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Abstract. Periodic structures have attracted increasing interest lately due to their unique wave propagation characteristics.
Although widely studied, uncertainty quantification of their dynamic behavior remains almost not explored. Hence, this
work investigates the impact of manufacturing and material uncertainties on the bandgaps of a beam-like phononic crystal
(PC) with composite patches attached to the beam using structural adhesive. Randomnesses in the patch gluing position,
stack angle of layers, and material properties of the structural adhesive are taken into account using prescribed probability
distribution functions. The composite laminate patches are modeled using equivalent single-layer theory, while the beam–
patch interactions is based on a layer-wise multilayer beam model, which considers Zig-Zag kinematics. The Spectral
Element Method and Monte Carlo (MC) simulations are used to evaluate the stochastic dynamic responses. Stochastic
transmissibility functions are afterwards obtained to assess the influences of input random variables on the beam’s first
bending bandgap. The results reveal that the combined source of uncertainties in the patch gluing position, stack angle of
layers, and material properties of the structural adhesive are relevant for the PC dynamic behavior.

Keywords: phononic crystal, spectral element method, manufacturing variability, periodic structures, bandgap

1. INTRODUCTION

Vibration reduction has become a key driver for advancements in civil, mechanical, and aerospace engineering. In
this context, periodic structures have been shown to possess unique properties for wave manipulation (Zhang et al., 2024;
Korshunova et al., 2021). Periodic media comprise either materials with an underlying microstructural periodicity or
structural systems assembled from repeating substructures, commonly referred to as unit cells. They are known to exhibit
bandgaps, i.e., frequency ranges in which wave propagation is prohibited. This property enables periodic structures to
function as frequency filters and vibration isolators (Zhang et al., 2018).

Several studies have explored periodic structures for vibration mitigation. Jin et al. (2022) designed a vibration isolator
based on phononic crystals. Billon et al. (2017) investigated bandgaps in auxetic composite metamaterials. Bishay and
Rodriguez (2021) examined the dynamic response of periodic fiber-reinforced laminated composite beams. Bishay and
Amirbekyan (2021) proposed a design approach for periodic laminated composite beams aimed at tuning bandgaps.

However, achieving a perfectly periodic architecture is challenging due to unavoidable uncertainties. For instance,
material properties may deviate from their nominal values, and structural dimensions may vary as a result of inherent
manufacturing variability. Consequently, numerous studies have incorporated variabilities into the design process and the
structural dynamic behavior of such systems (Huang et al., 2007; Salatovic et al., 2025; Lee and Kim, 2000).
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Fabro et al. (2020) investigated the effects of the variabilities generated by additive manufacturing process of a periodic
structure. Ribeiro et al. (2024) presented an optimization approach for designing a periodic structure that take into account
the uncertainties of manufacturing process. Souza et al. (2020) used a Bayesian framework to study the effects of manu-
facturing variability on the effective wavenumber identification in beams with evenly attached resonators. Agrawal et al.
(2022) used robust topology optimization to design negative Poisson’s ratio metamaterials considering material uncertain-
ties. Sharma et al. (2020) developed stochastic models based on polynomial chaos expansion theory and MC simulations
to investigate the acoustic performance of an underwater coating considering uncertainty in material and geometric prop-
erties. Santos et al. (2025) investigated the dynamic behavior of a beam-like periodic structure under the presence of
environmental and boundary condition randomness.

Within the framework outlined above, this paper conducts uncertainty quantification of the central frequency and band-
width of the first bending bandgap of the beam-like PC with attached composite patches shown in Fig. 1a. Three sources
of uncertainty associated with manufacturing and material variability are considered: i) randomness in the stacking angle
(SA) 𝜙(𝑘)(𝜃) (Fig. 1b), ii) randomness in the patch gluing position (Fig. 1c), and iii) randomness in the adhesive material
properties (Fig. 1d). One should mention that 𝜃 is employed in Fig. 1 and throughout the text to denote random quantities
that belong to appropriate sample spaces.

This paper is structured as follows. In Section 2, the equivalent single-layer model for the laminate patches and the spec-
tral element modeling of multilayer beams is presented; in Section 3, first, the deterministic analysis regarding dispersion
curves and transmissiblity function is outlined, considering the mean value of the stochastic parameters, and afterwards
the individual influence of each random variable is assessed, followed by the combined randomness of all sources; in
Section 4, main conclusions drawn from the study are presented, highlighting the key findings; acknowledgments and
references come afterward.
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Figure 1: Problem statement: a) infinite, homogeneous host beam periodically covered by composite patches; and random-
ness in the b) stacking angle and c) gluing position of composite patches, and d) material properties of structural adhesive.

