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ABSTRACT
Waves described by Bessel functions of different orders have recently attracted widespread attention. Owing to their potential to provide 

additional available channels in acoustic communications. Their orthogonality in the azimuthal plane enables spatial multiplexing at a given 

frequency. The number of available channels is thereby increased, facilitating the development of faster and more reliable communication 

systems. In this paper, traveling waves with different radial wavenumbers as well as azimuthal indices are employed, leading to a significant 

increase in potential spatial channels. These waves are termed complex Bessel modes (CBMs) and are rigorously orthogonal when confined 

within a waveguide. Compared with multiplexing based on orthogonality in the azimuthal plane only, CBMs offer additional spatial degrees 

of freedom for channel multiplexing. However, a sophisticated requirement on modulation arises naturally, owing to the resulting inhomo-
geneous amplitude and phase distribution. Generalized impedance metasurfaces are therefore introduced to address this challenge. They 

convert efficiently between different CBMs, achieving 100% power flow conversion efficiency in numerical simulations. Two demonstration 

generators for CBMs with zero azimuthal index are fabricated with practical structures obtained through optimization. The input waveguide 

of the generators can be designed to have one-quarter the cross-sectional area of the output waveguide, owing to the flexibility of the gener-
alized impedance theory. Generation of CBMs can therefore be achieved using a single speaker, eliminating the requirement for a large array 

of speakers and thereby leading to substantial cost reduction and improved stability. High-purity CBMs are demonstrated in both numer-
ical simulations and experiments. This work reveals the potential of CBMs to serve as additional orthogonal spatial channels for acoustic 

multiplexing. This extension of generalized impedance theory paves the way for more reliable acoustic communications.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license 

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0344561

I. INTRODUCTION

With the onset of the Information Age, communication tech-
nology has played an indispensable role across diverse domains. 

1,2 

As a nondiffracting transmission mode, Bessel beams 

3–5 have 

aroused considerable enthusiasm for their promising applications 

in acoustic communications. 

6–9 Analogous to carrier technology

in the time domain, information is transmitted in terms of spa-
tially modulated Bessel beams of a given frequency, leveraging the 

orthogonality in the azimuthal plane. Consequently, signals can be 

carried simultaneously in both time and space, resulting in a sig-
nificant enhancement of communication efficiency. Nevertheless, 

long-distance transmission always suffers from dissipation, lead-
ing to deficiencies in stability and controllability. 

10–12 Similar to
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optical fibers, 

13,14 acoustic communication systems established
within waveguides, also termed acoustic fibers, are attracting sub-
stantial attention for this reason. 

15,16 Power flux is confined to a def-
inite cross-section, and signal reconstruction can be accomplished 

by capturing sound pressure along the azimuth.
There are however, two pivotal challenges to be addressed, 

namely, limitations on available channels and complexity of signal 

generation. The limited number of available channels appears to 

be inherently incompatible with miniaturization. Only a finite set
of transmission modes can propagate within a waveguide once its 

radius is selected. 

17,18 Additional channels are only available if the 

radius of the waveguide or the operating frequency can be increased, 

diverging from the original intention. Furthermore, a large speaker 

array is required for the generation of sound waves with spiral wave-
fronts. Each individual speaker in the array needs to be meticulously 

tailored to provide a specific amplitude and phase. 

19–21 This require-
ment becomes more stringent for modes with larger azimuthal 

indices or higher frequency. 

22,23 Even for the fundamental plane
wave, amplitude and phase consistency across speakers in the array 

remains essential.
Some strategies for exploring available channels have emerged 

recently. Acoustic spin can be detected in the sound field and 

described by the local velocity. 

24–26 It offers additional degrees of 

freedom when combined with orbital angular momentum. How-
ever, this addition imposes new requirements on the signal gener-
ator, which needs to provide a specific polarization. By altering the
topology of the waveguide, more channels can be supported by a 

cylindrical shell waveguide. 

27,28 Multiple shell waveguides can hence 

be nested together to augment information capacity at a given scale 

length. Nonetheless, each waveguide demands a precisely modu-
lated sound source array. In general, such strategies introduce new 

difficulties in signal generation.
Acoustic metasurfaces, 

29,30 as a type of metamaterial, 

31 are 

widely acknowledged for their exceptional functionality and extreme 

flexibility. They are recognized as viable candidates for genera-
tors or converters of spiral acoustic waves in both free-space sys-
tems and waveguides. 

32 By discretizing a metasurface into units 

and arranging them in accordance with the generalized Snell’s 

law, 

33–35 control over the azimuthal index of a spiral wave can be 

achieved through a local phase shift. 

17,36 Alternatively, a holisti-
cally designed metasurface based on diffraction metagratings 

37,38 

enables the generation of single 

39,40 or combined 

41,42 spiral waves of 

varying azimuthal indices. Furthermore, exotic applications such as 

directional communication 

43 and acoustic diodes 

44,45 have been suc-
cessfully demonstrated. Recently, encrypted information storage 

28 

has been achieved in a multiplex communication systems based on a 

newly proposed impedance theory. 

46–48 This theory exhibits poten-
tial for acoustic communications, owing to its exceptional ability to 

manipulate waves with precision. 

49

In this paper, generalized impedance metasurfaces are explored 

for the modulation of complex Bessel modes (CBMs) to access addi-
tional orthogonal spatial channels. CBMs constitute a set of mutually 

orthogonal transmission modes that are characterized by differ-
ent radial wavenumbers but can share the same azimuthal index. 

The decomposition of CBM-based signals can be effectively exe-
cuted on the cross-section when they are constrained within wave-
guides. This approach results in a significant increase in available 

channel, surpassing approaches based on spiral waves. Generalized

impedance theory is introduced to synergistically modulate ampli-
tude and phase in space. Conversion between CBMs is demonstrated 

using generalized impedance metasurfaces through numerical sim-
ulations that reveal a precise modulation capability. Furthermore, 

two metasurfaces with zigzag structures are fabricated for practical 

generation of different CBMs with zero azimuthal index. General-
ized impedance metasurfaces are also improved. The input diameter 

of the metasurfaces is designed to be smaller than the output dia-
meter, enabling signal generation from a single speaker. Operation 

is validated with both simulations and experiments, demonstrating 

filtering characteristics for pure transmission fields. It is expected 

that this work can open up new horizons for the application of 

impedance theory and CBMs to acoustic communications.

II. COMPLEX BESSEL MODES IN WAVEGUIDES
The definition of metasurfaces has often imposed the constraint 

that the cross-sections of interconnected sound fields p 1 

and p 2 

be 

equal. This constraint leads to the requirement for a considerable 

array of sound sources, particularly when the aim is to modulate 

waves combining multiple modes. Such a scenario thus presents sig-
nificant challenges for the control circuit of the speakers, even for the 

generation of a simple plane wave. Ensuring consistency across the 

speakers of a coherent array introduces an extra layer of complex-
ity. Fortunately, generalized impedance theory theoretically allows 

the design of metasurfaces that operate under the conditions illus-
trated in Fig. 1. It is anticipated that the cross-sectional area of the 

field p 1 

is narrow enough for the incident field to be excited with a 

single speaker. Meanwhile, the transmission field p 2 

will encompass 

multiple, mutually orthogonal, independent transmission modes. 

