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Abstract

The demand for robotic manipulators has increased because of their precision, speed, and
cost-efficiency in complex or hazardous tasks. Flexible robotic manipulators, unlike rigid
ones, offer lower mass and energy consumption, enabling advanced applications across
various fields. Despite these advantages, the mass reduction of these manipulators can
lead to undesired effects, including decreased precision, increased sensitivity to paramet-
ric uncertainties, coupled dynamics, and increased oscillations caused by their inherent
flexibility. Moreover, the modeling complexity of such mechanical systems represents
a significant challenge, since multiple degrees of freedom must be considered. In this
study, a physics-informed neural network (PINN) is designed to estimate the dynamic
behavior of a flexible-link manipulator. First, a dataset is created by executing different
trajectories (i.e., different rotation angles) of the flexible manipulator. Based on the dataset,
the PINN is then trained using time and strain signals as inputs to estimate the angular
displacement, combining a data-driven loss with a physics-based loss derived from the
system’s dynamic model. Finally, the PINN model is investigated experimentally to assess
the closed-loop strategy and evaluate its efficiency and reproducibility in recognizing the
mechanical system behavior. Therefore, the results show that the PINN and closed-loop
experimental validations are consistent with the proposed method.

Keywords: closed-loop experimental validation; control theory; flexible robotic manipulator;
physics-informed neural network; vibration attenuation

1. Introduction
In recent years, demand for robotic manipulators has increased significantly across

large-scale industries and manufacturing plants, particularly for tasks that are hazardous,
repetitive, or complex for human operators. Robotic manipulators have gained increasing
interest due to their precision, speed, and cost-effectiveness [1,2]. Two main types of robotic
manipulators, based on their structural configuration, are commonly used: rigid-link and
flexible-link manipulators. Although rigid-link manipulators are widely used in industrial
plants, they often require higher manufacturing costs, increased energy consumption (due
to the presence of large actuators), and lower operational speeds. Lightweight flexible-link
manipulators, in turn, have emerged as a promising alternative, addressing several of these
limitations [3]. Their lower mass and smaller actuators enable a wide range of applications,
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including space-based operations, agricultural automation, and precision tasks such as
robotic welding [4].

However, reducing the mass of robotic manipulators can introduce undesired effects,
including decreased precision, increased sensitivity to parametric uncertainties, and signifi-
cant oscillations attributable to their inherent flexibility [5]. Moreover, their dynamics are
intrinsically complex because of time-varying behavior, non-minimum-phase characteris-
tics, strong nonlinearities, multiple degrees of freedom, and complexity of equations [6].
Several methodologies have been investigated for modeling and designing a flexible robotic
manipulator, including Hamiltonian Principle, Newton–Euler equations, the lumped pa-
rameter method, the assumed mode method, and other approaches [7–9]. Despite their
advantages, model-based approaches present trade-offs that may limit their applicability
in certain scenarios, particularly due to their high complexity and inherent uncertainties.
Moreover, the presence of multiple degrees of freedom adds to this complexity and hinders
generalization, i.e., non-adapted. This limitation arises because large-scale models are
necessary and demand substantial computational effort, rendering them unsuitable for
real-time control.

Given this context, machine learning techniques emerge as promising alternatives for
identifying complex and nonlinear patterns in flexible robotic manipulators. Among these,
physics-informed neural networks (PINNs) have gained significant attention due to their
ability to incorporate physical laws, typically expressed as partial differential equations
(PDEs), directly into the training process. This approach is particularly advantageous
in scenarios characterized by limited or sparse observational data because it leverages
governing equations to constrain the solution space and enhance generalization [10]. Bao
et al. (2021) [11] investigated the use of physics-guided neural network and sliding mode
control for closed-loop model identification of two-joint and three-joint manipulators. The
neural network was used to estimate and compensate for modeling errors online, while the
physics-based model provided the fundamental system dynamics and stability analysis.
The proposed strategy showed better trajectory tracking accuracy and disturbance rejection
compared to conventional methods. Yang et al. (2023) [12] investigated the use of a physics-
informed neural network (PINN) framework for modeling and identifying unknown
dynamic parameters of collaborative robots during physical human–robot interaction. Two
experiments were conducted to evaluate the proposed strategy for identifying the complete
dynamic model of a flexible-joint robot. The results showed good agreement with the
corresponding experimental data.