2. MATHEMATICAL MODELING

In this section, the modeling background of periodic structures such as that illustrated in Fig. 1a is presented. Initially,
a mathematical framework is developed in Section 2.1 to describe 𝑁-layered composite beams (utilized for modeling the
composite patches) based in the first-order shear deformation theory (FSDT) alongside the extended Timoshenko beam
theory (ETBT) (Birman and Kardomateas, 2018). The considered framework utilizes an equivalent single layer (ESL)
(Reddy, 2003; Abrate and Di Sciuva, 2017) to characterize each composite patch as a single lamina with equivalent inertial
and elastic properties. Subsequently, to analyze the modeling of wave propagation phenomena within a complete unit cell
(refer to Fig. 1a), which comprises three beam segments, with the central segment being multilayered, conventional SEM
procedures are employed, incorporating an exact model based on Zig-Zag kinematics (Carrera, 2003), as elucidated in
Section 2.2. Finally, the dynamic behavior of infinite and finite multilayer periodic beams is addressed in Section 2.3.
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2.1 Equivalent single-layer model for the laminate patches

The constitutive stress-strain relations for the 𝑘-th orthotropic lamina of a composite patch with length 𝐿, width 𝑏, and
height ℎ, as shown in Fig. 2, can be written as (Lee, 2009; Reddy, 2003):
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where 𝜖(𝑘)
𝑖𝑗 and 𝜎(𝑘)

𝑖𝑗 (𝜃), 𝑖𝑗 ∈ {𝑥𝑥, 𝑦𝑦, 𝑥𝑦, 𝑦𝑧, 𝑧𝑥}, represent components of the strain and stochastic stress tensors referred to
the global coordinate system,
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being 𝜙(𝑘)(𝜃) the stochastic orientation angle of the 𝑘-th lamina (see Fig. 2), with 𝑐𝜙(𝑘)(𝜃) ≡ cos 𝜙(𝑘)(𝜃) and 𝑠𝜙(𝑘)(𝜃) ≡
sin 𝜙(𝑘)(𝜃), and 𝐸(𝑘)
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21 representing the Young’s moduli, shear moduli, and Poisson’s
ratios of the lamina, associated with the local directions (1, 2). One notes that time and space dependencies are omitted
in Eq. (1). It should be clarified that the stress component 𝜎𝑧𝑧 is assumed null, as the total thickness of the laminate is
considered to be much smaller than its other dimensions.

Integrating the stochastic stresses provided in Eq. (1) over the laminate thickness, one obtains the stochastic in-plane
resultant forces 𝐧(𝜃) = {𝑁𝑥𝑥(𝜃) 𝑁𝑦𝑦(𝜃) 𝑁𝑥𝑦(𝜃)}T, moments 𝐦(𝜃) = {𝑀𝑥𝑥(𝜃) 𝑀𝑦𝑦(𝜃) 𝑀𝑥𝑦(𝜃)}T, and transverse
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T
, all per unit length, being given by:
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where 𝑢𝑐, 𝑣𝑐, and 𝑤𝑐 ≡ 𝑤 denote displacements of a point at 𝑧 = 0 along 𝑥, 𝑦, and 𝑧, and 𝜓𝑥, 𝜓𝑦 represent the cross-section
rotations about 𝑦 and 𝑥, respectively. In Eq. (3), the stochastic matrices A(𝜃), B(𝜃), D(𝜃), and A(𝜃) collect extensional,
bending-extensional coupling, bending, and shear-related extensional stiffness coefficients (Reddy, 2003).

