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Stochastic modeling of periodic beams under uncertain boundary
conditions and environmental fluctuations
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Thiago de P. Sales, Domingos A. Rade

• One considers thermal and BC uncertainties in the stochastic model of
a periodic beam

• Both uncertainty sources are relevant to the characteristics of attenu-
ation bands

• Central frequency is mostly influenced by temperature, and bandwidth
mainly by BCs

• Response variability depends on the interplay of CVs and temperature
correlation length

• Larger correlation length and CVs yield the lowest reliability
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Abstract

Periodic structures have been attracting a great deal of academic and indus-
trial interest lately, due to their distinctive vibration and wave propagation
behavior, which can be explored for the development of innovative solutions
to structural dynamics and vibroacoustic problems. Although such a poten-
tial has been demonstrated in a large number of studies, the investigation
of detrimental effects, which can be present in practical applications, is still
necessary. This paper reports investigations on the combined influence of
uncertainties affecting ambient temperature — which alters material prop-
erties and induces stress-stiffening due to constrained thermal dilatation —
and boundary conditions (BCs) on the bandgap characteristics of periodic
beams. The space-dependent temperature fluctuations are represented as
a one-dimensional stationary Gaussian random field, discretized using the
Karhunen-Loève expansion, while non-ideal BCs, represented as springs, are
modeled as discrete random variables. Sampling-based stochastic analyses
of the central frequency and bandwidth of the beam’s attenuation bands are
performed using Monte Carlo simulations. The results demonstrate that the
variability in the attenuation band features is influenced not only by the co-
efficients of variation (CVs) of the input random quantities, but also by the
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correlation length of the random temperature fluctuations. Numerical simu-
lations reveal that the bandgap central frequency is primarily affected by the
temperature random field, while the BCs govern the bandwidth. Although
low CV and standard deviation values are obtained for the dispersion of
the bandgap features, reliability analyses indicate that some designs exhibit
low reliability. Increased variability in both the bandgap central frequency
and bandwidth is observed for greater temperature correlation lengths and
CVs. The contributions of the study include the proposal of a comprehen-
sive stochastic modeling procedure duly accounting for relevant random in-
fluences, and evidencing that those influences can be significant, requiring
consideration in the design of robust periodic structures.

Keywords: periodic structures, thermo-elastodynamics, uncertainty
quantification, bandgap, uncertain boundary conditions, reliability analysis

1. Introduction

In the field of structural dynamics, periodic structures are understood as
those constituted by the coupling of identical substructures, known as unit
cells, which are repeated along one, two or three directions. Those structures
have attracted the interest of the scientific community in the last decades,
especially due to the possibility they offer for shaping elastic vibrations and
wave propagation patterns [1–3]. Of particular interest is the occurrence
of the so-called attenuation bands, sometimes interchangeably referred to as
bandgaps or stop bands. These attenuation bands are frequency ranges where
the propagation of elasto-acoustic waves cannot occur. This phenomenon
can result from destructive interference of propagating and reflected waves
due to the periodic mismatch of mechanical impedances (Bragg scattering).
Periodic structures presenting this effect are also called phononic crystals
(PCs). In addition, attenuation bands can be achieved by the introduction
of resonating subsystems into the unit cells, thus characterizing the so-called
locally resonant periodic structures or elastic metamaterials. In both cases,
the underlying phenomena can be explored to achieve vibration attenuation,
besides a number of other interesting effects not observed in ordinary struc-
tures [4–7].

The literature abounds with research papers devoted to periodic struc-
tures, addressing their phenomenology, modeling and experimental charac-
terization, also demonstrating their potential for the development of inno-
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vative solutions to engineering problems in structural dynamics and vibroa-
coustics [8–11]. However, contrarily to the theoretical assumptions, perfect
periodicity is seldom possible in practice. Structures whose periodicity de-
viates from the ideal one are referred to in the literature as nearly-periodic,
quasi-periodic or disordered [12–15]. Periodicity can be broken by the occur-
rence of defects localized in one or more unit cells, limitations of manufac-
turing processes (e.g., geometric tolerances, induced residual stresses) and/or
variability of material properties. These latter result from uncertainties af-
fecting some key factors intervening in material processing, such as chemical
composition and environmental conditions.

As a consequence of environmental influences, structural systems may
vary their mechanical behavior [16, 17]. In fact, it is known that temperature
fluctuations can exert strong influence on the static and dynamic behavior of
structural components, which can be explained by two main effects: a) the
dependence of physical parameters (e.g. elastic moduli) on temperature, due
to influences at the atomic or molecular levels; and b) the variation of the
apparent stiffness of structures (especially slender beam-like and plate-like
components), due to the occurrence of the so-called stress-stiffening effect
[18, 19]. When it comes to polymer-matrix composite materials, not only
temperature, but also humidity, can exert significant influence on their me-
chanical behavior [20].

Other relevant sources of uncertainty in structural dynamics are bound-
ary conditions (BCs). Most often, structural models assume perfect supports
(free, pinned, clamped, sliding, etc.), while, in practice, most types of con-
straining devices and connections can hardly reproduce ideal constraints,
such as null rotations and displacements in clamped sections [21]. In fact,
actual connections and supports, frequently make use of bolted, riveted and
welded joints, thus possessing certain degree of flexibility, which depends on
geometry, material properties and manufacturing/assembling tolerances [22–
25]. In addition, contacting surfaces in bolted joints can undergo stick-slip
phenomena, which induce energy dissipation and nonlinear behavior [26]. As
shown in ref. [27], considerable improvements could be obtained in the agree-
ment between experimental and theoretical dynamic responses of beam-like
structures by taking into account the rotational flexibility of the BCs. A com-
parison between experimental and predicted dynamic results of a beam with
non-ideal BCs was conducted in [28] as well, highlighting the importance of
incorporating non-ideal clamp boundaries in the modeling of nonlinear vibra-
tions of a clamped-clamped steel beam. Furthermore, the nonlinear dynamic
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behavior of beams accounting for imperfections in BCs was investigated in
[29] by resorting to stochastic methods.

All the variabilities mentioned above can hardly be controlled and char-
acterized at affordable cost. Their consideration in the scope of fully deter-
ministic approaches would be very complex, possibly involving convoluted
multi-physical and multi-scale techniques. As a result, an alternative route
for their consideration has been developed in which the variabilities are ra-
tionally accounted for in the context of the so-called non-deterministic ap-
proaches, among which the category of probabilistic techniques has gained
considerable maturity and popularity lately [30, 31]. The imperative for deal-
ing with uncertainties intervening in complex systems (not only those found
in Engineering, but also in a variety of domains) has led to the emergence of
a field of knowledge known as Uncertainty Quantification (UQ) [32, 33].