Subsequently, digital information can be precisely encoded in the 

field p 2 

and retrieved through a process of signal decomposition. 

Let us start with a general analysis of acoustic waves in a cir-
cular waveguide. Helmholtz’s equation with sound pressure p as the 

variable is adopted to describe the acoustic fields:

(∇ 

2 

+ ω 

2
0/c 

2
0)p = 0, (1)

where ω 0 
= 2πf 0 

is the operating angular frequency, f 0 is the oper-
ating frequency in Hz, c 0 

= 

√ 

K 0 
/ρ 0 

is the velocity of sound in the 

homogeneous background medium, and ρ 0 

and K 0 
are its mass den-

sity and bulk modulus, respectively. Bessel solutions can be obtained 

using the method of separation of variables in cylindrical coordinate
(ρ, θ, z). Then, the lth solution for the mth order (the integer m is 

the azimuthal index) is written

p l,m 

(ρ, θ, z) = D l,m 

J m 
(β l,m 

ρ)e 

−ıα l,m 
z−ımθ−ıφ l,m , (2)

where ı is the imaginary unit, J m 

is the mth Bessel function of the first 

kind, and D l,m 

and φ l,m 

are the amplitude and phase, respectively. 

The real-valued wavenumbers α l,m 

and β l,m 

obey the dispersion 

relation

α 

2 

l,m + β2
l,m = k 

2
0, (3)

where k 0 
= ω/c 0 

is the wavenumber in the background medium. 

Here, α l,m 

is the axial wavenumber and β l,m 

can be regarded as the 

radial wavenumber corresponding to α l,m 

. It is shown below that the 

axial wavenumber is quantized.
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FIG. 1. Illustration of a generalized impedance metasurface for CBM generation. A metasurface with two unequal cross-sectional areas connects a fundamental planar wave 

field p 1 

generated by a speaker and a field p 2 

encoded with specific digital information through amplitude and phase modulation.

The superposition of waves with a specific azimuthal index m is 

described by

p m 
(ρ, θ, z) = ∑ 

l
p l,m 

(ρ, θ, z) = ∑ 

l
C l,m 

(ρ, z)e 

−ımθ . (4)

Generally, orthogonality is verified strictly along any circular curve
(ρ, z) = (ρ 0 

, z 0 
) for different azimuthal indices m 1 

, m 2 
∈ Z:

∮ 

(ρ 0 
,z 0 
)

p m 1 

p 

∗

m 2 

dθ = 0 if m 1 
≠ m 2 

. (5)

It is noteworthy, however, that there can be several waves distin-
guished by different axial and radial wavenumbers but the same 

azimuthal index. Despite those waves traveling stably along the axial 

direction, they are generally considered to degrade purity. 

18 Such 

waves are the primary focus of the following study and are termed 

complex Bessel modes (CBMs).
For CBMs constrained within a waveguide, for example, an 

acoustic fiber, 

15 a hard acoustic boundary condition is added at
ρ = R 0 

:

∂p
∂ρ
∣

ρ=R0

= 0, (6)

where R 0 
is the inner radius of the waveguide. Since Eq. (6) holds 

everywhere at ρ = R 0 
, the defining relation for each β l,m 

reads

J 

′

m(β l,m 

R 0 
) = 0, (7)

i.e., β l,m 

is obtained from the roots of the first derivative of the 

Bessel function J m 

. There are a finite number of solutions to Eq. (7), 

since 0 ≤ β l,m 

≤ k 0 
from Eq. (3); these solutions can be retrieved 

numerically using, for instance, the Newton iteration method.

For illustration, we consider the example of CBMs in a wave-
guide with a given radius R 0 

= 15 cm. The background medium 

is taken to be air, with a sound velocity c 0 
= 343 m/s, mass den-

sity ρ 0 

= 1.18 kg/m 

3 , and zero viscosity. The operating frequency is
chosen as f 0 

= 3500 Hz. The wavelength and wavenumber of sound
waves in the background field are λ 0 

= c 0 
/ f 0 

and k 0 
= 2π/λ 0 

, respec-
tively. Traveling wave solutions along the positive z axis require
α l,m 

> 0. The allowed CBMs and corresponding parameters are given 

in Table I.
It might be assumed that 15 multiplexed channels are sup-

ported by this waveguide, 

32 since ∣m max 
∣ = 7, as indicated in Table I. 

However, this number only includes modes with l = 1. There can 

actually be two (for m = ±2, ±3, ±4) or even three (for m = 0, ±1) 

independent transmission modes with the same m, for a total of 

27 CBMs. Taking the three CBMs for m = 0 as examples, the real 

part of the complex amplitude distributions defined by Eq. (2) are 

depicted in Fig. 2. The transmission mode degenerates into a plane
wave when β 1,0 

= 0 m 

−1 in Fig. 2(a). However, for β 2,0 

= 25.5 m 

−1 ,
the wavefront remains planar but carries an inhomogeneous ampli-
tude distribution, as shown in Fig. 2(b). Its amplitude first decreases 

and subsequently increases along the radius, following the variations 

of the Bessel function. A similar situation is observed in Fig. 2(c). 

The amplitude changes faster along the radial direction as the radial 

wavenumber is increased to β 3,0 

= 46.8 m 

−1 . Notably, two nodes of 

pressure can be identified, and the sign of the amplitude changes 

twice. Furthermore, the period along the z axis decreases with l, 

which indicates a decrease in the axial wavenumber α l,m 

. For an 

intuitive illustration, the amplitude distribution along the radius 

is plotted in Fig. 2(d). All CBMs follow the zeroth-order Bessel 

function, with the plane wave considered as a special trivial form. 

CBMs with m = +1 are also depicted in Fig. 2 for compari-
son. Each mode exhibits a periodicity, characterized by a period of

MechanoEng. 1, 043101 (2026); doi: 10.1063/5.0344561 1, 043101-3
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TABLE I. Allowed CBMs for a waveguide with radius R 0 

= 15 cm, at operating frequency f 0 = 3500 Hz.