To particularize Eq. (3) for the cases of interest, which concern beams under plane-stress condition, the resultants
𝑁𝑦𝑦(𝜃), 𝑁𝑥𝑦(𝜃), 𝑀𝑦𝑦(𝜃), 𝑀𝑥𝑦(𝜃), and 𝑄𝑦(𝜃) are all taken to be nil. Thus, one can partition K(𝜃) in Eq. (3) according to
the sets 𝑟 and 𝑐 of retained and to-be-condensed laminate strains. This condensation procedure leads to:
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, with K(𝜃) = K𝑟𝑟(𝜃) − K𝑟𝑐(𝜃)K𝑐𝑐(𝜃)−1K𝑐𝑟(𝜃), (4)
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Figure 2: Laminate composite patch with associated global (𝑥, 𝑦, 𝑧) and material (1, 2) coordinate systems.
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where K𝑟𝑟(𝜃), K𝑟𝑐(𝜃), K𝑐𝑟(𝜃), and K𝑐𝑐(𝜃) are partitions of K(𝜃), and K(𝜃) denotes the stochastic effective stiffness of
the composite laminate beam patch.

Equivalent single layer stochastic properties can then be determined for the composite patch from entries of K(𝜃) as
follows:

𝐸𝐴𝑒𝑞(𝜃) = 𝑏𝐾11(𝜃), 𝜅𝐺𝐴𝑒𝑞(𝜃) = 𝜅𝑏𝐾22(𝜃), 𝐸𝐼𝑒𝑞(𝜃) = 𝑏𝐾33(𝜃), (5)
𝐶1(𝜃) = 𝑏𝐾12(𝜃), 𝐶2(𝜃) = −𝑏𝐾13(𝜃), 𝐶3(𝜃) = 𝑏𝐾23(𝜃),

where the subscript 𝑒𝑞 indicates equivalent rigidity properties, with 𝐸𝐴𝑒𝑞(𝜃) denoting the extensional rigidity, 𝐸𝐼𝑒𝑞(𝜃)
the flexural bending rigidity, 𝜅𝐺𝐴𝑒𝑞(𝜃) the shear rigidity, accounting for a shear correction factor, and 𝐶1(𝜃), 𝐶2(𝜃), and
𝐶3(𝜃) the coupling rigidities (Lee, 2009), respectively.

Furthermore, equivalent inertial properties for the composite patch can be computed as follows:

𝜌𝐴𝑒𝑞 =𝑏(𝑘)
𝑁p

∑
𝑘=1

𝜌(𝑘) [𝑧(𝑘) − 𝑧(𝑘−1)] , 𝜌𝑅𝑒𝑞 = 𝑏(𝑘)

2

𝑁p

∑
𝑘=1

𝜌(𝑘) [𝑧(𝑘)2 − 𝑧(𝑘−1)2] , 𝜌𝐼𝑒𝑞 = 𝑏(𝑘)

3

𝑁p

∑
𝑘=1

𝜌(𝑘) [𝑧(𝑘)3 − 𝑧(𝑘−1)3] , (6)

where 𝑧(𝑘), 𝑧(𝑘−1) denote the 𝑧 coordinates corresponding to the interfaces of the 𝑘-th lamina; 𝑁p stands for the number of
laminae making up the laminate; 𝜌𝐴𝑒𝑞 stands for the apparent mass associated with the composite patch, 𝜌𝑅𝑒𝑞 corresponds
to the apparent first-order mass moment of inertia about the 𝑦-axis, and 𝜌𝐼𝑒𝑞 identifies the apparent second-order mass
moment of inertia about the same axis. It should be clarified that unlike the equivalent composite elastic properties (cf.
Eq. (5)), the inertial ones are not affected by randomness since 𝑏(𝑘), 𝜌(𝑘) and 𝑧(𝑘) are not considered as stochastic quantities
for the composite patches.

2.2 Spectral element modeling of multilayer beams featuring composite patches

Having the equivalent single-layer governing equations for laminate composite patches, the interest is to model the
wave propagation behavior of multilayered beams, which can possibly combine laminate composite and metallic layers,
as depicted in Fig. 1a, by making use of the Zig-Zag theory (Unal et al., 2016; Banerjee et al., 2007).

Figure 3 shows an 𝑁b-layered beam with total length 𝐿. The relevant properties of the layers, which are numbered
𝑙 = 1, 2, ..., 𝑁b bottom to top, are also indicated: thicknesses ℎ(𝑁b), widths 𝑏(𝑁b), centroidal second moments of area 𝑦,
𝐼(𝑁b)
𝑦 , volumetric densities 𝜌(𝑁b), Young’s moduli 𝐸(𝑁b), cross-sectional areas 𝐴(𝑁b), shear moduli 𝐺(𝑁b), shear correction

factors 𝜅(𝑁b), and Poisson’s ratios 𝜈(𝑁b).