Wang et al. (2024) [13] investigated the use of a PINN for modeling complex defor-
mation in a Fin Ray soft robotic gripper. By embedding the elastic mechanics principle of
minimum potential energy into its loss function and augmenting it with a small number
of high-fidelity experimental observations, the proposed strategy achieved an effective
balance between physical grounding and data efficiency. The results demonstrated that
the PINN strategy improved accuracy compared with a finite element model (FEM) when
a data assimilation scheme was applied to address the sim-to-real gap. Soyleyici and
Unver (2025) [14] assessed the use of a physics-informed deep neural network (PIDNN)
framework for the simulation and parameter identification of vibrating beam structures.
By embedding the beam’s governing equations into the neural network training process,
the method simultaneously predicted the structural response and estimated unknown
physical parameters with high accuracy. Experimental results revealed that the proposed
strategy provided robust parameter identification, highlighting its potential for structural
dynamics and health monitoring applications. Li and Xiao (2025) [15] assessed the design
of a PINN-based input-shaping method for vibration suppression of flexible robotic arms.
The optimal input-shaping parameters were identified during training to minimize residual
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vibration. The results indicated improved performance of the PINN method compared
with conventional methods, such as the Zero Vibration and Zero Vibration Derivative
methods, considering both single-mode and multimode scenarios.

Li et al. (2025) [16] used PINNs to model compliant robotic manipulators. The
proposed strategy accounted for the complex nonlinear characteristics, enabling accurate
construction of the inverse dynamics model for compliant manipulators. Likewise, Savio
et al. (2025) [17] investigated the use of the PINN methodology for dynamic model
and parameter identification. The PINN technique was developed using Kirchhoff’s
equations and experimental data, resulting in the identification of model parameters and
the derivation of a neural network model. Numerical results revealed that the PINN can
estimate both the mechanical system dynamics and equivalent material properties, such as
mass, inertia, and other parameters. In addition, Kan et al. (2025) [18] also assessed the
use of the PINN methodology for parameter identification. The proposed strategy aims
to identify coefficients, including mass, damping, and stiffness, that allow for adequate
dynamic modeling of complex flexible systems. Based on the identified model, a non-
singular terminal sliding mode controller (TSMC) is developed to investigate the vibration
suppression of the mechanical system. Despite these recent applications of PINNs for
system identification, closed-loop experimental validation remains limited for flexible
robotic manipulators.

Few studies have demonstrated the use of PINNs for modeling and controlling flexible
robotic manipulators. Furthermore, comparative analyses and generalized methodologies
applicable to flexible manipulators are not yet well established within the field. This work
presents a PINN framework for the identification of complex dynamic behaviors in flexible
mechanical systems, exemplified through a flexible robotic manipulator. The motion
of the flexible manipulator is modeled as a superposition of rigid-body kinematics and
elastic characteristics arising from its low thickness and lightweight structure. Accurate
modeling and control of flexible manipulators represent challenging tasks due to the
nonlinear and coupled dynamics between rigid and flexible components. To address
these issues, the proposed PINN architecture integrates prior physical knowledge encoded
through governing equations with data acquired from experimental trajectories. A dataset
is created from multiple reference trajectories executed under a dual-loop control scheme,
by combining the control law of rigid (by rigid kinematics) and flexible (by strain gauge
signals). The PINN strategy is then used to replace the kinematic equations, the use of
filters, and flexible control. In addition, unknown parameters are used as decision variables
in the physical loss function to investigate effects of flexibility. The main contributions
of this work are (i) the development of a generalized PINN-based modeling approach
for capturing the coupled dynamics of flexible-link manipulators and (ii) the closed-loop
experimental validation of the proposed framework under realistic operating conditions.

The paper is organized as follows. Section 2 presents the methodology and instrumen-
tation used for the proposed work. Section 3 details the dynamic modeling of the flexible
link and the physics-informed neural network strategy. It also presents the generalized
approach for flexible robotic manipulators. Section 4 presents both the dual-loop control
strategy used to collect the data and the closed-loop approach designed to validate the
PINN strategy. Section 5 presents the main results, highlighting the performance of the
PINN strategy through closed-loop experimental validation, while Section 6 presents the
final remarks.

2. Methodology
This section describes the flexible robotic manipulator and the equipment used.

Figure 1 shows the instrumentation used between the equipment and the prototype. In this
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work, the prototype is formed by a single flexible link. Since this flexible manipulator has
a serial kinematic configuration, a single kinematic chain is used to define the prototype.
This single chain is formed by a flexible link and one active revolute joint, which is driven
by a motor. The motor is used as the actuator to generate the desired movement of the
mechanical prototype. In addition, the communication between the prototype and the
computer interface is accomplished by a control board dSPACE 1103 (dSPACE GmbH,
Paderborn, Germany), which can codify the measured signals and the motor current, by a
corresponding control law.

dSPACE
   1103 Encoder

Actuator

Control

Camera

Strain 
gauge

  Image 
Processing 
Algorithm

x
y

Figure 1. Scheme of the prototype communication.