Most previous research works have addressed the variabilities mentioned
above. Minghui Zhang and co-authors recently considered manufacturing
imperfections during the bandgap optimization of stochastic elastic meta-
materials [34]. Ribeiro et al. [35] conducted a robust optimization scheme
for designing three-dimensional printed periodic frame structures accounting
for manufacturing variability. Al Ba’ba’a et al. [36] studied possible issues
due to the same source of variability and how they may provoke deviations
from theoretical predictions. Manufacturing uncertainties were further as-
sessed concerning the variability of additively manufactured metastructures
[37, 38], and in identifying wavenumber variations in metamaterial beams
[39]. Chatterjee and collaborators [40] investigated the dynamic response
of a periodic beam under random geometrical and material uncertainties to
simulate manufacturing variabilities represented by a log-normal distribu-
tion. Uncertainties in material properties and geometry were also addressed
to develop a topology optimization scheme for auxetic [41] and mechanical
[42, 43] metamaterials. Geometric variabilities were likewise approached to
design three-dimensional periodic frame structures [44], and to investigate
the acoustic performance of a periodically voided viscoelastic medium [45]
and locally resonant coated plates and shells designed for underwater noise
control [46]. Inerter-based chains, with and without local resonators and in
the presence of uncertainties, have been investigated by Chatterjee et al. [47]
using Monte Carlo (MC) simulations and machine learning. Additionally,
Santoro et al. [48] proposed a computational framework to investigate the
frequency response of locally resonant metamaterial structures under uncer-
tainty affecting the parameters of resonators. Singh et al. [49] presented a
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discussion on the implementation of stochastic modeling for Bloch-Floquet
analysis of one- and two-dimensional periodic structures comprising uncer-
tain Young’s modulus and density. Longitudinal and flexural wavenumbers
were found to be affected by the considered stochastic parameters. Ma and
Wang [50] investigated the bandgap characteristics of two-dimensional PCs
under material uncertainty and demonstrated that such uncertainties have a
significant impact on the final unit cell layout obtained from topology opti-
mization.

In the context of probabilistic approaches, random variables and random
fields (or random processes) are used to represent uncertainties in mechanical
systems. Specifically, random fields are used to represent space-dependent
randomnesses obeying prescribed distribution functions, which requires dis-
cretization schemes to render computations amenable. The Karhunen-Loève
(KL) expansion is recognized as one of the most effective of such techniques,
being optimal in the L2 sense [51, 52], and has been used to model spatially
varying uncertainties in various dynamic problems, ranging from material
and geometrical spatially correlated randomness [53] to random dynamic
loading [54]. Its foundations are presented in [55], which lay the ground-
work for its widespread application and theoretical understanding. Other
approaches for modeling random fields are also available in the literature,
such as Polynomial Chaos expansion [56], Covariance Matrix Decomposition
[57], and Proper Orthogonal Decomposition [58].

Hemanth et al. [59] proposed the finite element matrix formulation of a pe-
riodic dielectric structure using stochastic spectral methods with uncertain-
ties in material properties and dimensions. The input random variables were
discretized using the KL expansion, and the solution was represented by em-
ploying Polynomial Chaos expansion. Mukhopadhyay et al. [60] investigated
the stochastic effects of viscoelasticity on spatially correlated quasi-periodic
hexagonal lattices. Structural and material irregularities were represented
as random fields, discretized using the KL expansion, assuming a Gaussian
distribution for the input random variables. Borges et al. [61] evaluated the
influence of random temperature distributions on the natural frequencies of
thin rectangular plates, where the KL expansion was used to discretize the
random temperature fluctuation field. The dispersion of natural frequen-
cies was related to fluctuations of the temperature field. In addition, since
thermal stresses can induce buckling, the reliability considering this type of
structural failure was estimated.

In fact, reliability analysis is a topic that frequently arises when perform-
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ing uncertainty quantification in structural systems. It serves as a measure
of the probability of a structure meeting specified criteria established during
the design phase, such as safety margins, performance targets, durability and
serviceability limits [62, 63]. In despite of the abundance of research papers
on reliability analysis of structural systems, few works have been conducted
regarding reliability assessment of periodic structures taking into account
uncertainties. Among them, it is worth mentioning the recent work of Zhang
et al. [64], where a virtual model-aided framework was developed to estimate
the structural reliability for elastic metamaterials considering material and
geometrical uncertainties separately and simultaneously.

In the context delineated above, the present paper is intended to provide
contributions to the characterization of the dynamic behavior of beam-like
periodic structures in the simultaneous presence of two relevant types of
uncertainties, namely: a) those induced by environmental effects (i.e., tem-
perature), which are considered to affect the material properties and also
induce stress-stiffnening effects; and b) those affecting the BCs. The main
objective is to investigate the combined influence of such uncertainties, which
are likely to be found in practical applications, on the central frequency and
bandwidth of attenuation bands of periodic beams. It is then expected that,
by accounting for those uncertainties, numerical predictions can get closer to
realistic scenarios.

Figure 1 illustrates the problem in consideration, consisting of a periodic
beam made of a single linear, homogeneous, isotropic material. Each of the
nominally identical unit cells comprises two successive segments with different
cross-section dimensions. The analyses are focused on the bending motion
of the beam in the y-direction. The BCs at each extremity are represented
by translational and rotational springs, the stiffness coefficients of which are
modeled as Gaussian random variables and denoted as kL

x (θ), kL
y (θ), kL

β (θ),
kR
x (θ), kR

y (θ), kR
β (θ), with θ being used to indicate random quantities belong-

ing to sample spaces of the associated probability spaces. Also indicated in
Fig. 1 is a temperature random field, denoted as T (x, θ), which varies along
the span-wise direction of the beam.

The temperature fluctuations along the length of the beam are modeled
as a unidimensional Gaussian random field, which is discretized using the KL
expansion. Structural modeling is carried out based on the Stochastic Finite
Element Method (SFEM) for the computation of transmissibility functions.
Uncertainty quantification is performed based on MC simulations, consid-
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Figure 1: Non-ideally supported periodic beam subjected to a temperature random field.

ering, as output variables, the central frequency and breadth of a chosen
attenuation band. In the numerical simulations, different dispersion levels of
the random variables are considered, as well as distinct correlation lengths
assumed for the temperature random field. Reliability analysis is also per-
formed to assess compliance with design requirements.

In the remainder of this work, the underlying theoretical aspects relevant
to the research are initially summarized. First, the modeling of determinis-
tic and stochastic beams, accounting for non-ideal BCs and stress-stiffening
induced by thermal effects, is discussed in Section 2. Next, in Section 3,
the scenarios defined for numerical simulations are introduced, and the cor-
responding results are presented and analyzed. Finally, conclusions of the
investigation are presented in Section 4.

2. Modeling

The following subsections discuss the deterministic and stochastic mod-
eling of finite and infinite periodic beams, accounting for non-ideal BCs and
stress-stiffening induced by thermal effects. While one uses the traditional
and stochastic finite element methods for such purpose, other strategies have
been proposed to model periodic structures, such as homogenization-based
and wave-based techniques [65, 66], and to perform uncertainty quantifi-
cation, e.g., stochastic perturbation and spectral techniques [67–69], which
could be resorted to, alternatively. In this respect, the choice of methodology
has been driven mostly by the widespread use of the stochastic finite element
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method.