β l,m 

(m 

−1 )

m = 0 ±1 ±2 ±3 ±4 ±5 ±6 ±7

l = 1 0 12.3 20.4 28.0 35.5 42.8 50.0 57.2
l = 2 25.5 35.5 44.7 53.4 61.9 / / /
l = 3 46.8 56.9 / / / / / /

FIG. 2. Theoretical spatial distribution of normalized sound pressure for traveling CBMs with azimuthal index m = 0 and [(a)–(d)] m = +1 [(e)–(h)]. (a)–(c) CBMs with m = 0 

and radial wavenumbers β 1,0 

= 0 m 

−1 , β 2,0 

= 25.5 m 

−1 , and β 3,0 

= 46.8 m 

−1 , respectively. (d) Amplitude distributions along the radius ρ for CBMs with m = 0 and β 1,0 

= 0 

m 

−1 (blue curve), β 2,0 

= 25.5 m 

−1 (red curve), and β 30 

= 46.8 m 

−1 (orange curve). (e)–(g) CBMs with m = +1 and radial wavenumbers β 1,+1 

= 12.3 m 

−1 , (f) β 2,+1 

= 35.5 

m 

−1 , and (g) β 3,+1 

= 56.9 m 

−1 , respectively. (h) Amplitude distribution along the radius ρ for CBMs with m = +1 and β 1,+1 

= 12.3 m 

−1 (blue curve), β 2,+1 

= 35.5 m 

−1 (red 

curve), and β 3,+1 

= 56.9 m 

−1 (orange curve).

1 along the azimuthal direction. The CBM with β 1,+1 

= 12.3 m 

−1 in 

Fig. 2(e) degenerates into a wave with spiral phase distribution as 

previously reported. 

17 Both CBMs in Figs. 2(e) and 2(f) have the 

same spiral phase distribution. Similar to the case m = 0, their ampli-
tude varies nonmonotonically with radius when l ≠ 1. The axial 

wavenumber decreases as the radial wavenumber increases, in accor-
dance with Eq. (3). The amplitude distribution along the radius is 

plotted in Fig. 2(h). All CBMs follow the first-order Bessel function. 

All the above CBMs are naturally orthogonal, since they are 

fundamental solutions of the governing equation, Eq. (2). Each 

mode can be regarded as an independent channel with stable trans-
mission capability. It is obvious that orthogonal decomposition can 

be conducted along the axial direction, owing to differences in axial 

periods. It can also be proved that modes involving the same Bessel 

function but different zeros of its first derivative are actually orthog-
onal (see Appendix A). All the 27 modes listed in Table I can be 

fully decomposed on any cross-section of the waveguide. This allows

for the support of 27 multiplexed spatial channels, as opposed to 15 

channels, which may lead to a substantial improvement for acoustic 

communication.

III. CONVERSION BETWEEN CBMs BY GENERALIZED 

IMPEDANCE METASURFACES

Owing to a lack of control of the amplitude, gradient meta-
surfaces based on the generalized Snell’s law are generally not well 

suited to conversion between CMBs. Similarly, a precise customiza-
tion of the wave amplitude distribution is difficult with metagratings. 

As an alternative, generalized impedance theory is adopted in this 

section. Generalized impedance metasurfaces transform arbitrary 

wave fields. 

49 Through meticulous structural design, it is theoreti-
cally feasible to establish a connection between fields of unequal 

cross-section, as illustrated in Fig. 1. When the radius of the input
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waveguide is sufficiently small, generation of CBMs can be accom-
plished through the operation of a single speaker cooperating with a 

metasurface.
For generality, it is necessary to ensure first the validity of 

generalized impedance theory for CBM conversion. Conversion 

between different CBMs inside waveguides of equal width is exam-
ined in this section through numerical simulation with a single-layer 

model of impedance metasurface. It is assumed that two fields p 1 

and p 2 

are connected through an impedance metasurface, as shown 

in Fig. 1. The local velocities v i 
= (ı/ω 0 

ρ 0 

)∇p i 

and power flux dis-
tributions I i = 

1
2 

Re [p i 
v∗ 

i ] (i = 1, 2) are obtained from Eq. (2). For a
passive and lossless metasurface, a loose conservation of power flux 

is imposed through

∫ 

Γ1 

I 1 
⋅ n 1 

dS + ∫ 

Γ2

I 2 
⋅ n 2 

dS = 0, (8)

where the surfaces Γ i 
(i = 1, 2) are the upper and lower boundaries 

of the metasurface, and the normal vectors n i 
(i = 1, 2) point toward 

the interiors of the outer regions. Assuming that the metasurface is 

located in the y = 0 plane, its impedance is determined as

[ 

p 1 

p 2
]∣ 

y=0 

= [
Z 11 Z 12

Z 21 Z 22
][ 

(−n 1 
⋅ v 1 
)

(−n 2 
⋅ v 2 
)
]∣ 

y=0

. (9)

For a conservative system, the impedance matrix is purely imagi-
nary:

Z ik 

= ıX ik 

(10)

with a real matrix X ik 

.
For CBM conversion from mode (l 1 

, m 1 
) to mode (l 2 

, m 2 
), the 

sound fields on the two sides of the metasurface are

p 1 
(ρ, θ, z) = D l 1 

,m 1 

J m 1 

(β l 1 
,m 1 

ρ)e 

−ıα l 1 

,m 1 

z−ım 1 
θ−ıφ l 1 

,m 1 , (11)

p 2 
(ρ, θ, z) = D l 2 

,m 2 

J m 2 

(β l 2 
,m 2 

ρ)e 

−ıα l 2 

,m 2 

z−ım 2 
θ−ıφ l 2 

,m 2 , (12)

respectively. The amplitudes obey Eq. (8), and hence the amplitude 

factor is given by

A =
Dl2 ,m2

Dl1 ,m1

=

¿
Á
ÁÀ αl1m1(β

2
l1 ,m1

R2
0 −m2

1)

αl2 ,m2(β
2
l2 ,m2

R2
0 −m2

2)

βl2 ,m2 ∣Jm1(βl1 ,m1 R0)∣

βl1 ,m1 ∣Jm2(βl2 ,m2 R0)∣
. (13)

The components of the impedance matrix in Eq. (9) can be 

calculated as

Z11(θ) = −
ıZ0k0

αl1 ,m1

cot Φ(θ), (14)

Z12(ρ, θ) = −
ıZ0k0

αl2 ,m2 A
Jm1(βl1 ,m1 ρ)
Jm2(βl2 ,m2 ρ)

csc Φ(θ), (15)

Z21(ρ, θ) = −
ıZ0k0A
αl1 ,m1

Jm2(βl2 ,m2 ρ)
Jm1(βl1 ,m1 ρ)

csc Φ(θ), (16)

Z22(θ) = −
ıZ0k0

αl2 ,m2

cot Φ(θ), (17)

where

Φ(θ) = (m 2 
−m 1 
)θ + (φ l 2 

,m 2 

− φ l 1 
,m 1 

). (18)

It should be noted that the amplitude factor will reduce to

A =
Dl2 ,m2

Dl1 ,m1

=

¿
Á
ÁÀ

k0

αl2 ,m2R2
0
(β2

l2 ,m2
R2

0 −m2
2)

βl2 ,m2

∣Jm2(βl2 ,m2 R0)∣
(19)

when a plane wave is incident.
There is a unified formal expression of the impedance matrix 

for conversion between two CBMs. The components on the main 

diagonal vary with the azimuth, whereas the components on the 

secondary diagonal vary with the radius. The impedance matrix is 

independent of the azimuth when the azimuthal indices of the CBMs 

are identical (m 1 
= m 2 
). The components on the main diagonal 

then become constant and are determined by the phase difference
φ l 2 

,m 2 

− φ l 1 
,m 1 

. They tend to infinity when φ l 2 
,m 2 

= φ l 1 
,m 1 

, which is 

physically valid. It has indeed been proved that a singular impedance 

can be achieved via an appropriate modulation of phase and ampli-
tude. 