Two sensors are used to acquire signals from the flexible link: an encoder and strain
gauges. The encoder is responsible for measuring the angular rotation of the link, whereas
the strain gauge is used to estimate the link’s flexibility in real-time. Note that, due to
the low thickness of the manipulator, a significant contribution from the flexibility can be
observed in the final dynamics. This combination of sensors enables the estimation of the
final dynamic characteristics of the flexible link, by assuming that the encoder is enable
to collect the rigid, and the strain gauge the flexible dynamics. Due to the limitations of
previous sensors to capture the end of the flexible link, a camera is used as an additional
and external sensor to calculate its position. The camera is combined with an image-
processing algorithm to estimate the end-effector positions, and then compared with the
proposed strategy.

Instrumentation Scheme

The flexible robotic manipulator is assumed to be planar, since its motion is restricted
to the x− y plane, i.e., there is no contribution to the final movement in the vertical direction
(z plane). Originally, the prototype consists of a 3 PRRR mechanism, which inherently
includes redundant joints. Note that the underlined letters represent the active joints, while
the others are passive. Moreover, the letter P corresponds to the prismatic joints, and the
letter R corresponds to the revolute joint. In this work, however, the prismatic joints are
blocked, and the analysis is restricted to a single kinematic chain in order to investigate
the flexible dynamics of an individual link. The single-link configuration keeps the main
characteristics of the original prototype, including its dimensions, link length, workspace
center, and end-effector geometry. One of the objectives of this study is to validate the
proposed strategy under this simplified configuration, and subsequently extend it to the
original prototype. The flexible manipulator movement is performed by an active revolute
joint. Figure 2 shows the picture of the prototype. This active joint is powered by a brushless
Maxon EC60 flat motor (maxon motor ag, Sachseln, Switzerland), with 100 W of power
and a current rating of 2.3 A. Moreover, it is coupled to GP52 C planetary reducers with
a reduction of 3.5:1, providing a nominal rotation of 1200 RPM and 0.82 Nm of nominal
torque. The interface between the computer and the serial flexible link is implemented
using a dSPACE 1103 controller board, as seen in Figure 1. The communication between
the EPOS controllers and the dSPACE is carried out via CAN protocol, while between
the control board and the computer, the communication is performed via Ethernet. A
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transmission rate of 250 kbit/s is achieved using the CAN protocol, which enables the
transfer of both actuator control signals and encoder data. The encoder is used to measure
the angular displacement of the motor (the flexible link’s input).

Encoder

Flexible link

End-effector

Strain gauge

Figure 2. Picture of the prototype.

A stainless steel flexible link is used in the experimental trials. The link has a length of
318.5 mm, a height of 35 mm, and a width of 0.45 mm. Since the link is very thin, significant
deformation occurs during motion, resulting in vibrations. This deformation is then mea-
sured using HBM 350-E strain gauges (Hottinger Brüel & Kjær (HBK), Darmstadt, Germany)
arranged in a full-bridge configuration, installed at the beginning of the link, i.e., near the
motor. The collected signals are amplified by HBM HB40 CLIPX signal (Hottinger Brüel &
Kjær (HBK), Darmstadt, Germany) and directed to the dSPACE 1103. Two computers are
needed to design the proposed control strategy (by using MATLAB 2024/Simulink) and to
estimate the end-effector position using an image-processing algorithm and Visual Studio.

In addition, a camera oCam-5CRO-U with a USB 3.0 interface and CMOS rolling
shutter image sensor (Withrobot Inc., Seongnam, Republic of Korea) and a resolution of
640 × 480 pixels, is used to collect in real-time the images of the endpoint of the end-effector.
The data is sent to the dSPACE via RS232 protocol at a 60 frames per second (fps) rate. Each
image is then processed on a computer, using the software Visual Studio and the proposed
algorithm, to calculate the position of the end-effector over the desired movement. The
camera is mounted atop the workspace, in an Eye-to-Hand configuration, to capture images
of the end-effector. Two reference systems are used to define the movement of the flexible
link: the fixed reference frame (defined at the center of the workspace) and the moving
reference frame, defined by the center of the colored markers on the end-effector. The center
of the workspace is given by O(xw, yw), and the moving reference frame is given by P(x, y).
The difference between the center of the workspace and the moving frame estimates the
trajectory of the flexible link, including both the rigid and flexible contributions. Figure 3
shows the schematic illustration of the flexible link with the coordinate systems.

Some steps are required to design the vision-based algorithm. Two colored markers, a
red and a green circular marker, are fixed atop the end-effector, as seen in Figure 2, while
the green marker is defined by G, the red circular marker is defined by R. The images are
processed in both RGB and HSV color spaces, and specific filters are applied to identify the
regions of each color. According to the detected marker positions, the proposed algorithm
can accurately estimate the mean value of both markers, which define the moving reference
frame coordinates. The orientation of the green and red circular markers are, respectively,
defined by (xG, yG) and (xR, yR). The image processing algorithm uses color filtering
techniques based on RGB and HSV color space decomposition, utilizing the OpenCV
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library. Specific filters identify the red and green regions by assigning binary values to
matrix elements depending on pixel color. This allows the algorithm to accurately detect
the markers and track the end-effector’s motion throughout the experiment, expressed by
P (x, y). The end-effector coordinates are then represented by{

xP

yP

}
=

{
xG+xR

2
yG+yR

2

}
, and α = arctan

(
xR−xG
yR−yG

)
. (1)

where x, y correspond to the end-effector linear coordinates, and α is the angular orientation.
The vision-based method has been previously validated, and additional details can be
found in [19].