𝐿
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ℎ(𝑙)
ℎ(𝑁b)

𝑧g
𝑦g
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𝑃
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𝑦 , 𝜌(𝑁b), 𝐸(𝑁b), 𝐴(𝑁b), 𝐺(𝑁b), 𝜅(𝑁b), 𝜈(𝑁b)

𝜓(1)

𝑢(𝑙)
𝑐 = 𝑢ref

𝜓(𝑙)
𝜓(𝑁b)

𝑤

𝑃

Figure 3: Coordinate system, DoFs, elastic and inertial properties for an 𝑁b-layered beam.

The Zig-Zag theory assumes that displacements and strains are small so that linear elasticity holds. Moreover, the
hypothesis of perfect continuity of displacements across interfaces is considered, leading to no slippage or delamination
during deformation. Furthermore, the transversal displacement 𝑤 along the 𝑧g–axis is constant across all layers, whereas
axial displacements (along the 𝑥g–axis) and rotations of cross-sections differ for each layer. Additionally, each layer deforms
according to the Timoshenko beam theory, such that in-plane shear strain and cross-section rotational inertia are both
accounted for. The total strain and kinetic energies associated with an 𝑁b-layered beam can be expressed, respectively, as
(Lee, 2009):

𝑈(𝜃) = 1
2
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where overdots indicate time differentiation. Although the equivalent inertial properties from Eq. (6) are not affected by
randomness, the ones presented in Eq. (8) are stochastic quantities. Their difference lies in the fact that, for the multilayer
beam, one aims to study the effects of randomness in the structural adhesive that bonds the composite patches to the
metallic host beam. In this way, in addition to equivalent single-layers for the laminate patches and a corresponding layer
for the metallic host beam, additional thin layers are considered to model the structural adhesive above and below the host
beam, whose properties are assumed to be uncertain, since they are hard to control, as indicated in Fig. 1d. In particular,
ℎ𝑆𝐴(𝜃) denotes the stochastic structural adhesive thickness due to manufacturing imperfections; 𝜌𝑆𝐴(𝜃) stands for the
stochastic volumetric density; 𝐸𝑆𝐴(𝜃) corresponds to the stochastic Young’s modulus; and 𝜈𝑆𝐴(𝜃) identifies the stochastic
Poisson’s ratio. The three later properties are associated with material quality uncertainties. Having 𝑈 and 𝑇 , Hamilton’s
principle can be evoked to derive the partial differential equations governing the motion of the multilayer beam, as well
as the associated geometric and natural boundary conditions that apply to the problem. This has been accomplished by
recurring to the MATLAB® Symbolic Math Toolbox.

Following the theory previously presented, to assemble the global set of equations of motion describing the unit cell
identified in Fig. 1a, three spectral finite elements have to be coupled, two of which degenerate into simple, single-layered
Timoshenko beam elements. For clarification, Fig. 4 illustrates the DoFs involved in the enforcement of continuity con-
ditions, considering that each node has, as independent DoFs: the axial displacement of the middle plane of the complete
multilayer arrangement, the beam transverse displacement, and the individual rotations of the cross-sections of all layers.
Instead of directly coupling those DoFs that are shared between elements by eliminating redundant ones, the option was
made to adjoin algebraic continuity constraint equations to the full set of frequency-domain SEM equations, making use of
Lagrange multipliers. Accordingly, the DoFs of element 2 indicated in blue were treated as dependent, while the remaining
ones were considered independent. This strategy becomes advantageous as it allows for generalizing and facilitating the
enforcement of continuity-related constraint equations related to multilayer beams that are not symmetric, for example.
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Figure 4: Element connectivity for the unit cell in Fig. 1a, highlighting in blue the connected DoFs.

Hence, the frequency domain equations to be solved are obtained as:

⎡⎢
⎣

̄𝐒(𝜃) 𝐂T
𝐐̄(𝜃)

𝐂𝐐̄(𝜃) 𝟎
⎤⎥
⎦

{𝐐̄(𝜃)
𝛌(𝜃)} = {𝐅̄

𝟎} , (9)

where ̄𝐒(𝜃) is symmetric, stochastic and frequency-dependent; 𝐂𝐐̄(𝜃) is an 𝑚 × 𝑛 Jacobian matrix of 𝑚 non-redundant
constraints; 𝛌(𝜃) denotes a vector of 𝑚 Lagrange multipliers; 𝐐̄(𝜃) collects the stochastic frequency-dependent, potentially
complex amplitudes of the 𝑛 nodal DoFs depicted in Fig. 4; and 𝐅̄ contains the spectrum amplitudes of the externally applied
loads.