48 Since the impedance matrix is purely imaginary, conversion 

between arbitrary CBMs is achieved by passive metasurfaces. 

46 The 

components on the secondary diagonal are always unequal. This 

indicates that a balance of the power flux needs to be implemented 

under integral equivalence. 

49 Then, the cross-sectional areas on each 

side of each unit of the metasurface are unequal in the subsequent 

structural design.
We consider the generalized metasurfaces defined by 

Eqs. (14)–(17) to be ideally devoid of thickness to check their 

theoretical performance as illustrated in Fig. 3 (see Appendix B 

for detailed settings). It should be noted that the amplitude factor 

in Eq. (13) is not unitary, which means that conversion between 

different CBMs is accompanied by changes in amplitude. All 

figures are therefore normalized to their respective amplitudes for 

the purpose of comparison. The generation of the CBM with β 2,0 

via plane wave excitation is demonstrated first in Fig. 3(a). The 

incident field remains uncontaminated by any reflected waves. The 

transmission field agrees with the theoretical result presented in 

Fig. 2(a). It can be observed that all of the power flux has been 

allocated to the target CBM without any crosstalk toward other 

CBMs (see Appendix C for the detailed quantitative analysis). A 

similar situation is observed for the generation of the CBM with β 3,0 

as shown in Fig. 3(b). There is no scattering on either side of the 

metasurface. Furthermore, the orthogonal decomposition confirms 

the exact operation of the metasurface.
Let us move on to the conversion between different CBMs. 

Conversion from the CBM with β 3,0 

to that with β 2,0 

is shown in 

Fig. 3(c). The amplitude of the wave field on both sides follows the 

Bessel distribution, with the orthogonal decomposition indicating 

a conversion rate of 100%. Numerical simulations for conversion 

between different CBMs with +1 azimuthal index are presented 

in Figs. 3(d) and 3(e). They appear somewhat similar to Fig. 3(c) 

because the conversion between CBMs with the same azimuthal 

index is always independent of the azimuth [Eq. (18)]. There is only 

a difference in the impedance distribution along the radius. The 

conversion remains perfect, as indicated by the orthogonal decom-
position. This result remains even if the impedance changes with 

the azimuthal angle when conversion is from the CBM with β 3,+1
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FIG. 3. Verification by numerical simulation of the operation of metasurfaces for CBM conversion. Normalized total pressure fields and orthogonal decompositions of the 

output signal are shown for conversion (a) from β 1,0 

to β 2,0 

, (b) from β 1,0 

to β 3,0 

, (c) from β 2,0 

to β 3,0 

, (d) from β 1,+1 

to β 2,+1 

, (e) from β 2,+1 

to k 3,+1 

, and (f) from β 3,+1 

to β 3,0 

.

to that with β 3,0 

, as shown in Fig. 3(f). In practice, the fabrica-
tion of metasurfaces for conversion between CBMs with different 

azimuthal indices is potentially trickier, since both azimuth and 

radial directions must be considered simultaneously.

IV. STRUCTURAL DESIGN OF CBM GENERATORS 

AND EXPERIMENTAL VALIDATION WITH SINGLE 

SPEAKER EXCITATION

For easier generation of CBMs with a single speaker, the 

input waveguide must have a smaller radius than the output wave-
guide. This adjustment results in fewer transmission modes within 

the input waveguide, 

18 thereby simplifying the process of plane 

wave excitation. The design of conventional metasurfaces, how-
ever, requires two physical fields of equal spatial extent. Generalized 

impedance metasurfaces are more flexible in this respect and are 

adopted for implementation here. The output waveguide is set to 

have a radius of R o 
= R 0 

= 15 cm, as mentioned earlier. The radius 

of the input waveguide is set to R i 
= R 0 
/2 = 7.5 cm. Two examples 

are considered in this section, with the generation of CBMs with β 2,0 

and β 3,0 

under plane wave input. The generalized impedance unit 

obeys the discrete impedance relation

⎡
⎢
⎢
⎢
⎢
⎣

p1∣D j
1

p2∣D j
2

⎤
⎥
⎥
⎥
⎥
⎦

= [
Z j

11 Z i
12

Z j
21 Z i

22
]

⎡
⎢
⎢
⎢
⎢
⎣

(−n1 ⋅ v1)∣D j
1

(−n2 ⋅ v1)∣D j
2

⎤
⎥
⎥
⎥
⎥
⎦

, (20)

where D 

j
i (i = 1, 2) are the jth subdomains of Γ i 

(i = 1, 2), and p i 
, n i

and v i 
(i = 1, 2) are the average values on D i 

(i = 1, 2). The division 

of D i 
(i = 1, 2) is in line with the principles established in Ref. 49. 

The two generalized impedance metasurfaces presented in Fig. 4(a) 

are obtained through optimization and consist of nine zigzag units 

each (see Appendix D).

Numerically simulated pressure fields for the designed gen-
eralized impedance metasurfaces are presented in Fig. 4(b) (see 

Appendix B for detailed settings). Generation of the target CBMs 

is evident, despite some minor reflections on the input side. A quan-
titative evaluation through orthogonal decomposition of the output 

signal is given in Fig. 4(c) (see Appendix C for the detailed quan-
titative analysis). The power flux is precisely allocated to the target 

mode for the CBM with β 2,0 

, and only 1% is leaked. The result for the 

CBM with β 3,0 

is not ideal, however, since only 88% of the power flux 

is converted successfully. The discretization of metasurface units is 

likely the major reason for this discrepancy. Generalized impedance 

theory indeed requires the unit to be deeply sub-wavelength, but 

a sufficient span of geometric parameters is also essential for the 

unit to approach the theoretical impedance matrix. These conflict-
ing requirements may lead to an operational trade-off. A discussion 

of the influence of the discretization of units on efficiency is provided 

in Appendix E. Nevertheless, the overall operation is acceptable for 

CBM generation.
Two samples were fabricated using 3D printing for experimen-

tal verification, as shown in Fig. 4(d). Each metasurface is assembled 

from two distinct parts. An additional support runs across the mid-
dle of each part to ensure the stability of the structure. The distribu-
tion of the real part of the experimental sound pressure field is shown 