O
xw

yw

x

P

Xl

w(xl,t)

y

Figure 3. Schematic illustration of the flexible link.

3. Dynamic Modeling
In this section, we first present the dynamic model of the flexible link based on the

decomposition of the link’s rigid-body motion and flexible deformation. Then, due to
the limited availability of experimental data, a PINN model is trained using the projected
dynamic equation and experimental data in the loss functions.

3.1. Dynamic Model of the Flexible Link

Several mathematical approaches have been proposed in the literature to describe
mechanical systems, each characterized by distinct assumptions and levels of complex-
ity. The conventional formulation relies on the Euler–Bernoulli theory, which accounts
for bending deformations while neglecting shear effects and rotary inertia. Alternative
approaches include the lumped parameter method (LPM), assumed mode method (AMM),
and transfer matrix method (TMM) [20,21]. Although these model-based approaches of-
fer several advantages, the computational cost and mathematical complexity represent a
limitation for real-time scenarios. In this sense, fast and simple models are an interesting
alternative for mechanical systems with fast responses. Several studies conducted at the
EESC laboratory have investigated the flexible behavior of flexible manipulators over the
years under different trajectories and operating scenarios, allowing the estimation of the
most common configurations [19,22]. The dynamics of the flexible link can be expressed as
the sum of the rigid base rotation and the flexible deflection along the link (see Figure 3),
given by

yl(x, t) = Xlθ(t) + w(x, t), (2)

where yl(x, t) is the total displacement at position x along the link at time t, θ(t) is the
rigid-body rotation angle at the base, and w(x, t) is the flexible deformation. Focusing
on the principal dynamics observed experimentally, the system is projected onto the
modal coordinate θ(t), which condenses the total link motion into a second-order ordinary
differential equation
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θ̈(t) + f (s(t)) = 0, (3)

where θ̈(t) is the angular acceleration of the rigid component, and f (s(t)) accounts for the
flexibility effects as a function of the strain s(t). As seen, the encoder provides the angular
rotation of the link, while the strain gauge estimates its flexible deformation in real time. In
this work, f (s(t)) is empirically modeled as

f (s(t)) = k1s(t) + k2s2(t) + k3 sin(s(t)) + ks(t)
4 (4)

where k1, k2, k3, k4 are the parameters to be identified. This phenomenological formulation
captures different contributions to the flexible-link dynamics, while keeping the model
compact enough for integration into a learning framework. A key motivation for adopting
the PINN approach lies in the nature of the available measurements: although strain can be
directly measured in real time, acceleration cannot, and estimating it via numerical differ-
entiation would significantly amplify measurement noise, especially in flexible systems.
By embedding the governing equations into the network’s loss function, the PINN can
infer the unmeasured states, such as acceleration implicitly, without the need for noisy
derivative computations.

Furthermore, the parameters k1 − k4 are treated as trainable variables in the physics-
based loss, making their identification straightforward within the optimization process,
as they can be absorbed into the network’s trainable weights and biases. Each term
is associated with a different contribution: the linear term k1s(t) is associated with the
effective stiffness contribution, while the quadratic term k2s2(t) represents amplitude-
dependent nonlinearities. The sinusoidal term k3 sin(s(t)) captures oscillatory nonlinear
responses, while the exponential term k s(t)

4 is strongly related to nonlinear growth or decay
characteristics. These features enable the PINN to combine the strengths of data-driven
learning with physics-based consistency, providing a practical and efficient way to model
the coupled rigid–flexible dynamics. The following subsection details the PINN architecture
and training procedure.

3.2. Physics-Informed Neural Networks (PINNs)

Physics-informed neural networks (PINNs) are a network learning strategy that incor-
porates physical information, typically expressed via constraints derived from differential
equations, with data-driven training using observation points or system measurements.
This combination encourages the neural network to follow the underlying physical behavior
rather than merely fitting the data, enabling the estimation of system states, identification of
model parameters, and effective learning even with limited data within the training domain.
In practical terms, physics and data are incorporated in the loss function, and the neural
network parameters, i.e., weights and biases, are updated via an optimization algorithm.