By suitably identifying a subset of DoFs as dependent, such as those belonging to element 2 that are highlighted in
blue in Fig. 4, one can partition 𝐐̄(𝜃) by considering sets of dependent (𝑑) and independent (𝑖) DoFs. Accordingly, 𝐂𝐐̄(𝜃)
can be partitioned to provide 𝐂𝐐̄𝑑(𝜃), which is 𝑚 × 𝑚, and 𝐂𝐐̄𝑖(𝜃), of size 𝑚 × (𝑛 − 𝑚). Since the constraint equations are
assumed to be non-redundant and the selected dependent DoFs are suitably chosen, 𝐂𝐐̄𝑑(𝜃) has an inverse, such that, from
the second set of equations appearing in Eq. (9):

𝐐̄𝑑(𝜃) = −𝐂−1
𝐐̄𝑑(𝜃)𝐂𝐐̄𝑖(𝜃)𝐐̄𝑖(𝜃) ⇒ 𝐐̄(𝜃) = {𝐐̄𝑖(𝜃)

𝐐̄𝑑(𝜃)} = [
𝐈

−𝐂−1
𝐐̄𝑑(𝜃)𝐂𝐐̄𝑖(𝜃)

] 𝐐̄𝑖(𝜃) = 𝐁̄𝐐̄𝑖(𝜃). (10)

By projecting the first set of equations given in Eq. (9) into the subspace spanned by 𝐁̄, one achieves:

𝐒(𝜃)𝐐(𝜃) = 𝐅, with 𝐒(𝜃) = 𝐁̄T ̄𝐒(𝜃)𝐁̄ and 𝐅 = 𝐁̄T𝐅̄, (11)

since 𝐁̄T𝐂T
𝐐̄(𝜃)𝛌(𝜃) = 𝟎. One notes that ̄𝐒(𝜃) being symmetric implies the symmetry of 𝐒(𝜃). Also, for the unit cell

shown in Fig. 1a, the size of 𝐒(𝜃) equals 20 × 20.

2.3 Dynamic behavior of infinite and finite multilayer periodic beams

Free wave propagation in infinite media is commonly described using dispersion diagrams. In the case of periodic
structures, such diagrams can be obtained by modeling a single unit cell with the SEM and applying the Bloch–Floquet
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theorem, which yields the standard eigenproblem (Mencik, 2010): (𝐒 − 𝜇𝑗𝐈) 𝛟𝑗 = 𝟎, where 𝜇𝑗 and 𝛟𝑗, 𝑗 = 1, 2, ...
denote the Bloch eigen-solutions, i.e., the propagation constant and the wave vector, respectively. The corresponding
Bloch wave-numbers are obtained by 𝑘𝑗 = (ln 𝜇𝑗)/(−iΔ), with Δ being the length of the unit cell along the direction
of wave propagation, and i = √−1 denotes the imaginary unit. In this context, it should be noted that the deterministic
version of the unit cell transfer matrix 𝐒 is adopted, since the Bloch–Floquet theorem is strictly applicable only to periodic
structures. Accordingly, 𝐒 is obtained using the mean values of the stochastic parameters. This choice enables the extraction
of relevant insights related to uncertainty quantification, as discussed in more detail in Section 3.1.

On the other hand, the steady state dynamic behavior of stochastic finite periodic structures can be characterized by
means of frequency response functions. In particular, transmissibilities (T𝑖𝑗(𝜃)) are often used to quantify how vibrations
are transmitted through a system, measuring the attenuation characteristics between DoFs 𝑖 and 𝑗. Accordingly, they might
be obtained as (Santos et al., 2025):

T𝑖𝑗(𝜃) =
𝐻𝑖𝑗(𝜃)
𝐻𝑗𝑗(𝜃) , (12)

where 𝐻𝑖𝑗 and 𝐻𝑗𝑗 are transfer and driving harmonic forced responses (receptances, mobilities, accelerances), respectively,
obtained by the SEM.