in Fig. 4(e). The sound field at the input end is provided by a single 

speaker with radius 7.5 cm (see Appendix F for the detailed configu-
ration). All fields have been normalized with reference to the average 

amplitude of the incident wave. Good consistency between Figs. 4(b) 

and 4(e) is observed visually. Although the spatial distribution of 

amplitude is generally consistent with expectations, the experimen-
tal amplitude is smaller than in the numerical simulation. This is 

even more true for the generation of the β 3,0 

CBM. Note that the 

pressure amplitude fluctuates along the z axis owing to interference 

of CBMs with different axial wavenumbers. The total transmitted
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FIG. 4. Verification by numerical simulation and experiment of metasurfaces designed for CBM generation from a plane wave to CBMs with β 2,0 

and β 3,0 

. The metasurface 

designed by optimization (a) produces the simulated pressure field in (b). whose orthogonal decomposition is shown in (c). The fabricated metasurface (d) produces the 

experimental pressure field in (e), whose orthogonal decomposition is shown in (f).

power flux does not reach 100% experimentally, as can also be seen 

from the quantitative analysis in Fig. 4(f). In the generation of the 

CBM with β 2,0 

, 76% of the power flux is successfully delivered, 

whereas 52% is delivered in the generation of the CBM with β 3,0 

. 

Fabrication tolerances and the presence of additional supports in 

the middle of the structure may partially explain the decrease in effi-
ciency. Moreover, it can be seen that the incident wave is not strictly 

plane. The wavefront generated by the single speaker has some cur-
vature, leading to the excitation of some other complex modes in 

the input waveguide. The additional reflection on the speaker may 

also cause unpredictable disturbances. However, the target CBMs

dominate both output signal, thanks to the inherent characteristics 

of generalized impedance metasurfaces operating as filters. 

28 Only 

preset modes can be transmitted effectively, which may be benefi-
cial for the establishment of CBM-based communication systems. 

Discussions of operating frequencies and of the influence of non-
planar excitation for both designed metasurfaces are provided in 

Appendixes G and H, respectively, with thermal viscosity accounted 

for.
This section has presented the generic design of a CBM with 

an azimuthal index of m = 0 based on generalized impedance the-
ory. However, it is noteworthy that considering a nonzero azimuthal
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index may still lead to great complexity if CBMs with m ≠ 0 are 

expected to be directly generated through a generalized impedance 

metasurface with a single speaker. The design of impedance units
must be executed in three dimensions, with all feature sizes being 

deeply sub-wavelength. For example, for the waveguide considered 

in this paper, the metasurface should be discretized into at least 

185 units, provided that the maximum feature size of each unit 

is 3 cm. Hence, the design and manufacture of the structure will 

become the major challenge, although it can still be implemented 

theoretically. 

48,49

V. DISCUSSION

In this paper, orthogonal CBMs have been investigated as 

potential available channels of acoustic fiber communication sys-
tems enabled by generalized impedance theory. Not only the 

azimuthal indices m but also the radial indices l have been con-
sidered as multiplexing degrees of freedom. Generalized impedance 

theory has been employed for the conversion of CBMs. The oper-
ational efficiency consistently reaches 100%, as verified through 

thickness-free models of the metasurfaces in simulation. Further-
more, two practical metasurfaces with optimized unit structures 

have been designed for the generation of CBMs with azimuthal index 

m = 0 but different radial indices. A generalized impedance metasur-
face between two different waveguides has been established for the 

first time. The areas of the input waveguides for both metasurfaces 

are one-quarter of the output one, thanks to the flexibility afforded 

by generalized impedance theory. Consequently, the designed gen-
eralized impedance metasurfaces offer a convenient means of sig-
nal generation via a single speaker, as opposed to an array of 

sound sources. Their operation has been validated both numer-
ically and experimentally. The generated signal remains a pure 

mode, even when the incident wave in the experiment is not strictly 

planar.
CBMs exhibit immense potential for acoustic communications, 

especially when harnessed through generalized impedance meta-
surfaces. The number of potential available channels within the 

waveguide is significantly increased by the use of all available modes 

of propagation. Moreover, signal generation can be streamlined at 

a relatively low cost. Additionally, the excitation of incident plane 

waves can be further simplified if the radius of the input wave-
guide is sufficiently reduced, since only waves other than plane 

waves are accommodated and the incident wave becomes purely pla-
nar. Nevertheless, the significant contrast that is required between 

input and output waveguide cross-sections may pose substantial 

challenges for structural fabrication. Specifically, fabrication toler-
ances and internal structural supports may become key challenges 

for optimizing the efficiency of metamaterials suitable for conver-
sion between CBMs with different azimuthal indices. Subsequent 

work will be devoted to expanding the operating bandwidth of gen-
eralized impedance metasurfaces and investigating the application 

of CBMs to free-space emission.
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APPENDIX A: PROOF OF ORTHOGONALITY OF CBMs

According to the Lommel integral, we obtain

I = (a 

2 

− b 

2 

)∫ 

P

0
J m 
(aρ)J m 

(bρ)ρ dρ

= P[bJ m 
(aP)J′m(bP) − aJ′ 

m(aP)J m 
(bP)], (A1)

where a ≠ b and J′m is the derivative of the mth-order Bessel function. 

We set a = β l 1 
,m 

, b = β l 2 
,m 

, and P = R 0 
, and then

I = R 0 
[β l 2 

,m 

J m 
(β l 1 

,m 

R 0 
)J′m(β l 2 

,m 

R 0 
)

− β l 1 
,mJ 

′ 

m(β l 1 
,mR0)J m(β l 2 

,mR 0)]. (A2)

From Eq. (7), this expression is clearly equal to 0, and so

∫ 

R 0

0
J m 
(β l 1 

,m 

ρ)J m 
(β l 2 

,m 

ρ)ρ dρ = 0. (A3)

Let us next consider a = β l,m 

and b = a + ϵ/R 0 
next, where ϵ is a 

positive small quantity. We obtain

I =
−2R0βl,mϵ + o(ϵ2

)

R2
0

∫

R0

0
Jm(βl,mρ)Jm[(βl,m +

ϵ
R0
)ρ]ρ dρ

= (R 0 
β l,m 

+ ϵ)J m 
(β l,m 

R 0 
)J′m(R 0 

β l,m 

+ ϵ)

− R 0 
β l,m 

J′m(β l,m 

R 0 
)J m 
(R 0 

β l,m 

+ ϵ). (A4)
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Using a Taylor expansion of J′m(R 0 
β l,m 

+ ϵ) as

J 

′ 

m(R 0 
β l,m 

+ ϵ) = J′m(R 0 
β l,m 

) + J′′ 

m(R 0 
β l,m 

)ϵ + o(ϵ 

2 

), (A5)

we have

I =
−2R0βl,mϵ + o(ϵ2

)