2.1. Deterministic modeling of periodic beams
To model the system shown in Fig. 1, one makes use of two-node, one-

dimensional beam finite elements, obeying the Euler-Bernoulli theory, con-
sidering a linear, elastic, isotropic material. It is assumed that the beam
lies on the x-y plane, its axis initially coincident with the x direction. To
describe planar motion, each node has transverse displacement (along y) and
in-plane rotation (around z) as degrees-of-freedom (DoFs). The equations of
motion for such an element, accounting for stress-stiffening due to axial load,
and neglecting damping mechanisms, can be written as [70]:

M(e)q̈(e)(t) +
(
K

(e)
E +K

(e)
G

)
q(e)(t) = f (e)(t), (1)

with q(e)(t) and f (e)(t) representing time-dependent vectors of DoFs and
loads, respectively; and M(e), K

(e)
E , and K

(e)
G indicating the mass, elastic

stiffness, and geometric stiffness matrices, respectively given by:

M(e) =

∫ l(e)

0

ρ(e)(x)A(e)(x)ΨT(x)Ψ(x)dx, (2)

K
(e)
E =

∫ l(e)

0

E(e)(x)I(e)z (x) d2

dx2Ψ
T(x) d2

dx2Ψ(x)dx, (3)

K
(e)
G = N (e)

∫ l(e)

0

d
dx
ΨT(x) d

dx
Ψ(x)dx. (4)

In these equations, Ψ(x) collects shape functions, A(e)(x) denotes the beam
cross-sectional area, I(e)z (x) is the second moment of area of the cross sec-
tion about z, E(e)(x) is the material Young’s modulus, ρ(e)(x) its volumetric
density, α(e)(x) its coefficient of linear thermal expansion, l(e) is the element
length, and N (e) is the axial force resulting from constrained thermal dilata-
tion — cf. Subsection 2.1.1.

By considering load equilibrium and displacement/rotation continuity at
nodes shared by neighboring elements, Eq. (1) can be rewritten at the global
level as:

M(g)q̈(g)(t) +
(
K

(g)
E +K

(g)
G

)
q(g)(t) = f (g)(t), (5)
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whose version in the frequency domain is:[
−ω2M(g) +K

(g)
E +K

(g)
G

]
Q(g)(ω) = F(g)(ω), (6)

with ω denoting the circular frequency of harmonic excitation.
To account for the fact that the beam’s end clamps are non-ideal, as shown

in Fig. 1, assuming that it is discretized into p finite elements, resulting in
p+1 nodes, and 2p+2 DoFs, the elastic stiffness matrix K

(g)
E must be updated

as follows:

K̃
(g)

E = K
(g)
E + kL

y e1e
T
1 + kL

βe2e
T
2 + kR

y e2p+1e
T
2p+1 + kR

β e2p+2e
T
2p+2, (7)

where ei denotes a column vector of dimension 2p + 2, whose components
are zero, except the i-th, which is 1. It should be mentioned that the longi-
tudinal springs with stiffnesses kL

x and kR
x , oriented in the axial direction of

the periodic beam, are accounted for differently, as they are related to the
thermally-induced axial loads, to be discussed next.

2.1.1. Axial force induced by elastically constrained thermal dilatation
Figure 2 depicts, on the left, a beam of length l, whose extremities are

connected in the axial direction to the ground by springs of stiffness coeffi-
cients kL

x and kR
x . It also shows, on the right, the same beam under the action

of temperature variations and axial force N developed by the axial springs.

l N
kLx kRx

∆T (x)

T (x) = T0(x)

N

T (x) = T0(x) + ∆T (x)

x

Figure 2: Illustration of a beam in two states: undeformed (left) and elongated under the
action of temperature variations and axial forces developed by the axial springs (right).

At a given reference temperature distribution T (x) = T0(x), the axial
springs are undeformed, and do not exert any force on the beam. When
the temperature distribution is changed to T (x) = T0(x) +∆T (x), the ther-
mal dilatation becomes partially constrained by the forces N exerted by the
springs. Under these conditions, the net elongation of the beam is given by:

∆l = ∆lT +∆lN , (8)
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where ∆lT is the free thermal elongation and ∆lN is the deformation due to
the axial force N , respectively given as [71]:

∆lT =

∫ l

0

α(x)∆T (x)dx, (9)

∆lN = N

∫ l

0

1

E(x)A(x)
dx. (10)

Considering the axial springs, the following relation holds:

∆l = −
(
N

kL
x

+
N

kR
x

)
. (11)

Therefore, the axial force exerted by the springs is:

N = −

∫ l

0

α(x)∆T (x)dx

1

kL
x

+
1

kR
x

+

∫ l

0

1

E(x)A(x)
dx

. (12)

According to Eq. (12), the axial force can be interpreted as the one applied
to a mechanical system formed by the beam and two springs connected in se-
ries, provoking an elongation given by the increment of the thermal dilatation
of the beam associated to ∆T (x). When kL

x = kR
x → ∞, the beam experi-

ences no longitudinal elongation, resulting in an ideally clamped-clamped
condition. In case ∆T (x) and α(x) are such that the integral in the numer-
ator of Eq. (12) vanishes, the axial force will be null. This same condition
occurs when at least one of kL

x or kR
x is null, meaning that the axial displace-

ment of the corresponding end of the beam is not restrained. In addition, in
the absence of other longitudinal axial loads, N is constant along the beam.
Hence, N (e) in Eq. (4) shall be computed according to Eq. (12) for each and
every finite element of the periodic beam.

2.2. Stochastic modeling of periodic beams with non-ideal boundary condi-
tions and random temperature fluctuations

The temperature random field in Fig. 1 is described using a KL expansion.
In this case, T (x, θ) is represented as the spatially dependent mean temper-
ature field plus a term accounting for fluctuations described by a stationary
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one-dimensional Gaussian random field [55]:

T (x, θ) = T̄ (x) +
K∑
i=1

√
λiξi(θ)fi(x), (13)

where K is the number of terms used in the KL expansion, ξi(θ) represents
a set of statistically independent Gaussian random variables with zero mean
and specified standard deviation, and λi and fi(x) are the solutions of an
integral eigenproblem of the type:∫

D

C(x1, x2)fi(x2)dx2 = λifi(x1), i = 1, . . . , K, (14)

being C(x1, x2) the covariance function assigned to the random field.
Whilst C(x1, x2) could be determined from experimental data, via stochas-

tic identification procedures [72–74], here, given that experimental identifica-
tion is out of scope, one adopts an exponential covariance function, defined
on the domain −l/2 ⩽ x1, x2 ⩽ l/2, such that Eq. (14) becomes:∫ l/2

−l/2

e−
|x1−x2|

b fi(x2)dx2 = λifi(x1), i = 1, . . . , K, (15)

where b is the correlation length. An important advantage of this choice is
that the eigenproblem posed in Eq. (15) has closed-form solution [55].

It should be clarified that the considered random field is fully character-
ized by its correlation length b and the standard deviation assigned to ξi(θ).
In practice, when experimental data are not available, these parameters are
frequently set based on expert judgment or by using a broad range of as-
sumed values to cover scenarios as widely as possible [72, 73, 75]. Further
details on the selection of these parameters can be found in Subsection 3.1.

The dependence of the Young’s modulus on temperature is assumed to
be linear, and given by the following relation:

E(e)(x, θ) = mT (x, θ) + h, (16)

where m and h are determined based on experimental data. In contrast,
the coefficient of linear thermal expansion and density are assumed to be
unaffected by temperature. Although the formulation developed here can
accommodate variations in all material properties, this study focus on in-
vestigating a beam made of aluminum 6061-T6, a material largely used in
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aeronautical structures [76–78], for which the adopted assumptions are well
justified [79–81].

