig. 1, was trained for 100 epochs using the Adam opti-
mizer, with a carefully chosen random seed that yielded
stable convergence and robust generalization (see the first
plot in Fig. 6). To quantify the impact of the Bayesian layer,
a matched deterministic network was trained under identical
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conditions, differing only by the use of an MSE loss instead
of the negative log-likelihood. The BNN achieves system-
atic accuracy gains, reducing the position error by approxi-
mately 2.1x in MAE and 1.7x in RMSE, the width error
by about 1.3x, and the magnitude error by about 1.4x
relative to the deterministic model. These improvements
are most pronounced in ill-conditioned regimes with weak
and narrow defects at 20dB SNR, where the inverse prob-
lem is highly ambiguous: the deterministic network tends
to regress toward a biased mean, whereas the Bayesian
model remains more robust by marginalizing over multiple
plausible damage configurations [37]. The only practical
advantage of the deterministic network is its faster and more
stable convergence during training.

For the trained BNN model inference, 1000 samples
were drawn from the model’s output for each test/validation
sample. These samples correspond to measurements from a
bar with rectangular damage profiles considering properties
uncertainties (see Tables 1 and 3). In other words, for each
input data, 1000 samples were drawn from the estimated
distributions of the damage parameters in order to analyze

the stochastic nature of the output. The impact of enforc-
ing the physical constraint imposed by Eq. 11 was assessed
through 1000 independent inference trials with 1000 poste-
rior samples each in near-boundary regimes (z. < 0.15 and
x. > 0.85), revealing a low average rejection rate (= 4%).
Although truncation slightly clips the posterior tails and
marginally shifts the posterior mean near the boundaries,
this effect was found to be negligible and does not intro-
duce any practically relevant bias in the inferred statistics.
Despite the relatively large number of forward passes, the
inference process remains computationally efficient, as the
sampling is performed over the predictive distribution (i.e.,
model outputs) rather than over the parameter space, as in
traditional MCMC methods. To better illustrate the predic-
tions, Fig. 7 shows some examples of the predicted distribu-
tions of the parameters alongside their true values.

As shown in the examples of Fig. 7, the predicted dis-
tributions for the position parameter closely align with the
target, with the mean of the Gaussian distribution being very
close to the true value in all cases. Furthermore, it is evi-
dent that the magnitude parameter has a higher error in the

Fig. 7 Four examples of the 100 100
damage parameters estimation Position Position
using the BNN approach for four . .
different test cases: (a)-(d). The 80 Size 80 Size
vertical dashed lines represent the Magnitude Magnitude
true values of the damage param- 2 60 ) 60
eters, while the bins represent the ‘» )
distributions of the output of the GCJ GC_,
BNN regarding each parameter. Q 40 Q 40
Note: Number of samples is equal
to 1000 20 20
0 N Y © ke Q0 0 N P o) ) N
Q- g.’L Q- Q- Q- A Q- 0‘1 Q- Q- Q- A
Value Value
(a) (b)
100 100
Position Position
80 Size 80 Size
Magnitude Magnitude
2 60 2 60
0n )
C [
8 40 2 40
20 20
0 Q Y © ke Q 0 N Y o k) N
Q- ot o Q- Q- A Q- ot o Q- Q- A
Value Value
() (d)
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prediction (see Fig. 7d, for instance). Interestingly, the size
parameter, although often affected by higher relative errors,
tends to vary within a small absolute range, which mitigates
its impact on the physical characterization of the damage.
Importantly, the model’s ability to recover meaningful
parameter distributions, even under test conditions that dif-
fer from the training data, indicates robust generalization
capabilities. In particular, the reliable inference of position,
combined with credible estimates of size and magnitude
despite the increased variability, highlights the strength of
the Bayesian approach in capturing uncertainty and adapting
to new conditions. To further visualize how these parameter
uncertainties affect the recovered spatial profile of the dam-
age, Fig. 8 presents examples of the reconstructed damage
fields derived from the posterior predictions of the BNN.
To further evaluate the generalization capability of the
proposed BNN-based inverse model, Fig. 9 presents exam-
ples of damage profile reconstructions for a test set featuring
a different class of damage shapes from those seen during
training. The corresponding relative and absolute error

metrics for this Gaussian test set are reported in Table 5,
reported in physical units after de-normalization. Specifi-
cally, while the training dataset was generated using rectan-
gular damage profiles, the test samples in this case exhibit
Gaussian-shaped damage. This setting aims to emulate real-
world conditions, where the actual damage in a structure
may not conform to idealized shapes.