R2
0

∫

R0

0
Jm(βl,mρ)Jm[(βl,m +

ϵ
R0
)ρ]ρ dρ

= (R 0 
β l,m 

+ ϵ)J m 
(β l,m 

R 0 
)J′ 

m 

(R 0 
β l,m 

)

+ ϵ(R 0 
β l,m 

+ ϵ)J m 
(β l,m 

R 0 
)J 

′′ 

m 

(R 0 
β l,m 

)

− R 0 
β l,m 

J 

′ 

m(β l,m 

R 0 
)J m 
(R 0 

β l,m 

+ ϵ). (A6)

Using Eq. (7), and eliminating high-order small quantities, this can 

be simplified to

−2R0βl,mϵ
R2

0
∫

R0

0
Jm(βl,mρ)Jm[(βl,m +

ϵ
R0
)ρ]ρ dρ

= ϵR 0 
β l,m 

J m 
(β l,m 

R 0 
)J′′ 

m(β l,m 

R 0 
). (A7)

We then get

∫

R0

0
Jm(βl,mρ)Jm(βl,mρ)ρ dρ = −

R2
0

2
Jm(βl,mR0)J′′m(βl,mR0). (A8)

Orthogonality follows as a consequence:

∫

R0

0
Jm(βl1 ,mρ)Jm(βl2 ,mρ)ρ dρ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if βl1 ,m ≠ βl2 ,m,
β2

l0 ,mR2
0 −m2

2β2
l0 ,m

[Jm(βl0 ,mR0)]
2 if βl1 ,m = βl2 ,m = βl0 ,m ≠ 0,

R2
0

2
if βl1 ,m = βl2 ,m = 0.

(A9)

Note that β l 1 
,m 

= β l 2 
,m 

= 0 implies m = 0.

APPENDIX B: SIMULATIONS

Numerical simulations are conducted with the Pressure Acous-
tics module of COMSOL Multiphysics. The single-layer numerical 

model for impedance metasurfaces 

47 is adopted for the numeri-
cal simulations shown in Fig. 3. The impedance matrix is defined 

by Eqs. (14)–(17). The sidewalls of the two waveguides are set 

with hard acoustic boundary conditions. Their length is set to 

3λ 0 
, with upper and lower boundaries set with plane wave radi-

ation boundary conditions. The mesh has a maximum element 

size of λ 0 
/10 and a minimum element size of λ 0 

/15 for conver-
gence, and the discretization uses quadratic Lagrange elements. 

All numerical simulations are performed with a background pres-
sure field for excitation, with the pressure distribution defined by 

Eqs. (12) and (13). It should be mentioned that phase differences 

are set arbitrarily as φ l 1 
,m 

= 0, φ l 2 
,m 

= π/3, and φ l 3 
,m 

= π/4 to avoid
singularities.

The numerical simulation in Fig. 4(b) uses the same configura-
tion, but replaces the single-layer numerical model with the practical
structure, and the waveguide radius at the input side is set to 7.5 cm.
All other settings, including mesh, discretization, and quantitative
evaluation, are the same as in Fig. 3.

APPENDIX C: QUANTITATIVE EVALUATION

The Galerkin method is adopted for both the simulation and 

experimental results to retrieve the amplitude of each CBM without 

integration. Any acoustic field inside a waveguide can be expressed
in series form as 

p(ρ, θ, z) = ∑
l
∑

m
pl,m(ρ, θ, z)

= ∑ 

l
∑ 

m
D l,m 

J m 
(β l,m 

ρ)e 

−ıα l,m 
z−ımθ−ıφ l,m

= 

(2∣m∣+1)l 

∑ 

s=1
p s 

e 

−ıφ s f s 
(ρ, θ, z). (C1)

The sampled data p̃(ρ ξ 

, θ ξ 

, z ξ 

) at the ξth sampling point located at
(ρ ξ 

, θ ξ 

, z ξ 

) obey

p̃(x ξ 

, y ξ 

) = 

(2∣m∣+1)l 

∑ 

s=1
p s 

e 

−ıφ s f s 
(ρ ξ 

, θ ξ 

, z ξ 

). (C2)

By repeating the sampling t times, the following system of equations 

can be established:

⎡
⎢ 

⎢ 

⎢ 

⎢
⎢ 

⎢ 

⎢ 

⎢
⎢ 

⎢
⎢ 

⎢
⎣ 

f 1 
(x 1 

, y 1 
) ⋅ ⋅ ⋅ f (2∣m∣+1)l 

(x 1 
, y 1 
)

⋮ ⋮ ⋮

f 1 
(x ξ 

, y ξ 

) ⋅ ⋅ ⋅ f (2∣m∣+1)l 

(x ξ 

, y ξ 

)

⋮ ⋮ ⋮

f 1 
(x t 

, y t 
) ⋅ ⋅ ⋅ f (2∣m∣+1)l 

(x t 
, y t 
)

⎤ 

⎥ 

⎥
⎥ 

⎥ 

⎥ 

⎥ 

⎥
⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦ 

⎡
⎢ 

⎢
⎢ 

⎢ 

⎢ 

⎢ 

⎣

p 1 
e 

−ıφ 1

⋮

p (2∣m∣+1)l 

e 

−ıφ (2∣m∣+1)l

⎤
⎥ 

⎥
⎥ 

⎥
⎥ 

⎥
⎦ 

=

⎡ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢
⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎣ 

˜ p(x 1 
, y 1 
) 

⋮ 

˜ p(x ξ 

, y ξ 

) 

⋮ 

˜ p(x t 
, y t 
)

⎤ 

⎥ 

⎥
⎥ 

⎥ 

⎥ 

⎥
⎥ 

⎥
⎥ 

⎥
⎥ 

⎥
⎦ 

′

(C3)
which can be abbreviated as

Ax = b. (C4)

When t ≥ (2∣m∣ + 1)l, Eq. (C3) has a least squares solution

x = A 

+ b. (C5)

The complex amplitude of each CBM can then be retrieved. 

All sampling points are used for the Galerkin method in the experi-
ment. For the field on each side of the metasurface in the simulation,
the sampling region consists of two parallel planes located at dis-
tances of 1.5λ0 and 1.6λ0 from the metasurface. On each plane, 20
sampling points are uniformly distributed along the radial direction
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FIG. 5. Schematic of designed generalized acoustic impedance metasurface.

and 30 points along the azimuthal direction, forming a polar grid. 