With this in mind, we briefly recall the structure of a neural network. A neural network
is defined by a mathematical model that represents a linear composition of nonlinear
functions. This architecture consists of interconnected layers of neurons, with L hidden
layers and NH neurons per layer [23]. Given the input x = [t, s(t)], and the target ŷ, the
approximated output can be expressed as

y(x) ≈ ŷPINN(x) = H(L) ◦ H(L−1) ◦ . . . ◦ H(1) ◦ H(0)(x), (5)

where H(l) represents the l-th layer transformation

x(0) := H(0)(x),
x(l) := H(l)(x(l−1)) = σ(W(l)x(l−1) + b(l)), 1 ⩽ l < L.

(6)
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By combining Equations (5) and (6), the relation between the neural network input
and the Lth layer is defined by

ŷPINN(x; W, b) := H(L)(x(L−1)) = W(L)x(L−1) + b(L), (7)

where W(l) corresponds to the weights, b(l) are the biases of layer, and σ represents the
activation function. In this work, the hyperbolic tangent function is chosen. The set of
trainable weights and biases is, respectively, represented by W = [W(0), . . . , W(L)] and
b = [b(0), . . . , b(L)], which are calculated to minimize the total loss function. The fully
connected architecture is depicted in Figure 4.

.

.

.

.

.

.

.

.

.

Hidden layers

Automa�c

Deriva�on

d

d²

dt

dt²

physicsdatatotal

ypinn 

Training process

=

xpinn 
...

+

physicsdata

Dynamic
modeling

Figure 4. Illustration of the proposed PINN considering two loss functions.

In a conventional neural network framework, the difference between the network
output and the observed data is used to calculate its loss function. This loss function is
designed to minimize the prediction error by employing an appropriate discrepancy metric.
Accordingly, the data-driven loss function, denoted as Ldata is defined by

Ldata =
1
N

N

∑
i=1

|ŷPINN(xn, W, b)− y(xn)|2, (8)

where N corresponds to the number of observed data samples.
In the physics-informed context, the loss function includes residual terms correspond-

ing to the governing equations of the mechanical system, in this work, the single flexible
link. Assuming the following general ordinary differential Equation (ODE) describing
the system,

D(yPINN(x); λ) = f (x), (9)

where D represents the differential operator with respect to time, while λ and f (x) cor-
respond, respectively, to the model parameters and external excitation. The ordinary
differential equation of second order for the flexible link is defined by Equation (3). The
ODE is integrated as part of the loss function to create a learning bias during the training
stage. The approximated solution, obtained by a neural network, may satisfy the ODE
pointwise. The loss function, referred to as the physics-driven loss function, Lphysics, is then
defined by

Lphysics =
1
M

M

∑
m=1

|D(ŷPINN(xn, W, b); λ)− f (xm)|2 (10)
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where M is the number of the discretization points, also referred to as collocation points,
used to evaluate the physics-informed loss. The training dataset consists of eight exper-
imental trajectories, each containing 5000 time samples, resulting in a total of 5000 × ns

candidate collocation points (such that ns is the number of trajectories). Automatic differen-
tiation is performed using PyTorch (version 2.13.0), with strain measurements and network
outputs normalized for numerical stability while the time variable remains in physical
units. Therefore, the total loss function is defined as

Ltotal = β1Ldata + β2Lphysics, (11)

where β1 and β2 are weighting coefficients that balance the influence of the loss terms
during training steps. Note that the PINN is initially trained using the Python environment
(version 3.12) due to its simplicity and the availability of different libraries. Once trained,
the algorithm is implemented in the MATLAB/Simulink environment (version 2024) due
to the experimental setup.

4. Control Strategy
This section is divided into two parts. The first describes the dataset acquisition

methodology, whereas the second describes the assessment of the PINN test. The dataset is
created by using different rotation angles of the flexible links with an interval of 50 degrees.
Figure 5 shows the control scheme used to collect samples for the dataset, which is used for
training the PINN.

Figure 5. Control scheme for constructing a dataset.

The measurement of the encoder (θl) is used to calculate the position of the link, i.e.,
rigid kinematics. The difference between the rotational angle and the desired angle (θd)
is used to calculate the error, as seen by Eθ . The sliding mode control (SMC) strategy is
designed based on the error and its time derivative [24], while the error is multiplied by the
term cλ, its time derivative is also calculated to obtain the sliding surface σθ , as defined by

σθ = cλEθ + Ėθ . (12)

Note that the final control signal (τ) is formed by the contributions of two loops: one
related to the rigid kinematics (τrig) and the other to the flexibility (τf lex), while the rigid
loop is defined by the following expression, τrig = Krigurig, where Krig is a positive gain, the
flexible control law is represented by τf lex = Ksl f , where the terms K and sl f correspond to
the gain and the filtered signal. The sign function is conventionally used to design the SMC;
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however, since there must be present undesired chattering, a tansig function is chosen to
obtain urig = tansig(σθ). The signals collected from the strain gauges are passed through
discrete filters to reduce noise. The system control law is calculated as the sum of both
contributions, as represented by

τ = τrig + τf lex. (13)