From Fig. 9, it is evident that the model can effectively
estimate Gaussian profiles. However, it is important to
highlight the model’s difficulty in estimating certain cases,
which is more apparent when recovering Gaussian profiles.
This tendency is also reflected in the error metrics summa-
rized in Table 5. In Fig. 9b, three cases stand out in which
the model struggles to recover the damage. The first (on the
far left) shows a low-magnitude damage, while the second
(in the middle) and the third (on the far right) correspond
to damages close to the edge of the bar (z = 1m). The first
case is indeed near the lower limit of the intensity parameter
range, where the scattered response is weak. On the other
hand, the second and third cases are affected by multiple

Fig. 8 Examples of damage profiles 1.0 1.0
estimated with the BNN approach 1 Predicted 1 Predicted
for representative test cases. In
each panel, (a)—(d), three dam- 08 : True 08 I:I True
age scenarios are considered. The
black continuous line represents 0.6 0.6
the true damage profile, while the : :
red continuous line is the mean o) o)
of the predicted damage profile, 0.4 0.4
accompanied by a 95% confidence
envelope 0.2 0.2
0.0 ’ 0.0
0% ot ok o© o? 4° 00 ol o o° of O
x [m] x [m]
(a) (b)
1.0 1.0
1 Predicted 1 Predicted
0.8 1 True 0.8 3 True
—0.6 —0.6
0.4 o4
0.2 0.2
0.0 0.0 ﬁ
09 07« g,b‘ 0.6 g.‘b \‘Q 0.0 07/ g.b‘ g?’ g.% X.Q
x [m] X [m]
(c) (d)
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Fig. 9 Examples of Gaussian 1.0 1.0
damage profiles estimated with [ Predicted 1 Predicted
the BNN approach, trained with
rectangular damage profile, for the 0.8 — True 0.8 — True
a best and b worst scenarios. The
black continuous line represents __0.6 __0.6
the true damage profile, while the 2 i
red continuous line is the mean o) o)
of the predicted damage profile, 0.4 0.4
accompanied by a 95% confidence | e |0 Mo 0| T
envelope. The red dashed line links 0.2 0.2
the predicted damage to the true ’ I -4~
profile, with darker lines indicating ‘[ ]\ \
larger discrepancies 0.0 0.0 /
0% ot ok o° o® 4° 0% oF ok 0% o® 4°
X [m] x [m]
(a) (b)
Table 5 Relative (MRE) and absolute (MAE and RMSE) error metrics for Gaussian-shaped damage profiles not seen during training (Adam with
good seeds)
Metric Parameter
Position (zc) Width (dy) Magnitude (D)
MRE [%] 6.33+4.59 31.34 +£29.07 20.95+21.95
MAE 0.008 + 0.016 [m] 0.031 +0.025 [m] 0.051 +0.039 [-]
RMSE 0.022 [m] 0.040 [m] 0.064 [-]
Fig. 10 Reliability diagrams of the 1.0 1.0
BNN for the three damage param- —— Position —— Position
eters (position, size, and magni- g Size g Size
tude). The dashed line denotes © 0.8] Magnitude © 0.8 . Magnitude
perfect calibration, where empirical @ | ----- Ideal calibration v | - Ideal calibration
coverage equals the nominal cred- 8 0.6 S 0.6 Z
ible level. a rectangular damage o o
fields with uncertain bar properties. g o
b Gaussian damage fields v0.4 v0.4
— —
= =
£0.2 £0.2
L L
0.0¢ 0.0¢
Q Q Q
o 22 ¥ 1P 4O o o2 o 1 4O
Nominal credible level Nominal credible level
(a) (b)
reflection; to th tem’ ndary effect, a 1l a N
tﬁ ec ols.due o the systel sbou.d y effect, as well as i21{aie[o§;(c),d;r(c)]}, (16)
e proximity to the excitation location. N 4 -
1=

In order to evaluate the probabilistic calibration of the
BNN, i.c., whether the posterior uncertainty produced by
the model correctly reflects the true prediction errors, reli-
ability diagrams are shown in Fig. 10. For a set of nomi-
nal credible levels ¢ € (0, 1), posterior credible intervals
[@™ (c), & (c)] for each damage parameter are constructed
from the (1 — ¢)/2 and 1 — (1 — ¢)/2 quantiles of the pos-
terior distribution. The empirical coverage at level c is then
defined as

@ Springer

i.e., the fraction of test cases for which the true parameter o
lies inside the corresponding credible interval. A perfectly
calibrated model therefore satisfies empirical coverage
(¢) = ¢, corresponding to the diagonal reference line in the
diagram [38, 39].