Therefore, accounting for Eqs. (13) and (16), the following stochastic
version of Eq. (3) is obtained:

K
(e)
E (θ) = K̄

(e)
E

+m
K∑
i=1

√
λiξi(θ)

∫ l(e)

0

I(e)z (x)fi(x+ x̃
(e)
L ) d2

dx2Ψ
T(x) d2

dx2Ψ(x)dx, (17)

where:

K̄
(e)
E =

∫ l(e)

0

(
mT̄ (x) + h

)
I(e)z (x) d2

dx2Ψ
T(x) d2

dx2Ψ(x)dx, (18)

and x̃
(e)
L denotes the coordinate x̃ of the left node of the referred finite element,

which is used to relate the global coordinate x̃ of the KL expansion to the
local coordinate system of a finite element, for which 0 ⩽ x ⩽ l(e).

As a result of the temperature random field, the force induced by thermal
effects (Eq. (12)), which is also affected by the randomness of BCs, is updated
to account for both influences simultaneously, as follows:

N(θ) = −

∫ l

0

α(x)(T (x, θ)− T0(x))dx

1

kL
x (θ)

+
1

kR
x (θ)

+

∫ l

0

1

E(x, θ)A(x)
dx

. (19)

Assuming that α(x) and A(x) are constant within each finite element and
T̄ (x) and T0(x) constant along the span of the beam (i.e., T̄ (x) = T̄ and
T0(x) = T0), Eq. (19) is rewritten as follows:

N(θ) = −

(
T̄ − T0

) Ne∑
e=1

α(e)l(e) +
Ne∑
e=1

α(e)
K∑
i=1

√
λiξi(θ)

∫ l(e)

0

fi(x+ x̃
(e)
L )dx

1

kL
x (θ)

+
1

kR
x (θ)

+
Ne∑
e=1

1

A(e)

∫ l(e)

0

1

γ(x, θ)
dx

, (20)

where Ne is the total number of finite elements and:

γ(x, θ) = m

(
T̄ +

K∑
i=1

√
λiξi(θ)fi(x+ x̃

(e)
L )

)
+ h. (21)
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Therefore, the stochastic counterpart of Eq. (4) is given by:

K
(e)
G (θ) = N(θ)

∫ l(e)

0

d
dx
ΨT(x) d

dx
Ψ(x)dx. (22)

Based on Eqs. (17) and (22), the stochastic version of Eq. (6) can be
written as: [

−ω2M(g) +K
(g)
E (θ) +K

(g)
G (θ)

]
Q(g)(ω, θ) = F(g)(ω). (23)

To account for the influence of transverse and rotational springs related to
BCs on K

(g)
E (θ), Eq. (7) is updated to:

K̃
(g)

E (θ) = K
(g)
E (θ)

+ kL
y (θ)e1e

T
1 + kL

β (θ)e2e
T
2 + kR

y (θ)e2p+1e
T
2p+1 + kR

β (θ)e2p+2e
T
2p+2. (24)

In summary, the stochastic model comprises six continuous random vari-
ables representing the springs introduced to account for non-ideal BCs, along
with a random field representing temperature fluctuations. This latter is dis-
cretized using K terms in its KL expansion, resulting in a total number of
K + 6 random variables for the stochastic model.

2.3. Dynamic behavior of infinite and finite periodic beams
Dispersion diagrams characterize free wave propagation in infinite media.

For periodic structures, they can be obtained from the finite element model of
a single unit cell, accounting for the Bloch-Floquet theorem. In this setting,
it is possible to derive the standard eigenproblem [82, 83]:(

S− µjI
)
χj = 0, j ∈ {1, 2}, (25)

where µj and χj represent the Bloch propagation constants and wave mode
shapes, respectively, and S is the unit cell transfer matrix. Wavenumbers
can be obtained as kj = (lnµj)/(−i∆), where ∆ is the unit cell length along
the direction of wave propagation and i =

√
−1. Purely real and purely

imaginary wavenumbers indicate propagating and evanescent (spatially at-
tenuated) waves, respectively, whereas complex wavenumbers are related to
decaying, oscillatory waves [84].

On the other hand, the steady state dynamic behavior of finite periodic
structures can be characterized by means of frequency response functions. In
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particular, transmissibilities (Tij(ω)) are often used to quantify how vibra-
tions are transmitted through a system, measuring the attenuation charac-
teristics between DoFs i and j. They might be obtained through [85]:

Tij(ω) =
Hij(ω)

Hjj(ω)
, (26)

where Hij(ω) and Hjj(ω) are transfer and driving receptances, respectively,
which can be efficiently calculated using mode superposition methods [86].

2.4. Sensitivity analysis
The assessment of the relative contributions of individual random vari-

ables to the variability of structural responses is of utmost importance when
performing uncertainty quantification. Among other utilities, it provides
guidance for selecting the most influential stochastic variables, enabling more
efficient modeling with reduced computational effort. A variety of the so-
called sensitivity analysis techniques have been developed and are richly
reported in the literature [87–92]. In [93], authors advocated for sensitiv-
ity analysis to become an independent discipline, while also reviewing the
various methodologies adequate to perform such task. Among them, a fre-
quently used hybrid local-global sensitivity approach is based on the sigma-
normalized relations, i.e., derivatives normalized by the input and output
standard deviations [32]. This method focuses on the response fluctuations
when the input random variables are perturbed individually about their nom-
inal mean values µΘi

. Therefore, the effect of each random variable Θi on the
variation of a target response g can be computed using the sigma-normalized
relation Sσ

Θi
, as follows:

Sσ
Θi

=
∂g(µΘi

)

∂Θi

σΘi

σg

, (27)

where σΘi
and σg are the standard deviations of Θi and g, respectively. Larger

values of Sσ
Θi

indicate high degree of sensitivity of g with respect to Θi.
The derivatives involving Eq. (27) can be computed analytically, when

g(µΘi
) is known explicitly, or using finite differences. The sum of the squares

of Sσ
Θi

is one, enabling to easily quantify the relative contributions of each
random variable on the variation of a target response, i.e. [94]:

Nθ∑
i=1

(
Sσ
Θi

)2
=

Nθ∑
i=1

(
∂g(µΘi

)

∂Θi

σΘi

σg

)2

= 1, (28)
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where Nθ is the total number of random variables considered in the stochastic
model and:

σg =

√√√√ Nθ∑
i=1

(
∂g(µΘi

)

∂Θi

σΘi

)2

. (29)

2.5. Additional remarks
The stochastic modeling of periodic beams with non-ideal BCs and ran-

dom temperature fluctuations has been addressed in the previous subsections.
To further clarify the proposed methodology, Fig. 3 presents a flowchart
which illustrates the various steps followed to perform simulations.

As can be seen from the referred flowchart, analyses start with the defini-
tion of the problem parameters, including the geometry, material properties,
and mean and reference temperature fields. Next, samples are generated for
the random variables related to the BCs and temperature fluctuations. In
this regard, one emphasizes that one assumes the random variables related to
BCs to be statistically independent from those related to the KL expansion
of the temperature fluctuations field. For simplicity, one also assumes the
random variables related to the uncertain BCs to be statistically independent
with respect to each other, as well. Taking this into account, samples are
generated in accordance with the underlying, adopted probability distribu-
tions, respecting the mentioned independences or eventual correlations. In
Fig. 3, one also highlights steps associated with the KL expansion of the tem-
perature fluctuations random field, comprising the computation of λi and fi,
as well as T (x, θ). The stochastic elementary stiffness finite element matrices
are computed in accordance with the SFEM, together with the determin-
istic mass matrix, allowing the assembly of the uncertain dynamic stiffness
matrix appearing in Eq. (23). Boundary conditions are afterward enforced
by proper modification of K(g)

E (θ) (K(g)
E (θ) → K̃

(g)

E (θ)). This is followed by
the computation of the transmissibility curve for the sample being studied,
which concludes what one has identified as MC simulations in the flowchart.
Next, the computation of bandgap features is conducted, which is a step
one clarifies in Section 3. Finally, uncertainty quantification, sensitivity and
reliability analyses for the periodic beam with non-ideal BCs and random
temperature fluctuations are performed.