This yields a total of 20 × 30 × 2 sampling points, which are used to 

extract the complex amplitudes of each CBM.
The performances of all metasurface can then be evaluated by 

power flux conversion. The wave field p 1 

is divided into two parts, 

incidence p in 

and reflection p re 

, as follows:

p 1 
= p in 

+ p re 
. (C6)

The normal incident power flux can then be calculated as

Iin,z = −n1 ⋅
1
2

Re [pinv∗in]. (C7)

It should be noted that p in 

is not a simple plane wave for the inci-
dent field excited by the nonplanar excitation in the experiment. The 

normal power flux allocated to mode {l, m} is given by

Il,m,z = n2 ⋅
1
2

Re [pl,mv∗l,m]. (C8)

Consequently, the conversion rate is given by

ηl,m =
Il,m,z

Iin,z
. (C9)

This equation is applicable for both simulation and experiment.

APPENDIX D: OPTIMIZATION AND PARAMETERS 

OF DESIGNED GENERALIZED ACOUSTIC IMPEDANCE 

METASURFACES

A schematic of the designed generalized acoustic impedance 

metasurface is shown in Fig. 5. The thick black dashed line repre-
sents the central axis of the rotating body. The gray solid part is 

the rotating section. The light gray dashed line is the port where 

each unit connects the incident and reflected fields. The radii of the 

upper and lower surfaces are R o 
= 15 cm and R i 

= 7.5 cm, respec-
tively. The thickness of the metasurface is h m 

= 8 cm. The division 

of the units is carried out along the radial direction from the origin 

point. The upper surface is first divided into patches at intervals of 

0.5 cm. Taking the total normal power flow on each patch as a ref-
erence, the lower surface is then divided in sequence while ensuring 

conservation between each pair of patches on both surfaces. For the 

purpose of fabrication with 3D printing, adjacent patches are allow 

to be combined according to the following rules. First, the width 

of the lower surface patch should be greater than 0.3 cm. Second, 

the maximum width of the unit should not exceed 3 cm (i.e., the 

deeply sub-wavelength) condition, so that its impedance matrix is 

uniquely determined. Third, the area ratio of the patches at both sur-
faces is equal to the ratio of off-diagonal components of the target 

impedance matrix defined by the midpoints:

⎡ 

⎢ 

⎢
⎢ 

⎢ 

⎣

p 1 
∣ 
(b 

i 

−b 

i−1 

)/2

p 2 
∣ 
(a 

i 

−a 

i−1 

)/2

⎤ 

⎥ 

⎥
⎥ 

⎥ 

⎦

= [
ıX 

i
11 

ıXi
12

ıX 

i
21 

ıXi
22
]

⎡ 

⎢ 

⎢
⎢ 

⎢ 

⎣

(−n 1 
⋅ v 1 
)∣ 
(b 

i 

−b 

i−1 

)/2

(−n 2 
⋅ v 1 
)∣ 
(a 

i 

−a 

i−1 

)/2

⎤ 

⎥ 

⎥ 

⎥
⎥
⎦ 

. (D1)

It should be noted that the impedance of the first unit is defined by 

the origin point. The division of units is recorded in columns 2 and
3 of Tables II and III. It should also be noted that a 

7 in Table II cor-
responds to two different values. This is because the widths of the 

seventh and eighth units have already reached 3 cm, and the nor-
mal power flow on the patch between these two units is quite low. 

This patch cannot either be merged into adjacent units or become 

an independent one, to avoid violating the rules mentioned above. It 

is therefore skipped.
Structural design of the impedance unit is implemented 

through parameter optimization based on a genetic algorithm. There 

is a δ/2 = 0.1 cm gap at each side of the unit for the purpose of iso-
lation. Six plates each of thickness t = 0.2 cm are added to each unit

TABLE II. Parameter configuration of the metasurface for case 1 (cm).

i a 

i b 

i hi
1 hi

2 hi
3 hi

4 hi
5 hi

6 li1 li2 li3 li4 li5 li6

0 0.00 0.00 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

1 1.00 1.24 1.49 2.82 3.28 3.58 3.88 4.93 0.56 0.71 0.40 0.45 0.47 0.52
2 2.00 2.41 1.06 2.17 3.75 4.05 5.34 6.30 0.12 0.67 0.73 0.30 0.70 0.45
3 3.00 3.47 1.62 2.74 3.81 4.25 5.49 6.69 0.41 0.68 0.51 0.67 0.66 0.37
4 4.00 4.37 0.28 1.66 1.98 3.69 4.45 6.25 0.15 0.31 0.57 0.59 0.43 0.62
5 5.00 5.08 1.46 2.93 3.28 4.10 4.53 5.55 0.42 0.46 0.48 0.50 0.53 0.56
6 6.00 5.59 1.15 2.74 4.76 5.06 5.97 6.27 0.23 0.33 0.45 0.48 0.52 0.55
7 9.00(−) 10.00(+) 6.07 2.27 2.71 3.69 4.15 4.99 5.29 0.84 0.55 1.29 0.20 0.51 0.59
8 13.00 6.60 2.13 3.33 4.89 5.19 5.49 6.08 0.83 1.26 1.68 1.21 1.87 0.92
9 15.00 7.50 0.92 1.45 2.92 4.24 4.61 5.50 0.67 0.77 0.95 0.72 1.18 1.33
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TABLE III. Parameter configuration of the metasurface for case 2 (cm).

i a 

i b 

i hi
1 hi

2 hi
3 hi

4 hi
5 hi

6 li1 li2 li3 li4 li5 li6

0 0.00 0.00 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

1 1.66 1.00 0.18 2.01 2.41 3.61 5.88 6.30 0.59 0.81 0.82 0.74 0.19 0.22
2 3.03 2.00 2.51 3.61 4.31 4.69 5.21 6.06 0.65 0.74 0.72 0.72 0.70 0.69
3 3.97 3.00 2.94 4.63 5.47 5.79 6.39 6.69 0.40 0.67 0.66 0.66 0.17 0.65
4 4.49 5.00 1.00 1.90 2.80 3.26 4.29 5.63 0.37 0.53 0.71 0.78 0.98 0.56
5 5.06 7.50 1.34 2.59 2.89 3.58 4.21 5.01 0.59 0.94 0.96 1.18 1.28 1.52
6 6.30 9.50 1.03 2.27 3.14 3.55 4.31 5.79 1.03 1.17 1.23 0.78 1.34 1.33
7 6.70 12.00 0.92 2.16 4.62 5.65 6.65 7.48 0.34 0.71 1.31 1.63 1.84 1.51
8 7.03 14.00 1.55 2.27 2.67 3.25 4.50 5.13 0.35 0.15 0.58 0.36 0.74 0.54
9 7.50 15.00 2.37 2.77 3.17 4.24 5.43 5.83 0.32 0.23 0.12 0.39 0.44 0.37

as shown in Fig. 5. The six plates in the first unit are attached to the 

outer wall, while those in other units are arranged in sequence with 

three on each side. The height and the length of the jth plate from
the lower boundary in the ith unit are h 

i
j and l 

i
j , respectively. These

12 parameters are selected as the optimization variables to approach 

the target impedance matrix. The detailed optimization results for 

the two cases are recorded in columns 4–15 of Tables II and III, 

respectively.