Once the dataset is created by using different trajectories, the PINN strategy is vali-
dated. Figure 6 shows the PINN strategy used. As mentioned, two inputs are required to
design the PINN: time (t) and strain gauge signal (sl), while only one output is generated:
rotational displacement of the flexible link θ. Similarly, the SMC strategy uses the error (Eθ),
calculated by the difference between the rotational displacement obtained via the PINN
approach, and the desired angular displacement (θd), and its time derivative Ėθ to create
the sliding surface. In this case, a single loop is required to design the final control law (τ),
calculated by

τ = tansig(σθ), (14)

which is saturated based on the limitations of the motor. By employing PINN strategy, the
camera is used exclusively as an external sensor to estimate the end-effector’s position,
i.e., the end-point of the flexible manipulator. The camera operates independently of
the proposed control strategy and does not influence its formulation or execution. This
endpoint estimation enables the investigation of the total dynamics of the flexible link,
including contributions from the rigid kinematics and the flexible characteristics.

SMC

Prototype

(t)

Flexible
   link

time

θ

(θd)

(θ)

(sl)
strain gauge

Saturation

CAM
x
y

PINN

E

Figure 6. Schematic illustration of the proposed PINN strategy.

5. Results and Discussion
This section evaluates the ability of the PINN to identify the dynamics of the mechani-

cal system. The investigation is performed by evaluating the responses of a flexible robotic
manipulator. Firstly, the signals from the strain gauges are collected by using different
trajectories. Then, the acquired data are used to train the PINN model and subsequently
investigate the PINN strategy, as discussed in Section 4.

5.1. Dataset

The samples of the dataset are collected using strain gauges on the surface of the
flexible link. Based on the trajectory, a different oscillatory behavior is observed. Trajecto-
ries were generated using rotation angles ranging from 0.17 rad (10 degrees) to 1.05 rad
(60 degrees), covering the experimental workspace. Figure 7 shows representative samples
of the strain-gauge signals. The differences in the oscillation time and peaks are mainly
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related to the proposed trajectory, i.e., larger oscillations of the flexible link produce more
pronounced strain-gauge signals. Then, since the inputs of the PINN strategy are formed by
the strain-gauge signals and the time, a time vector is created, defined by operational time
and the sampling time of the board (dSPACE 1103). The simulation is performed for 12 s
and a time step of 0.001 s. After collecting several samples of strain-gauge signals in differ-
ent scenarios, a dataset is created. The dataset is divided such that 90% is allocated to PINN
training, whereas the remaining 10% is used for testing. Note that the data used for the
testing phase are unseen samples, i.e., not used during the training and validation phases.
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Figure 7. Samples of the dataset—strain gauge signals.

In addition, based on Figure 5, the control gains used to design the sliding mode
control and therefore to conduct the experiments to collect the dataset are defined as
K = 200, cλ = 10. There is a current saturation of ±1000 mA on the motor due to the
company specifications. Further details of the filters and other experimental setups can be
found in [22,25].

5.2. PINN Investigation

The PINN investigation is performed by incorporating both the physics-informed
terms (see Equation (10)) and the data (see Equation (8)) into the total loss function, as
seen in Figure 4. In this study, the training process is performed over 5.000 training steps
(represented by epochs). The Adam optimizer [26] is used to update both the neural net-
work parameters and the trainable physical parameters. The proposed PINN architecture
consists of five hidden layers, each comprising 40 neurons. Different numbers of hidden
layers and neurons are investigated through trial and error to obtain an accurate model.
Instead of adopting a fixed learning rate, the OneCycleLR scheduling strategy is used
to adaptively modulate the learning rate and momentum throughout training, thereby
improving convergence and optimization efficiency. An initial learning rate of 1 × 10−3 is
adopted in this work. The OneCycleLR scheduler is applied, with a maximum learning rate
of 0.01. To improve stability, gradient clipping is performed with a maximum norm of 1.0.
Moreover, the weighting coefficients of the total loss function are defined by trial-and-error,
with β1 = β2 = 0.1.

One of the key advantages of using a PINN lies in its ability to estimate unknown
parameters directly during the training process. The PINN investigation addresses the
main objective of estimating the dynamics of the system and calibrating unknown physi-
cal parameters during the training procedure. In this sense, the flexibility of the system
is decomposed into different contributions, as shown in Equation (4). Note that the pa-
rameters, defined by k1, k2, k3 are, respectively, multiplied by the linear, quadratic, and
sinusoidal terms, while k4 is raised to the power of sl . This strategy is used to investigate
the contributions of each term to the total dynamics of the flexible link by assessing the
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convergence value of each parameter. This approach allows for precise incorporation of
flexible dynamics into the kinematic model of a serial manipulator with rigid links.