At this stage, it is worth making the following comments regarding some
of the choices and simplifications adopted in the proposed methodology.
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Geometry
(cf. Fig. 1)

Material
properties

Temperature
(T̄ (x) and T0(x))

Generate samples for
kL
x (θ), kL

y (θ), kL
β (θ),

kR
x (θ), kR

y (θ), kR
β (θ),

and ξ(θ), according
to their distributions

Compute M(e)

(Eq. (2))

Compute λi and
fi from Eq. (15)

Compute T (x, θ) for
sample n (Eq. (13))

Compute E(e)(x, θ)
(Eq. (16))

Compute K
(e)
E (θ)

(Eq. (17))

Compute N(θ)
(Eq. (20))

Compute K
(e)
G (θ)

(Eq. (22))

Assemble Eq. (23)[
−ω2M(g) +K

(g)
E (θ) +K

(g)
G (θ)

]
Q(g)(ω, θ) = F(g)(ω)

Imposition of BCs
K

(g)
E (θ) → K̃

(g)
E (θ)

(Eq. (24))

Compute Tij(ω)
(Eq. (26))

Compute the
bandgap features

Bandgap
properties

Deterministic
dispersion curves

and transmissibility

Bandgap statistics (PDFs, histograms, CVs,
standard deviations, skewness, kurtosis, etc...)

Sensitivity and
reliability analyses

KL expansion

MC simulations

n = n+ 1

Figure 3: Flowchart illustrating the various steps for the stochastic modeling of periodic
beams with non-ideal BCs and random temperature fluctuations.
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First, one should recognize that probability distributions have been as-
sumed to be previously known for the considered uncertain quantities, which
might not be the case in practical situations. In addition, in some circum-
stances one would need to consider the so-called reducible or epistemic un-
certainties, engendered by the lack of knowledge or information in any phase
of the modeling process, including the lack of previous knowledge about the
probability distributions. To handle, at least partially, the lack of knowledge,
one could suitably resort to the principle of maximum entropy, for example
[33, 52], which states that the probability density function (PDF) with the
highest information entropy is the best PDF among all PDFs that satisfy a set
of given constraints. Additionally, if data would become available, Bayesian
inference, for example, could be resorted to, for updating a prior distribution
to more accurately describe the underlying random quantity [74].

Second, besides admitting probability distributions to be previously known,
one also assumes them to be Gaussian. In the case of the temperature fluc-
tuations, its is fair to consider that its variability would result from the com-
bination of various random influences, affecting heat transfer mechanisms
at atomic or molecular levels — such that their combined effect would re-
sult Gaussian, by the central limit theorem. On the other hand, the fact
that the stiffness coefficients of the springs representing non-ideal boundary
conditions must take strictly non-negative values is, indeed, incompatible
with Gaussian distributions ascribed to them. However, the mean values
and standard deviations ascribed to them makes the occurrence of negative
values to be events of very low probability, which have not been observed in
the simulations performed.

In summary, the option for Gaussian distributions is justified by the more
straightforward theoretical and numerical procedures required, with no loss
in the achievement of the objectives established for the present investigation.

It is also worth mentioning that, despite the arguments above, several
works have employed non-Gaussian random fields, particularly characterized
by marginal gamma distributions, or sometimes marginal log-normal dis-
tributions, for modeling spatially varying quantities [95–99]. The random
stiffness of springs have also been modeled following uniform, exponential,
gamma, or log-normal probability distributions, depending on available in-
formation, in accordance with the principle of maximum entropy [33, 52].

In this sense, it is important to mention that the formulation developed
here can be suitably extended to accommodate covariance functions other
than the exponential one used here for the random field representing tem-
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perature fluctuations. Furthermore, the uncertain parameters and field could
be modeled using non-Gaussian marginal distributions, if needed or desired.
Certainly, additional difficulties would arise, as reported in the literature on
the generation/sampling of non-Gaussian random fields [100, 101].

Third, it is worth remarking that, as the random temperature fluctuations
field has been modeled assuming it to be a stationary Gaussian, cf. Eq.
(13), the beam’s Young’s modulus also behaves as a stationary Gaussian
random field, as a consequence of Eq. (16). The same modeling approach
has been adopted by Parviz and colleagues, where the free vibration [102,
103] and thermal stability [104] of laminated composite plates with spatially-
dependent temperature material were addressed. Analogously to what has
been proposed in the current work, Parviz and collaborators assumed a linear
dependency between the Young’s modulus and temperature, employing the
KL expansion to discretize the temperature random field.

3. Results and discussions

The subsections below present several results from numerical simulations
and related discussions. First, the problem definition is outlined in Subsec-
tion 3.1. Then, in Subsection 3.2, before proceeding with stochastic dynamic
analyses of the periodic beam under uncertain BCs and temperature fluctua-
tions, deterministic analyses are presented. To enable a more comprehensive
characterization of the influences exerted by the two sources of uncertainty,
in Subsection 3.3 the influence of randomness in BCs is evaluated, admitting
the temperature field as deterministic. Next, in Subsection 3.4, environmen-
tal uncertainties resulting from the temperature random field are considered,
while the stiffness coefficients related to the non-ideal BCs take their de-
terministic mean values. Finally, in Subsection 3.5, the combined effects of
uncertainties from BCs and temperature fluctuations on the dynamics of the
nominally periodic beam are investigated. Reliability and sensitivity anal-
yses are provided to assess the impact of these uncertainties on the overall
dynamic behavior of the system.

3.1. Problem statement
For the numerical computations that follow, the system depicted in Fig.

1 is considered. It consists of an aluminum beam with a total length of 1m,
with four identical unit cells, each one composed of two segments. Each
segment is 125mm long (∆ = 250mm), with the left-hand and right-hand
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segments having rectangular cross-sections measuring 30mm × 10mm and
15mm× 5mm, respectively.

The reference temperature used to compute the thermally-induced ax-
ial force N , indicated in Fig. 2, is considered to be uniform with value
T0(x) = T0 = 25◦C. Aiming at investigating a situation commonly found
in aeronautical engineering, where parts are manufactured at room temper-
ature but may operate at very low temperatures at cruising altitudes, it is
assumed that the mean temperature of the random field, introduced in Eq.
(13), is also uniform and equal to T̄ (x) = T̄ = −30◦C, which closely approx-
imates real situations [105–108].