The reliability curves in Fig. 10 show a clear and
physically consistent hierarchy among the three damage
parameters. For rectangular damage fields with uncertain
bar properties, both the damage position and the damage
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magnitude lie very close to the ideal calibration line, indicat-
ing that the BNN produces well-calibrated posterior uncer-
tainties for these two parameters. In contrast, the damage
size exhibits a systematic under-coverage, with empirical
coverages lying below the ideal line, revealing an overcon-
fident posterior. This behavior is consistent with the fact
that the size is the least identifiable parameter and therefore
the most difficult to infer reliably. From a physical stand-
point, the damage width parameter d, affects the structural
response in a more diffuse and spatially distributed manner
than the position x. or the magnitude D. While the posi-
tion primarily controls where the perturbation in stiffness
is localized and the magnitude governs the intensity of the
stiffness reduction, the width mainly alters how this reduc-
tion is spatially spread. Consequently, different combina-
tions of dy and D may produce similar dynamic responses,
leading to partial parameter correlation and reduced identifi-
ability. Moreover, localized damage signatures are typically
more strongly reflected in modal features than the precise
spatial extent of the damaged region, especially under lim-
ited sensor and modal resolution. Moreover, localized dam-
age signatures are typically more strongly reflected in the
wave response than the precise spatial extent of the dam-
aged region, especially when the measurements are obtained
from a limited number of spatially distributed sensors. As a
result, variations in d;; tend to produce subtler changes in
the measured wavefield, making this parameter intrinsically
harder to identify reliably.

When the model is evaluated on Gaussian-shaped
damage fields, a stronger distributional shift is observed.
Remarkably, the posterior for the damage position remains

well calibrated, demonstrating that the spatial localization
of damage is robust to the change in damage morphology.
The magnitude shows a noticeable degradation in calibra-
tion, while the size suffers the largest deterioration, becom-
ing strongly overconfident across all credible levels. These
results indicate that while the BNN has learned a robust
and transferable uncertainty model for the damage position,
the uncertainty associated with shape-dependent param-
eters—particularly the size—is far more sensitive to model
mismatch and suffers significantly under out-of-distribution
conditions. Furthermore, a global sensitivity performed
using the first order Sobol indices over the parameter range
from Table 3 shows that, based on their indices distribu-
tion, the parameters can be sorted in the following order of
decreasing sensitivity overall: z., D and d, — the top and
lower 40% percentiles for these parameters can be seen to
satisfy this sorting. This is compatible with the results from
the Reliability diagrams (Fig. 10) and Table 4.

To better illustrate how different damage profiles affect
the structural response captured by the sensors—and, conse-
quently, the complexity of the inverse problem—Figs. 11, 12,
13, 14, 15 show the displacement fields recorded by the eight
sensors for five representative scenarios: a healthy struc-
ture, and both rectangular and Gaussian damage profiles
with identical parameters, at two different damage magni-
tudes (high and low). These examples help contextualize the
degree of similarity or overlap in sensor responses caused
by distinct damage profiles, or the absence of damage,
which can significantly contribute to prediction uncertainty.

From a mechanical perspective, variations in the position,
size, and magnitude of the damage field directly affect the

Fig. 11 Sensor readings for a lel Sensor 1 lel Sensor 5
healthy bar system —
g5 5
EX 0-
=37 ‘ | =51 . '
lel Sensor 2 lel Sensor 6
51 51
3.0 01
=51 , ! —51 | |
lel Sensor 3 lel Sensor 7
5 51
3.0 0
=97 | | | =51 |
lel Sensor 4 lel Sensor 8
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t [ms] t [ms]
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Fig. 12 Sensor readings and
model prediction for a rectangular
damage profile with high magni-
tude (a favorable case for model
prediction)

Fig. 13 Sensor readings and
model prediction for a Gaussian
damage profile with high magni-
tude (a favorable case for model
prediction)
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Fig. 14 Sensor readings and model lel Sensor 1 lel Sensor 5
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local stiffness and mass distribution of the structure, thereby
modifying wave propagation characteristics such as reflec-
tion and scattering captured by the sensors; these systematic
changes in the measured signals are precisely what enable
SHM, as they encode information that allows the character-
ization of the damage field. In particular, sensor signals from
damaged structures can exhibit notably different patterns
depending on whether the damage follows a rectangular or
Gaussian profile, even when the parameters are identical.
For example, signals associated with the rectangular profile
often display more erratic temporal behavior, especially at
higher damage magnitudes. These discrepancies in signal
behavior across different damage shapes, despite identical
parameter values, introduce additional uncertainty into the
inverse inference process, potentially accounting for the
higher prediction variances observed in some cases. This
phenomenon underscores both the inherent complexity of
structural damage characterization and the ability of the
BNN to generalize across varying damage profile scenarios.