Each parameter is initialized with a value of 1.0, allowing it to adjust freely during
training. Moreover, these parameters are not normalized, as they represent phenomenolog-
ical quantities whose scales are inherently learned by the network. Conversely, the training
data, including strain and encoder signals, are mean-centered and scaled by their absolute
maximum to improve numerical stability and ensure consistent scaling across different
datasets. Figure 8 shows the convergence plots of the equation parameters.
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Figure 8. Convergence plots of the parameters of the flexible effects.

As depicted in Figure 8, convergence is achieved by the linear and quadratic pa-
rameters around 1500 epochs, whereas the sinusoidal and exponential terms require ap-
proximately 4000 epochs. This difference in convergence behavior may be attributed to
the stronger nonlinear nature of the sinusoidal and exponential terms, while the linear
and quadratic components are associated with smooth and predictable variations of the
input signal, the terms involving sinusoidal and exponential terms are associated with
stronger nonlinearities. As a result, the k3 and k4 parameters tend to converge more slowly
during training. Moreover, the loss function is observed for the proposed strategy. Figure 9
depicts the evolution of the loss function over the epochs.

Figure 9. Evolution of the loss functions of the PINN strategy.

As shown in Figure 9, there are two curves: the data loss function, representing the
difference between the model predictions and the observed data, and the physical loss
function, which enforces the governing physical laws via differential equations. Three main
training stages can be identified from the loss curves: an initial phase with high losses
due to the network’s early adjustments; a mid-training phase, where both losses decrease
significantly as the network learns to fit the data and satisfy the physical constraints; and
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a final phase, in which the losses plateau, indicating convergence. Therefore, the PINN
strategy successfully integrates both observed data and physical laws, leading to a stable
and well-converged solution.

Figure 10 compares the experimental data with the PINN’s output. Despite the
experimental test lasting 12 s, the PINN is trained using only four seconds, due to the main
characteristics of the encoder’s angle being defined in this time range. After this initial
stage, the end-effector reaches its desired position, and no relevant dynamics are observed.
The PINN curve accurately follows the sample data, indicating that the PINN strategy has
learned to replicate the system’s behavior efficiently. Some slight deviations can be observed
in this figure, which can be caused by measurement noise, model assumptions, and the
complexity of the physical system. Therefore, the PINN output closely matches the sample
data across the time interval, demonstrating the model’s capability to accurately learn and
replicate the system dynamics while respecting the underlying physical constraints.
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Figure 10. PINN outputs for the proposed strategy.

Finally, the Normalized Mean Squared Error (NMSE) metric is used to quantify the
accuracy of the predictive model in relation to the variance of the observed data. Note
that the closer the NMSE value is to zero, the better the prediction. Figure 11 shows the
NMSE value for the PINN investigation. The metric reaches nominal values closer to zero
after a few iterations, as seen by the 500 epochs, which indicates that the PINN effectively
captures the system dynamics. This result shows similar characteristics to those of the loss
functions, as seen in Figure 9.
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Figure 11. Normalized Mean Squared Error over Training Epochs.
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5.3. Closed-Loop Experimental Validation

The proposed strategy is validated experimentally, as seen in Figure 6. Several ex-
perimental trials are performed to investigate the PINN efficiency. An average of these
experimental runs is computed to illustrate the characteristic behavior of the analyzed
signals. Moreover, to assess the variability and statistical reliability of the predicted outputs,
a 90% confidence interval (CI) is calculated over the experimental trials, since the experi-
ment was repeated several times to assess the performance of the proposed strategy. At
each time step, the CI is estimated by the mean ± margin of error, which is defined by the
product of the standard error of the mean (SEM) and the critical value of the t-distribution
corresponding to a 90% confidence level. This approach enables a quantitative measure
of uncertainty and allows a visual comparison of the prediction consistency of datasets.
Similar to the PINN validation (see Section 5.2), the analyzed time is lower than 12 s,
ranging from 1.9 to 8 s. This procedure is adopted to remove the stationary state and
highlight the main characteristics of the desired motion. Figure 12 shows the experimental
comparison between the results obtained by the PINN strategy and those calculated by
the encoder.
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Figure 12. Closed-loop experimental comparison of encoder measurements from sample data and
PINN output.

Similar to the PINN results, the closed-loop experimental validation shows agreement
with the proposed method. As illustrated in Figure 12, the signal estimated by the PINN
exhibits behavior closely aligned with the encoder measurements. Moreover, the confidence
interval confirms that all experimental trials exhibit consistent behavior, reinforcing the
reliability and validity of the proposed approach under experimental conditions. The strain-
gauge signals are also evaluated. Similar to the encoder measurements, the results show
high reproducibility within the confidence interval, demonstrating the positive results of
the strain gauge estimation. Figure 13 shows the mean representation of the strain gauge
signals in the presence of the PINN strategy.