Regarding the dependency of material parameters on temperature, ref.
[81] states that a fourth-order polynomial can represent adequately the vari-
ation of the Young’s modulus in the range 2K–295K for the aluminum alloy
6061-T6. However, the linear relationship assumed in Eq. (16) reasonably
predicts this dependency in a narrower temperature range, which is of in-
terest in this work. Thus the fourth-order relationship provided in [81] is
linearized by using Taylor series expansion about the mean temperature of
the random field, which gives E = mT + h, with m = −33.95MPaK−1 and
h = 80.37GPa. Furthermore, the mass density and coefficient of linear ther-
mal expansion are assumed to be unaffected by temperature variations, as
discussed in Subsection 2.2, so that ρ = 2700 kgm−3 and α = 2.12×10−5◦C−1

are adopted.
The mean values of the Gaussian random variables associated with the

stiffness coefficients related to the non-ideal BCs are set as µkLx
= µkRx

=
0.2GNm−1, µkLy

= µkRy
= 0.1GNm−1, and µkLβ

= µkRβ
= 1MNmrad−1. To

justify these choices, it is important to consider that the dynamic behavior
of the beam is strongly influenced by the values of these stiffness parameters.
In fact, these values can represent any situation ranging from ideally free to
ideally clamped BCs, when they are chosen sufficiently small or sufficiently
large, respectively [109]. As the interest here is to consider deviations from
the ideally clamped condition, prior numerical simulations were performed
to determine mean values of the stiffness parameters ensuring this situation,
based on the value observed for the highest natural frequency of the beam
in the frequency band of interest.

For the analyses presented next, the correlation length of the exponential
covariance function appearing in Eq. (15) was admitted to take values in
a broad range: b = 0.05∆, ∆, 2∆, and 26∆. Preliminary analyses were
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conducted to determine relevant simulation parameters. Firstly, for the KL
expansions, values of K = 340, 18, 10, and 2 were chosen for b = 0.05∆, ∆,
2∆, and 26∆, respectively. This selection followed the procedure outlined in
ref. [32], which suggests that the sum of the truncated eigenvalues should be
sufficiently small compared to the sum of the K retained ones. Therefore,
convergence for the KL expansion was considered achieved when the ratio
of the sum of the truncated eigenvalues to the sum of the retained ones was
below 5%.

Moreover, the periodic beam was discretized employing Ne = 80 finite
elements, which largely ensures mesh convergence of the finite element model
within the frequency range of analysis, set from 0Hz to 2000Hz (with ∆f
= 1 Hz). For the computation of frequency response functions using the
modal superposition method, retaining the modes corresponding to natural
frequencies up to ten times the upper limit of the frequency band of interest
was found to be sufficient to guarantee satisfactory accuracy.

Additionally, due to the relatively high computational cost required to
perform the multiple integrations appearing in the denominator of Eq. (20),
a numerical integration scheme employing global adaptive quadrature with
an absolute error tolerance of 1×10−10 was employed (MATLAB® command
integral).

For uncertainty propagation, 10000 samples were found sufficient to en-
sure convergence of MC simulations. Regarding the sensitivity analysis dis-
cussed in Subsection 2.4, care was exercised in the choice of the increments
used for the computation of finite-difference approximations to the deriva-
tives appearing in Eq. (27), which were established by means of convergence
check for a target response, for each random variable.

After performing convergence analyses, dispersion curves enabling to pre-
dict bandgaps for the baseline deterministic system (infinite beam) were ob-
tained. The results from this analysis were then used to characterize attenu-
ation bands for samples of the finite periodic beam in the stochastic analyses.
The influence of the standard deviations assigned to the input random vari-
ables on the responses, taking into account the aforementioned correlation
lengths, was evaluated through different values of coefficients of variation
(CVs), defined as the ratio of the standard deviation to the mean, i.e., CV =
1%, 10% and 20%. In addition, it should be reminded that the random vari-
ables related to the KL expansion, ξi, form a set of independent, zero-mean
Gaussian random variables, cf. Subsection 2.2. Their standard deviations
have been obtained using the mean temperature of the random field, i.e.,

20



σξi = CV × T̄ . Analyses were also conducted with the aim of evaluating
the influence of each considered correlation length on the dynamics of the
periodic beam, while keeping the CV fixed.

Concerning the results reported below, one clarifies the associated simu-
lations have been executed on a DELL XPS 8950 desktop computer equipped
with an Intel(R) Core(TM) i7-12700 CPU running at 2.10GHz and 16.0GB
of RAM. When only the randomnesses in BCs is considered (Subsection 3.3),
which involves 6 random variables, the computation of forced responses for
a given value of CV and standard deviation took less than half an hour. On
the other hand, when the combined randomness in BCs and temperature is
considered, along with a shorter correlation length (Subsection 3.5), the sim-
ulation time increased to approximately 5 hours, as it involved 346 random
variables.

Lastly, it should be clarified that the selection of relevant parameters for
the temperature random field, such as the CV and correlation length b, as
well as the CV for the uncertain BCs, has been made to cover a range of
scenarios as wide as possible.

3.2. Deterministic analyses
By employing the theory reviewed in Subsection 2.3 and the mean val-

ues adopted for all random variables and for the temperature random field,
wavenumbers were computed for the periodic beam. One highlights that the
unit cell mass and stiffness matrices were assembled based on Eqs. (2)–(4),
with N (e) computed according to Eq. (12) for the deterministic finite struc-
ture composed of 4 unit cells. In addition, the Young’s modulus was set
as E = mT̄ + h = 72.12GPa, by relying on the non-stochastic version of
Eq. (16). The obtained dispersion relation, depicted in Fig. 4a, shows that
the infinite periodic beam possesses two bandgaps in the frequency range of
interest, i.e., 336–393 Hz and 945–1534 Hz, indicated by the shaded regions.

By assuming that the transversal DoF of the rightmost free node of the
beam is harmonically excited, and the response is calculated for the same DoF
of the leftmost free node, as schematically shown in Fig. 4b, the corresponding
transmissibility function T(3,159), computed using Eq. (26), is shown in Fig.
4c. It should be pointed-out that this transmissibility was computed for
the beam supported by flexural, torsional and axial springs, to which the
respective mean values were assigned, as discussed previously.

As one may notice from Fig. 4c, the bandgaps predicted in the dispersion
diagram match the very low-amplitude regions seen in the transmissibility
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Figure 4: (a) Real and imaginary parts of the dispersion relation for the deterministic
periodic beam, with bandgaps highlighted by shaded areas; (b) identification of input
and output DoFs used to generate the transmissibility function and (c) amplitudes of
the transmissibility function T(3,159), with the associated attenuation bands highlighted.
Mean values were adopted for all random variables and for the temperature random field.

curve. Interestingly, the range of frequencies lower than the first resonance
frequency exhibits attenuation levels of the order of those found in the second
attenuation zone. This observation was similarly reported in [110], for a
periodic rod-type structure, and is attributed to BC effects.

As the second attenuation band is much wider than the first one, which
is interesting from the practical point of view, the stochastic analyses carried
out in the sequence are exclusively devoted to this wider band, for which the
limiting frequencies are fL = 945 Hz and fR = 1534 Hz.

For the purpose of assessing the influence of random quantities, to be
conducted next, from the transmissibility curve shown in Fig. 4c, one extracts
the amplitudes corresponding to fL and fR, which are TL ≈ 0.044 and TR ≈
0.038. In addition, one determines the central frequency of the attenuation
zone:

fcentral =
fL + fR

2
= 1239.5Hz, (30)

and its bandwidth:

fwidth = fR − fL = 589Hz. (31)

3.3. Randomness in boundary conditions
Stochastic simulations were first performed to evaluate the impact of the

uncertainties in the BCs on the attenuation zone of interest. The fact that
the axial force given by Eq. (19) is dependent on the variability of the axial
springs implies that this force is random under deterministic temperature
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distribution. Accordingly, Fig. 5 shows PDFs in solid black lines, estimated
using Kernel’s density estimator, superimposed on histograms, as well as
statistics related to N(θ), for different values of CV ascribed to the input
random variables. One clarifies that the standard deviations, skewness, and
kurtosis values reported in Fig. 5, and in what follows afterward, were all
calculated using unbiased estimators, whose expressions can be consulted in
the documentation of the used software [111–113].