To the best of the authors’ knowledge, in practical acous-
tic inspections, the most critical parameter to estimate
accurately is the damage position. This type of inspection
is understood here as a form of non-destructive evaluation
(NDE) in which guided waves propagate through the struc-
ture to detect and characterize damage. The location of the
damage is crucial because it directly informs where tech-
nicians should focus subsequent inspection or maintenance
efforts. Although size and magnitude can provide insight
into the severity of the damage, in large structures, failing to
accurately estimate the location of the damage can make the
technician’s work far less effective, with the risk of failing
to detect any damage. Therefore, to assess the effectiveness
of the proposed model in supporting the SHM procedure
for the analyzed system, a detailed evaluation of the posi-
tion inference was conducted based on the test data, for both
rectangular and Gaussian damage profiles (Figs. 16 and 17).
In addition to global error metrics, joint residual analyses
were performed to investigate potential performance degra-
dation across different regions of the parameter space.

For rectangular damage profiles with uncertainty in the
bar properties, the residual analysis in Fig. 16 shows that
the damage position is, on average, estimated with high
accuracy, with most residuals concentrated near zero. In
quantitative terms, poorly predicted samples related to the
position parameter—defined here as cases in which the abso-
lute discrepancy between the predicted posterior mean and
the true position exceeds 5 cm—account for only 0.8% of
the total test set. However, the joint and conditional resid-
ual plots indicate that the localization error is not uniform
across the parameter space. Larger position errors tend to
occur for narrow damages (small d¢) and for low-magnitude
defects (D), reflecting the fact that such damage profiles

@ Springer

generate weaker and more spatially compact scattering pat-
terns, which are inherently harder to detect and localize.
This behavior is visible in Fig. 16¢c, d, where the spread of
the position residual increases as both the damage size and
magnitude decrease, with a particularly strong dependence
on the magnitude parameter. Conversely, for wider and
higher-magnitude damages, the residuals collapse tightly
around zero, apart from a small number of outliers, indicat-
ing a well-conditioned localization regime in these regions
of the parameter space.

For Gaussian damage profiles, the residual analysis in
Fig. 17 indicates that the model is still able to localize dam-
age positions with good overall accuracy, as the position
residuals remain largely concentrated around zero across
most of the parameter space. However, the joint residual
distributions in Fig. 17a reveal a systematic distortion in the
coupled inference of the damage parameters: while the posi-
tion residuals remain centered, the magnitude residual axis
exhibits a noticeable shift, and the contour levels associated
with the size residuals are also displaced toward negative
values. This indicates a tendency of the model to under-
estimate both the damage magnitude and its spatial extent
for Gaussian profiles, even when the position is correctly
recovered. In line with the behavior observed for rectangu-
lar damage profiles, the Gaussian case also exhibits clear
and physically interpretable regimes of degraded localiza-
tion performance, albeit in a more pronounced manner.
In quantitative terms, poorly predicted samples related to
the position parameter—defined here as cases in which the
absolute discrepancy between the predicted posterior mean
and the true position exceeds 5 cm—account for 5.5% of the
Gaussian test set, representing a substantial increase relative
to the rectangular case. As shown in Fig. 17b—d, larger posi-
tion errors tend to occur for narrow damage profiles (small
dy), for low-magnitude defects (D < 0.2), and for damages
located near the boundaries of the domain. This structured
pattern of errors suggests that the observed performance
degradation is driven primarily by intrinsic physical limi-
tations of the wave-based inspection problem, rather than
by a global lack of generalization of the Bayesian neural
network.

5 Discussion

This approach provides an alternative to estimating param-
eters within an inverse problem framework, effectively cre-
ating a surrogate model for inversion that offers enhanced
analytical capabilities compared to deterministic NNs. For
instance, when dealing with uncertainty and incorporating
probabilistic reasoning, a digital twin could benefit from
the stochastic nature of a BNN, something a deterministic
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Fig. 16 Residual analysis of rect-
angular damage profile predictions
for validation/test samples with 0 -

uncertain bar properties. a Joint
distribution of magnitude and
position residuals, with contour
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lines given by a kernel density —

estimate weighted by the absolute a 0.0 ‘
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model cannot provide [40, 41]. Furthermore, for wave-
propagation-based SHM, DL models enable near-real-time
inference once trained, offering a key practical advantage
over classical inversion approaches [25].