3. RESULTS AND DISCUSSIONS

The next subsections describe the investigation of the dynamic behavior of a beam-like PC with attached composite
patches. First, deterministic analyses are conducted in Section 3.1. To enable a more comprehensive characterization of
the influences exerted by the sources of uncertainty, the stochastic analyses are divided into four subsections. Section 3.2.1
considers randomness in the stacking angle, keeping the remaining variables deterministic. Section 3.2.2 takes into account
the random effects only from the gluing position of the composite patch. Section 3.2.3 analyzes the effects of uncertainties
regarding the glue material properties, solely. Finally, Section 3.2.4 combines all random sources considered in this work.

3.1 Deterministic analyses

The numerical simulations that follow consider an aluminum host beam periodically covered with composite patches
made of epoxy resin and carbon fibers. The aluminum host beam has a rectangular cross-section with dimensions 31.5 mm×
3 mm. Each laminate patch, which covers the full width of the beam, comprises eight layers (𝑁p = 8), each of them having
a thickness of 0.325 mm. For the host beam, the adopted values for the mechanical properties are: Young’s modulus
𝐸 = 69 GPa, mass density 𝜌 = 2750 kg m−3 and Poisson’s ratio 𝜈 = 0.3. In addition, the Timoshenko shear correction
factor was set to 𝜅 = 5/6. For the composite patches, the following values were adopted: 𝐸1 = 86.6 GPa, 𝐸2 = 4.9 GPa,
𝐺12 = 𝐺23 = 𝐺31 = 1.89 GPa, 𝜌 = 1560 kg m−3 𝜈12 = 0.3, 𝜈21 = 0.017 and 𝜅 = 5/6. The parameters 𝑙𝑐 and 𝑙𝑝 are kept,
respectively, as 100 mm and 60 mm (𝑙𝑝/𝑙𝑐 = 60%, cf. Fig. 1a), and the layers are stacked in a symmetric 0° configuration,
which means that in all layers, the fibers are oriented in the longitudinal direction of the unit cell. Accordingly, thin layers
of structural adhesive were considered above and below the host beam, with ℎ𝑆𝐴 = 0.35 mm, and material properties set
to 𝐸𝑆𝐴 = 1.25 GPa, 𝜌𝑆𝐴 = 1300 kg m−3 and 𝜈𝑆𝐴 = 0.3.

By employing the theory reviewed in Section 2.3 and adopting the mean values for all random variables considered
in this work, wavenumbers were then computed for the deterministic infinite periodic multilayer beam from Fig. 1a. The
obtained dispersion relation illustrated in Fig. 5a demonstrates that the infinite periodic beam possesses a bending-related
bandgap within the frequency range of interest, i.e., 672–1146 Hz, indicated by the shaded region.

For the finite structure, which comprises ten unit cells, one assumes an harmonic excitation at the rightmost free node,
in the transverse direction, and frequency response functions are obtained considering transverse displacement responses
at the excitation point (𝐻𝑗𝑗) and at the leftmost free node (𝐻𝑖𝑗), so that Eq. (12) can be applied to obtain the transmissibility
curve from Fig. 5b. As one notes, the bandgap predicted in the dispersion diagram matches the very-low amplitude seen
in the transmissibility curve. Accordingly, the stochastic analyses that follow are devoted to this attenuation band, which
has the limiting frequencies denoted by 𝑓L = 672 Hz and 𝑓R = 1146 Hz. With the aim to assess the influence of random
variables in the width and central frequency associated with the identified attenuation band, from the transmissibility curve
in Fig. 5b, one obtains the amplitudes corresponding to 𝑓L and 𝑓R, which are TL = 0.219233 and TR = 1.10792, used to
identify the attenuation bands in the stochastic samples. In addition, one computes the central frequency of the attenuation
zone 𝑓central = 909 Hz and its bandwidth 𝑓width = 474 Hz.

3.2 Stochastic analyses

Having established the relevant metrics from the deterministic analyses, the stochastic analysis can now be undertaken
in the next subsections.
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Figure 5: (a) Real and imaginary parts of the dispersion relation for the deterministic multilayer periodic beam, with
bandgap highlighted by shaded area. Longitudinal mode ( ), bending mode ( ), evanescent bending mode ( );
(b) amplitudes of the transmissibility function, with the associated attenuation band highlighted.