(a) CV = 1% (b) CV = 10% (c) CV = 20%

Figure 5: Histograms, PDFs, and statistics related to the stochastic axial force, for different
CVs, solely accounting for the randomness of BCs while maintaining the temperature field
at the mean value T̄ = −30◦C.

It can be seen in Fig. 5 that the mean values of the stochastic axial forces
are approximately the same for the three cases, i.e., ≈ 9.28 kN, which is close
to the value of the axial force obtained for the mean values of the temperature
random field and axial stiffness coefficients representing the BCs. In addition,
the standard deviation of the axial force, σN , exhibits a nonlinear relationship
with the CV of the input random variables.

Another observation in Fig. 5 is that, as the CV assigned to the input
random variables increases, the skewness values become more negative, re-
vealing that the distributions have a slightly longer tail on the left side of
their peak, i.e., they become more asymmetric. It is also apparent from Fig.
5 that all PDFs are steep, as indicated by the kurtosis values, which increase
for increasing CV, varying from 3.04 to 6.51.

The increasing asymmetry of the PDFs for increasing CV in Fig. 5 can
be physically interpreted considering that the mean values of the spring co-
efficients were selected to simulate a condition close to the ideally clamped
one. Hence, values of kL

x , kL
y , kL

β , kR
x , kR

y , and kR
β higher than their mean val-

ues lead asymptotically to this condition, while lower values produce more
pronounced approximation to the free-end BC.
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Monte Carlo simulations were also performed to characterize the bandgap
features of the periodic beam. For each value of CV, transmissibility func-
tions were computed for the input and output locations illustrated in Fig.
4b, using Eq. (26). Figure 6 displays the envelopes of all 10000 samples
shaded in gray, along with some arbitrarily selected transmissibility samples.
The rectangular regions shaded in purple represent the intersection of the
attenuation bands identified for each sample, thus indicating the narrowest
attenuation band (NAB) observed across all samples. For each sample, the
boundaries of the attenuation band, denoted as fL(θ) and fR(θ), were de-
termined as the frequencies corresponding to TL ≈ 0.044 and TR ≈ 0.038,
obtained previously for the reference deterministic case in Subsection 3.2.

(a) CV = 1% (b) CV = 10% (c) CV = 20%

Figure 6: Envelopes of all 10000 samples of transmissibility curves T(3,159) shaded in gray,
and some arbitrarily selected transmissibility samples, solely accounting for the random-
ness of BCs while maintaining the temperature field with the mean value T̄ = −30◦C.
Shaded purple rectangular regions indicate the intersection of stop bands of all samples.

Figure 6a indicates that, as expected, when the level of dispersion assigned
to the random variables related to BCs is low, i.e., CV = 1%, uncertainties
affecting the transmissibility curves, and the attenuation bands, as a result,
are small within the considered frequency range. On the other hand, con-
siderably narrower attenuation bands are observed for higher CV values, as
depicted in Figs. 6b and 6c.

From the stochastic transmissibility curves, characterization of the NABs
was conducted by estimating histograms, PDFs and related statistics for
the central frequency and bandwidth, computed according to Eqs. (30) and
(31). Firstly, Fig. 7 shows PDFs and statistics related to the bandgap cen-
tral frequency. Similarly to the results presented in Fig. 5, the probability
distributions and statistics for lower values of CV resemble those of Gaussian
distributions in Figs. 7a and 7b, while the PDF in Fig. 7c shows noticeable
deviations from a Gaussian shape (cf. the skewness and kurtosis values). In
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all cases, the central frequency of the NAB has approximately the same value,
of 1239Hz, revealing that, on average, dispersion in the input random vari-
ables (BCs) mostly affects the bandgap boundaries. Figure 7 also indicates
that σfcentral exhibits a nonlinear variation for increasing values of CV. This
finding is consistent with the result observed previously in Fig. 5, regarding
the dispersion of the stochastic axial force σN .

(a) CV = 1% (b) CV = 10% (c) CV = 20%

Figure 7: Histograms, PDFs, and statistics of central frequency distributions for different
values of CVs, solely accounting for the randomness of BCs while maintaining the temper-
ature field with the mean value T̄ = −30◦C.

Figure 8 provides histograms, fitted PDFs and statistics for the bandgap
width. Overall, the tendencies of the results in Fig. 8 are similar to those
in Fig. 7. Therefore, the distributions of the bandgap width for lower CV
values resemble a Gaussian distribution, as confirmed by their skewness and
kurtosis values close to 0 and 3, respectively. On the other hand, greater
levels of variability assigned to the uncertain BCs result in deviations from
Gaussian distribution, as depicted in Fig. 8c. It should also be noted from
Fig. 8 that σfwidth

increases in a nonlinear manner as CV grows, behaving
similarly to σfcentral .

3.4. Random temperature field
Based on Eq. (13), 10000 samples of the temperature random field were

generated. Figure 9 depicts the envelopes encompassing all the samples (in-
dicated by the shaded areas), and 10 arbitrarily chosen samples, for different
combinations of values of the correlation length b and coefficient of variation
CV. The interest here is to investigate the influence of these two parame-
ters, which usually must be chosen by the analyst based on the information
available.

In Figs. 9a–9d, one can appraise the influence of b, for a fixed CV, while
the influence of CV, for a fixed value of b, is assessed in Figs. 9e, 9c, and 9f.
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(a) CV = 1% (b) CV = 10% (c) CV = 20%

Figure 8: Histograms, PDFs, and statistics of bandwidth distributions for different CVs,
solely accounting for the randomness of BCs while maintaining the temperature field with
the mean value T̄ = −30◦C.

Also shown in Fig. 9 are the corresponding means and standard deviations
of the random fields, which demonstrate that the MC simulations achieved
satisfactory convergence for the stochastic inputs.

As pointed out in [75], Fig. 9a shows that when the correlation length is
small, the temperature random field approaches a white-noise type of stochas-
tic process. In addition, under this condition, high spatial frequency compo-
nents are dominant, thus more terms are needed to properly describe the KL
expansion (i.e., 340 eigensolutions, as defined in Subsection 3.1). Conversely,
Figs. 9b–9d indicate that, as the correlation length increases, the spatial
variation of the random field becomes smoother. For large values of the cor-
relation length (b = 26∆, for example), the random process tends to become
fully correlated. In this latter case, the random field tends to behave as a
single, space-independent, random variable (cf. Fig. 9d). Moreover, for large
values of b (b → ∞), very low spatial frequency components are dominant
and fewer terms are sufficient to represent the temperature random field by
KL expansions — only 2 terms. Interestingly, Figs. 9a–9d also indicate that
the correlation length has no influence on the dispersion of the temperature
random field. Regarding the influence of the CV, Figs. 9e, 9c, and 9f show
that, as expected, for a fixed correlation length, the envelope of the random
field is amplified when CV increases.