Due to the nature of data-driven models, the trained
neural network is specific to the excitation, boundary con-
ditions, and damage parameterization represented in the
training data, and cannot be directly generalized to different
structural configurations without retraining. Accordingly,
the present approach is restricted to a one-dimensional bar
under guided-wave propagation, where dispersive effects
and boundary reflections are implicitly controlled by the
excitation bandwidth and time-windowing strategy, and its
applicability is therefore bounded by these assumptions.
Nevertheless, BNNs have been successfully applied to other
structures, such as beams and plates [7, 12], and the pres-
ent work further demonstrates their viability for modeling
wave-damage interactions in localized regions.

The present BNN addresses non-identifiability at the
posterior level by marginalizing over multiple plausible

solutions. However, as previously observed, its training
remains sensitive to initialization, and additional strategies
are required to improve convergence behavior. More gener-
ally, related hybrid ML frameworks have proposed comple-
mentary approaches, including metaheuristic optimization
methods (e.g., grey wolf optimizer and gene expression
programming—invasive weed optimization hybrids) [42, 43]
and preconditioning techniques such as Random Forest and
Genetic Algorithm (RF-GA) and sensitivity-based methods
[44], which improve convergence by globally optimizing
network parameters or conditioning the input space prior to
training. In addition, practical strategies such as multiple-
seed training and ensemble averaging can help mitigate
sensitivity to random initialization, although they may sig-
nificantly increase computational cost. Alternatively, recent
studies have proposed improved optimization schemes,
including methods based on Halpern’s iteration [45] and
modified variants of the Adam algorithm [46]. These strat-
egies could be combined with the proposed framework in
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Fig. 17 Residual analysis for
gaussian damage profile predic-

tions. a Joint distribution of mag- 0 : .

nitude and position residuals, with
contour lines given by a kernel
density estimate weighted by the
absolute width residual. b Posi-
tion residual as a function of the

0.1+

true damage position. ¢ Position 0.0

residual as a function of the true <
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as a function of the true damage
magnitude. Marginal histograms
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future work to enhance convergence robustness while pre-
serving its probabilistic characterization.

6 Conclusions

In the analysis of 1D wave propagation in an elastic bar, the
behavior of a BNN applied to regression was investigated
to model a simple damage field by estimating the probabil-
ity distributions of the parameters that fully characterize the
damage. The proposed inverse surrogate was evaluated in
relation to test data that included uncertainties in the physi-
cal system properties and damage profile shapes not seen
during training. The goal was to recover damage parameters,
such as the center, width, and magnitude. The main findings
of this study can be summarized as follows: (i) the BNN is
capable of accurately estimating damage position and mag-
nitude from sensor readings of wavefields, with position
being the most reliably recovered and practically relevant
parameter for SHM applications; (ii) the convergence of

@ Springer

the BNN remains challenging, even for the simple archi-
tecture adopted in the present work, showing sensitivity to
parameter initialization and optimizer choice; in particular,
SGD exhibited greater stability than Adam, which was more
prone to convergence to poor local minima, consistent with
known optimization difficulties in BNN training [14]; (iii)
the estimation of damage size is less accurate, which may
be attributed to reduced sensitivity of the measured signals
to this parameter, reflecting either limitations of the cur-
rent formulation or inherent identifiability constraints of
the problem; (iv) the model performance degrades in spe-
cific regions of the parameter space, particularly for low-
magnitude, narrow, or boundary-adjacent damage; and (v)
these limitations are physically interpretable, arising from
reduced wave—damage interaction, boundary effects, and
overlapping wavefields, rather than reflecting a general loss
of model robustness.

The proposed approach serves as an auxiliary tool for
acoustic inspections and can be extended to more complex
systems. Although the training stage is computationally
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demanding (particularly due to the generation of training
samples through spectral finite element simulations and
the need to identify suitable parameter initializations for
stable BNN convergence), the inference stage is extremely
efficient once the network is trained. It requires only a for-
ward pass through the BNN to estimate the posterior distri-
butions of the damage parameters. In contrast, traditional
inverse-modeling approaches typically require thousands
of evaluations of the forward model within optimization
or sampling procedures to obtain comparable uncertainty
estimates. Therefore, despite the high offline computational
cost, the proposed surrogate-based framework offers sub-
stantial advantages for near real-time SHM applications.
Future work will focus on sensitivity analyses with respect
to the number of sensors, placement, and noise levels to
better assess applicability under realistic conditions. Addi-
tionally, investigating the placement of probabilistic layers
may improve training stability. Ongoing studies involving
experimental data aim to assess the effects of measurement
noise and modeling errors, thereby providing further valida-
tion of the proposed framework and guiding refinements of
both the sensing configuration and the BNN architecture.
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