3.2.1 Randomness in the stacking angles

Stochastic simulations were first performed to assess the effect of the uncertainties in the stacking angle on the attenu-
ation zone of interest (cf. Fig. 1b). As reviewed in Section 2.1, the randomness in SA causes several properties associated
with the composite patches to be stochastic, as demonstrated in Eq. (5). For this particular case, the mean value of the
Gaussian random variable was set to SA = [ 0° ]S, with a standard deviation of 𝜎SA = 1°. In the Monte Carlo (MC)
simulations, 10000 samples were used, which was checked to be enough to guarantee convergence of the outputs.

Accordingly, Fig. 6a shows the mean transmissibility curve obtained from MC simulations along with the corresponding
envelope capturing the response variability. The shaded region denotes the frequency interval in which attenuation bands
intersect for all samples, defining a common stopband that is robust to parameter uncertainties. On the left of this interval,
the response exhibits negligible dispersion, indicating an effectively deterministic behavior. On the right of the attenuation
band, the widening envelope reveals increased variability of the dynamic response due to uncertainties in the SA at higher
frequencies.

Furthermore, Figs. 6b and 6c demonstrate the probability density functions (PDFs), in solid red lines, estimated using
the Kernel’s density estimator, superimposed on histograms, as well as some relevant statistics associated with the attenua-
tion zone central frequency and bandwidth, respectively. Although the uncertain inputs were modeled as Gaussian random
variables, the resulting output distributions are clearly non-Gaussian, as evidenced by skewness and Kurtosis metrics far
from 0 and 3, respectively. Since Gaussianity is preserved under linear transformations, this observation indicates that both
𝑓central and 𝑓width depend nonlinearly on the underlying random parameter, resulting in a negatively skewed distribution with
a long left tail and a sharp data concentration near the upper bound.
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Figure 6: (a) Amplitude of the mean transmissibility function considering 10000 samples, with envelopes of all samples
shaded in gray, solely accounting for randomness in the stacking angle; b) histogram, PDF, and statistics of central fre-
quency distribution; c) histogram, PDF, and statistics of bandwidth distribution.

3.2.2 Randomness in the gluing position of the composite patches

In the sequence, stochastic simulations were performed considering randomness only in the gluing position of the
composite patch, as demonstrated in Fig. 1c. As this uncertainty is associated with manufacturing imperfections, one
random variable was assumed for each unit cell. In this way, the center position of the patch in each unit cell is a random
quantity, which can break the periodicity of the whole system and affect wave propagation phenomena. In this case, the
mean value of the Gaussian random variable was set to 𝛿𝑥 = 0, with a standard deviation of 𝜎𝛿𝑥

= 1 mm. Once again,
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10000 samples were employed in MC simulations.
Figure 7a illustrates the mean transmissibility curve obtained from the MC simulations, as well as the envelope of all

samples. Compared to Fig. 6a, this case demonstrates a higher degree of variability at lower frequencies, on the left of
the attenuation band. On the right of this same zone, dispersion is more pronounced than in the previous case, indicating
a strong influence of the gluing position on the system’s dynamics at higher frequencies. Moreover, Figs. 7b and 7c
depict the corresponding PDFs associated with 𝑓central and 𝑓width, superposed with histograms and some relevant metrics.
Unlike the previous case, these distributions resemble Gaussian ones, as evidenced by skewness and Kurtosis near 0 and
3, respectively. Regarding their mean values, both are close to what was observed in the previous case.
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Figure 7: (a) Amplitude of the mean transmissibility function considering 10000 samples, with envelopes of all samples
shaded in gray, solely accounting for randomness in the gluing position; b) histogram, PDF, and statistics of central fre-
quency distribution; c) histogram, PDF, and statistics of bandwidth distributions.

3.2.3 Randomness in the glue material properties

In this case, only uncertainties in the adhesive material properties were considered (cf. Fig. 1d). The thickness ℎ𝑆𝐴 was
modeled independently for the upper and lower layers of each of the ten unit cells, resulting in twenty random variables.
Additionally, three random variables were assigned to 𝐸𝑆𝐴, 𝜌𝑆𝐴, and 𝜈𝑆𝐴, assumed invariant across layers and cells. These
variables were sampled 10000 times to evaluate their combined effect on the position and width of the attenuation band.
Their mean values, standard deviations and coefficient of variation (CV) were set to: ℎ𝑆𝐴 = 0.35 mm, 𝜎ℎ𝑆𝐴

= CVℎ𝑆𝐴
ℎ𝑆𝐴,

with CVℎ𝑆𝐴
= 20%; 𝐸𝑆𝐴 = 1.25 GPa, 𝜎𝐸𝑆𝐴

= CV𝐸𝑆𝐴
𝐸𝑆𝐴, with CV𝐸𝑆𝐴

= 2%; 𝜌𝑆𝐴 = 1300 kg m−3, 𝜎𝜌𝑆𝐴
= CV𝜌𝑆𝐴

𝜌𝑆𝐴,
with CV𝜌𝑆𝐴

= 1%; and 𝜈𝑆𝐴 = 0.3, 𝜎𝜈𝑆𝐴
= CV𝜈𝑆𝐴

𝜈𝑆𝐴, with CV𝜈𝑆𝐴
= 2%.