The camera is used to estimate the end-effector position and also to assess the proposed
strategy. Figure 14 shows the end-effector position over two cases: data sample and PINN
strategy. The end-effector position estimated by the PINN closely matches the reference
signal across the entire time interval. This agreement highlights the model’s ability to
accurately reconstruct the system output, further supporting the reliability of the proposed
method in capturing the dynamic behavior of the end-effector. In addition, similar to
Figure 12, the confidence interval indicates that the characteristics of the flexible link are
estimated adequately.
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Figure 13. Closed-loop experimental investigation of the strain gauge signals using PINN strategy.
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Figure 14. Closed-loop experimental comparison of end-effector measurements from sample data
and PINN output.

The root mean square (RMS) methodology is also employed to investigate the perfor-

mance of the proposed strategy. RMS is calculated as RMS =
√
(1/N)∑N

i=1(e
2
i ), where

N is the length of the vector and ej is the error of each variable at j instant of time. The
errors, between the desired (sample data) and calculated values (PINN), obtained from both
the encoder (see Figure 12) and end-effector measurements (see Figure 14) are calculated
to estimate their nominal magnitudes. Based on the RMS equation, the nominal values
obtained from the encoder and end-effector are, respectively, 0.076 and 0.233. The encoder
shows a lower RMS value, as it is mainly influenced by rigid-body kinematics, which
reduces uncertainties and model complexity. In contrast, the end-effector shows a higher
RMS value due to the additional uncertainties introduced by link flexibility. Therefore,
the significant increase in RMS values highlights one of the main contributions of this
paper: the use of PINNs to compensate for uncertainties and flexibility effects within the
rigid-body kinematics framework.

6. Final Remarks
Robotic manipulators are widely used to perform tasks that are hazardous, repetitive,

and labor-intensive. They are typically designed with rigid links to suppress end-effector
vibrations and enhance positional accuracy. However, the increased mass and inertia
of rigid-link manipulators can reduce energy efficiency and limit dynamic performance
relative to the payload capacity. In this context, lightweight flexible-link manipulators have
gained attention in recent years due to their advantages, including reduced cost, higher
speed, higher payload-to-weight ratios, smaller actuators, and enhanced maneuverability.
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Nevertheless, the primary limitation of such flexible systems lies in their lightweight
structure, which can lead to undesirable vibrations, complex dynamic modeling, and
significant challenges in designing effective control strategies.

This study assesses the development and validation of a PINN to estimate the dynamic
behavior of a flexible-link manipulator. The experimental setup consists of a single flexible
stainless steel link actuated by a brushless DC motor, with real-time measurements collected
using an encoder and strain gauges. The strain gauges are used to measure the link
oscillations, while the encoder is used to measure the rotational angle of the flexible link.
Moreover, a camera tracks the end-effector position using a custom image processing
algorithm. A dataset is created by executing different trajectories under closed-loop control.
Based on the dataset, the PINN is then trained using time and strain signals as inputs to
estimate the angular displacement, combining a data-driven loss with a physics-based loss
derived from the system’s dynamic model. The trained model is evaluated in a closed-loop
configuration to verify its ability to learn and generalize the system’s nonlinear behavior
with high accuracy.

The results show that the PINN effectively integrates experimental data with physical
constraints, achieving accurate predictions of link dynamics. The PINN outputs exhibit
close agreement with the sampled data throughout the evaluated time interval, thereby
demonstrating the model’s capability to learn and replicate the system dynamics. Likewise,
the experimental results show strong consistency with the proposed method, as shown by
the comparison with encoder and end-effector responses. Moreover, the confidence interval
confirms that all experimental trials present consistent behavior, supporting the reliability
and validity of the proposed approach under experimental conditions. Consequently, the
proposed strategy demonstrates accuracy and reliability in capturing the flexible dynamics
of the serial manipulator.

Future work includes using the proposed PINN as a generalized model for flexible
robotic manipulators with different materials, thicknesses, and other properties. Additional
investigations should investigate payload variation, stiffness-to-mass ratio, damping, geom-
etry, strain-gauge location, controller gains, and external disturbances, while distinguishing
among zero-shot transfer, fine-tuning, and complete retraining. Comparisons among a
neural network, a conventional nonlinear observer, and reduced PINN variants containing
different subsets can also be addressed. Moreover, comparisons with conventional estima-
tion methods and data-driven neural networks can be investigated, together with ablation
studies to quantify the contribution of the physics-informed loss. Formal stability analyses
and robustness evaluations under uncertainties and varying operating conditions can also
be addressed.
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Abbreviations
The following abbreviations are used in this manuscript:

PINN Physics-Informed Neural Network
PDEs Partial Differential Equations
FEM Finite Element Model
TSMC Terminal Sliding Mode Control
LPM Lumped Parameter Method
AMM Assumed Mode Method
TMM Transfer Matrix Method
SMC Sliding Mode Control
CI Confidence Interval
SEM Standard Error of the Mean
RMS Root Mean Square
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