APPENDIX E: INFLUENCE OF DISCRETIZATION 

OF UNITS ON EFFICIENCY

To discuss the influence of unit discretization on efficiency, 

a numerical model for generalized impedance metasurfaces is 

established as shown in Fig. 6(a). The pseudo-real expression of 

the impedance matrix 

49 combined with the three-layer numerical 

model 

46 is used to describe metasurfaces. The metasurface is divided

FIG. 6. Simulation results for the influence of different unit discretizations on metasurface efficiency. (a) Three-layer numerical model for simulation. (b) Influence of different 

numbers of discrete units on the efficiency of metasurfaces for β 1,0 

→ β 2,0 

(blue line), β 1,0 

→ β 3,0 

(orange line), and β 2,0 

→ β 3,0 

(yellow line). (c) Simulation results for 

metasurfaces with n = 18.
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equally into n three-layer units whose impedance components are 

determined by

[ 

p 1 

p 2
]∣ 

y=0 

= [
R 11 
+ X 11 X 12

X 12 X 22
][ 

(−n 1 
⋅ v 1 
)

(−n 2 
⋅ v 2 
)
]∣ 

y=0

. (E1)

Each unit is composed of two waveguides with a length of l 0 
= h m 
/2 

and three interior impedance boundaries determined by

Z 1 
= R 11 

+ ıX 11 
+ ıX 12 

+ ıZ 0 
cot (k 0 

l 0 
), (E2)

Z2 = 2ıZ0 cot (k0l0) −
Z2

0

ıX12
sin−2

(k0l0), (E3)

Z 3 
= ıX 22 

+ ıX 12 
+ ıZ 0 

cot (k 0 
l 0 
). (E4)

An interior acoustic hard boundary is set between adjacent units 

for isolation. Other settings, including background media, operating 

frequency, plane wave radiation boundary, and mesh, are consistent 

with the previous discussion.
Numbers of discrete units ranging from 6 to 18 are considered, 

and the operating efficiency of the metasurface is shown in Fig. 6(b). 

It can be seen that when the number of units exceeds 9, the efficiency 

is always greater than 95%. The efficiency of the metasurfaces for
β 1,0 

→ β 2,0 

is always close to 100%. However, for β 1,0 

→ β 3,0 

, more 

discretization is needed to provide better results. It should be noted 

that owing to the presence of zero-points in the CBM amplitude, 

some impedance matrices may become singular. Therefore, there 

may still be an abnormal decrease in efficiency, although the num-
ber of discrete units is increased. This is even more pronounced in 

the metasurfaces for β 2,0 

→ β 3,0 

. Therefore, the selection of unit posi-
tions should also be taken into account in metasurface design. In 

any case, the generalized impedance metasurfaces are always capa-
ble of performing CBM modulation when sufficient discretization is 

ensured, as shown in Fig. 6(c). All normalized transmission fields are 

consistent with the ideal results in Fig. 3.

APPENDIX F: EXPERIMENTAL SETUP

The entire experimental setup is placed in a fully anechoic 

chamber, as shown in Fig. 7. Signals generated and collected in 

the experiment are controlled by a B&K 3160-A-042 control mod-
ule connected to a computer. Metasurfaces are fabricated from a 

photosensitive resin, and waveguides on both side are composed of 

polylactic acid (PLA), which can be regarded as rigid in air. The exit 

of the output waveguide is covered by a sound-absorbing foam to 

avoid reflection. Two intersecting square areas with a side length of 

29 cm, placed 5 cm away from the metasurface, are selected as the 

measuring areas for sampling of the output signal. There are 29 × 29 

evenly distributed points, with a sampling spacing of 1 cm. Two 

intersecting rectangular areas with a length of 29 cm and a width 

of 14 cm, placed 5 cm away from the speaker, are selected as the 

measuring areas for sampling of the input signal, and 29 × 14 evenly 

distributed points with a spacing of 1 cm are adopted.

APPENDIX G: OPERATING FREQUENCIES

The frequency-domain responses of metasurfaces for β 1,0
→ β 2,0 

and β 1,0 

→ β 3,0 

are shown in Figs. 8(a) and 8(b), respectively.

FIG. 7. Experimental setup for generation with a single speaker.

The model used for simulation is consistent with the previous dis-
cussion, but the air domain in the metasurface is governed by the 

thermoviscous acoustic equation. It should be noted that owing 

to the introduction of viscosity, the peak points of operating effi-
ciency are shifted toward lower frequencies. However, an efficiency 

over 60% can be guaranteed within the 500 Hz range near the 

operating frequency. In addition, although the power allocated to 

the target CBM is relatively low, the transmitted field is pure. It 

can be observed that the efficiency of total transmission and the 

efficiency allocated to the target CBM are always close. The gen-
eralized impedance metasurface shows an obvious function as a 

filter, which promises great potential for its application in acoustic 

communication.

APPENDIX H: INFLUENCE OF NONPLANAR 

EXCITATION

The influences of nonplanar excitation for both metasurfaces 

are now discussed. The Dirichlet condition at the entrance of the 

waveguide with p = 1 is set as the excitation, instead of the back-
ground pressure field. This implies that the superposition of incident 

and reflected waves at the entrance is equal to 1. Therefore, this 

model can be used to estimate the impact of reflection on the sur-
face of the speaker. The air domain in the metasurface is governed
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FIG. 8. Frequency-domain response of metasurfaces for (a) β 1,0 

→ β 2,0 

and (b) β 1,0 

→ β 3,0 

.

FIG. 9. Simulation results for the influence of different lengths of sound source on the efficiency of metasurfaces for (a) β 1,0 

→ β 2,0 

and (b) β 1,0 

→ β 3,0 

.

by the thermoviscous acoustic equation. Other settings of the sim-
ulation model are consistent with those in Fig. 4(b). The length of 

the sound source is set to vary from 2.5 to 7.5 cm. The simulation 

results for metasurfaces with β 1,0 

→ β 2,0 

and β 1,0 

→ β 3,0 

are shown in 

Figs. 9(a) and 9(b), respectively.
It can be seen that owing to the nonplanarity of the exci-

tation, the operating efficiencies of both metasurfaces are signifi-
cantly reduced. Even if the source completely covers the waveguide 

entrance with a length of 7.5 cm, the excitation efficiency of the 

target CBM still decreases to 76.8% and 67.8% for the cases with
β 1,0 

→ β 2,0 

and β 1,0 

→ β 3,0 

, respectively. This phenomenon is basi-
cally consistent with the experimental results. However, only a small 

portion of power leaks out of the target CBM mode, when the 

length of the sound source is greater than 6 cm. The purity of the 

transmitted field can be guaranteed because of the filtering of 

generalized impedance metasurfaces.
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