From Fig. 8a, one observes a slightly higher data dispersion on the left and right of the attenuation band compared
to the first case (uncertainty in the SA). However, when comparing to the effect of uncertainty in the gluing position,
one observes that the impact of the glue material properties are less pronounced. As for the PDFs, Figs. 8b and 8c show
they also resemble Gaussian ones, as observed for the randomness in the gluing position case, with a similar dispersion
compared to data shown in Figs. 7b and 7c.
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Figure 8: (a) Amplitude of the mean transmissibility function considering 10000 samples, with envelopes of all samples
shaded in gray, solely accounting for randomness in the glue material properties; b) histogram, PDF, and statistics of central
frequency distribution; c) histogram, PDF, and statistics of bandwidth distributions.

3.2.4 Combined randomness (stacking angle, gluing position of the composite patch, and glue material properties)

Finally, the combined randomness of all stochastic variables are considered in this section in order to assess their
joined effects on the central frequency and bandwidth of the attenuation zone. MC simulations were performed with
10000 samples considering the mean values and standard deviations aforementioned for the individual cases. As a result,
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comparing Fig. 9a and Fig. 7a, one notes that the effect of the gluing position dominates the dispersion in the transmissibility
curve, since a similar behavior can be observed for the combined case. Moreover, the higher-frequency dispersion suggests
a stronger influence of variabilities on the second attenuation zone, which is beyond the scope of this study.

From Figs. 9b and 9c, one notes that both distributions exhibit Gaussian patterns, with the highest dispersion in terms
of the statistics associated with the outputs among all cases. Thereby, one concludes that manufacturing imperfections and
material quality affect the vibration attenuation performance of PC designed with attached composite patches.
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Figure 9: (a) Amplitude of the mean transmissibility function considering 10000 samples, with envelopes of all samples
shaded in gray, accounting for all combined randomness; b) histogram, PDF, and statistics of central frequency distribution;
c) histogram, PDF, and statistics of bandwidth distributions.

4. SUMMARY AND CONCLUDING REMARKS

In this article, a spectral-based model was proposed for the analysis of beam-like PCs featuring periodically distributed
composite laminate patches, to explore composite materials with uncertainty quantification in PC design. Three stochastic
sources were investigated: randomness in patch gluing position, stacking angle, and structural adhesive properties. The
unit cell model features three spectral elements, in which the carbon fiber patches in the second unit-cell spectral element
were initially modeled using ESL to derive their equivalent properties. They were then coupled to the host beam using a
multi-layer beam model that accounts for Zig-Zag kinematics, which also considered two additional thin layers to model
the structural adhesive. Accordingly, Lagrange multipliers were used to couple the three spectral elements in the unit cell
model to obtain final equations of motion, which are subsequently invoked by the SEM. At first, a deterministic case was
considered, employing the mean values for all random quantities, to obtain relevant parameters, including the frequency and
amplitude associated with the bending-related bandgap and the corresponding attenuation band, respectively. Afterward,
stochastic analyses were performed, in a first approach, considering the influence of each random variable separately. In
these cases, one perceived a strong asymmetry regarding the distributions of 𝑓central and 𝑓width when SA was considered
stochastic, evidenced by negative skewness and high Kurtosis, which indicates nonlinear relationship between the SA and
the outputs. In the remaining individual cases, the distributions resemble Gaussian ones, but with greater dispersion, as
demonstrated by the distributions showing randomness only in the gluing position. In the combined case, one observes
that the influence of the gluing position dominates data dispersion, with the highest dispersion in terms of the statistics
associated with the outputs among all cases. Overall, the study demonstrates that manufacturing-related uncertainties
affect the attenuation band characteristics and should be carefully controlled in PC design with composite materials.
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