From the samples of the temperature random field, the corresponding
values of the axial force have been computed according to Eq. (20), with
kL
x (θ) = µkLx

and kR
x (θ) = µkRx

. Figure 10 illustrates the resulting PDFs (in
solid black lines) estimated using Kernel’s density estimator, superimposed
to the corresponding histograms. It is worthy noticing that the axial force
also depends on the random field representing the temperature-dependent
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(a) CV = 10%, b = 0.05∆ (b) CV = 10%, b = ∆ (c) CV = 10%, b = 2∆

(d) CV = 10%, b = 26∆ (e) CV = 1%, b = 2∆ (f) CV = 20%, b = 2∆

Figure 9: Envelopes of 10000 samples of the temperature random field shaded in gray,
and some arbitrarily chosen samples, together with related statistics (means and standard
deviations), under different combinations of b and CV.

Young’s modulus. However, since E(e)(x, θ) is linearly related to temperature
according to Eq. (16), sampling data similar to those presented above are
omitted here for the random Young’s modulus.

The probabilistic characterizations shown in Fig. 10 suggest that all dis-
tributions have roughly symmetrical shapes, with skewness values close to
zero. Similarly to results in Fig. 5, all distributions in Fig. 10 have slightly
longer left tails, which is supported by the negative skewness values. It is also
apparent that all PDFs are slightly steep, sustained by the kurtosis values
varying from 3.03 to 3.07. In addition, the mean value of all distributions
are exactly 9.29 kN, which is very close to the mean values of the stochastic
axial forces shown in Fig. 5.

Regarding the influence of the parameters of the random field, the most
apparent observation is that the dispersion of the axial force, indicated by
σN , depends not only on the CV assigned to the input random variables, but
also on the correlation length b. The influence of this later, for a fixed CV
of 10%, can be observed in Figs. 10a–10d, which show that σN exhibits a
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(a) CV = 10%, b = 0.05∆ (b) CV = 10%, b = ∆ (c) CV = 10%, b = 2∆

(d) CV = 10%, b = 26∆ (e) CV = 1%, b = 2∆ (f) CV = 20%, b = 2∆

Figure 10: Histograms, PDFs, and statistics related to the stochastic axial force, for
different combinations of b and CV, solely accounting for environmental randomness while
maintaining the mean values assigned to all spring stiffnesses.

nonlinear monotonic increase for increasing values of b. On the other hand,
the influence of CV on the standard deviation of the stochastic axial force,
for a fixed b of 2∆, can be assessed through Figs. 10e, 10c, and 10f, in which
σN is seen to increase in an approximate linear monotonic way for increasing
values of CV assigned to the input random variables.

After introducing the temperature random field samples in Fig. 9, and
understanding the randomnesses in the stochastic axial force showed in Fig.
10, uncertainty propagation is performed through the calculations of trans-
missibility functions, using Eq. (26). Therefore, Fig. 11 shows, shaded in
gray, the envelopes for all samples of the transmissibility curves, which were
computed for the input and output locations shown in Fig. 4b, and also some
arbitrarily chosen samples. Each row and column of Fig. 11 corresponds to a
fixed value of b and CV, respectively, encompassing all combinations of the
values set for both parameters.

Close to results shown previously, in Fig. 6, Fig. 11 reveals that the in-
creased level of uncertainty assigned to the temperature random field, corre-
sponding to increasing values of CV, results in narrower attenuation bands,
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(a) CV = 1%, b = 0.05∆ (b) CV = 10%, b = 0.05∆ (c) CV = 20%, b = 0.05∆

(d) CV = 1%, b = ∆ (e) CV = 10%, b = ∆ (f) CV = 20%, b = ∆

(g) CV = 1%, b = 2∆ (h) CV = 10%, b = 2∆ (i) CV = 20%, b = 2∆

(j) CV = 1%, b = 26∆ (k) CV = 10%, b = 26∆ (l) CV = 20%, b = 26∆

Figure 11: Envelopes of all 10000 samples of transmissibility curves T(3,159) shaded in gray,
and some arbitrarily selected transmissibility samples, solely accounting for environmental
randomness while maintaining the mean values assigned to all spring stiffnesses. Shaded
purple rectangular regions indicate the intersection of stop bands of all samples.

as clearly demonstrated by the NABs, indicated by the shaded purple rect-
angular regions. This trend can be better seen from the second row onward
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of Fig. 11, since the changes only slightly affect the dynamic behavior of the
periodic beam when b → 0 (b = 0.05∆).

Regarding the influence of the correlation length, for all cases, an increase
in b also causes a decrease in the width of the intersection region between
attenuation bands identified for each sample. Thus, a scenario of higher
variability can be potentiated for large values of b. This pattern is more
evident in the second and third columns of Fig. 11. Further clarifications
regarding the influence of b on the beam dynamics are provided later on.

From the MC transmissibility function samples, whose envelopes were
depicted in Fig. 11, histograms, fitted PDFs, and associated statistics have
been computed for the bandgap characteristics. Figure 12 initially shows
data related to the bandgap central frequency. In Figs. 12a–12d, the effect
of the correlation length on the bandgap central frequency can be assessed,
for a fixed CV of 10%, while Figs. 12e, 12c, and 12f enables to appraise
the impact of varying CV on the bandgap central frequencies at a fixed
correlation length value b = 2∆. Note that these results correspond to data
obtained from transmissibility curves in the second column and third row of
Fig. 11.

As one may observe in Fig. 12, the distributions of the bandgap central
frequency are visually close to Gaussian, which is supported by the skewness
and kurtosis values computed for each case. When the correlation length
increases, for a fixed CV of 10%, the data become more disperse with respect
to the mean central frequency of approximately 1239Hz, as confirmed by the
nonlinear increase in standard deviation values. On the other hand, as one
might expect, Figs. 12e, 12c and 12f reveal that the level of randomness at-
tributed to the temperature random field is linearly related to the dispersion
of the bandgap central frequency (cf. σfcentral).

Statistics regarding the bandgap bandwidth are presented in Fig. 13 for
the same combinations of CVs and correlation lengths considered previously
in Fig. 12. In general, the conclusions drawn from the results presented
in Fig. 13 are similar to those regarding the bandgap central frequency in
Fig. 12. Therefore, the distributions depicted in Fig. 13 resemble Gaussian
ones, as supported by their skewness and kurtosis values close to 0 and 3,
respectively. Additionally, the results in Figs. 13a–13d indicate that σfwidth

increases monotonically in a nonlinear manner with respect to b, while it is
linearly amplified with increasing values of CV for a fixed correlation length
of 2∆, as shown in Figs. 13e, 13c and 13f.
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(a) CV = 10%, b = 0.05∆ (b) CV = 10%, b = ∆ (c) CV = 10%, b = 2∆

(d) CV = 10%, b = 26∆ (e) CV = 1%, b = 2∆ (f) CV = 20%, b = 2∆

Figure 12: Histograms, PDFs, and statistical measures of central frequency distributions
for different CVs and correlation lengths for the input random variables, solely accounting
for environmental randomness while maintaining the mean values assigned to all spring
stiffnesses.

3.5. Combined randomness in boundary conditions and temperature
The previous two subsections examined separately the significance of ac-

counting for the effects of thermal and BCs randomness on the dynamic
behavior of a periodic beam. Cases where these two sources of uncertainty
are concurrent, which is likely in many practical applications, are now exam-
ined. In Subsection 3.5.1, statistical data related to the stochastic axial force
are presented. Subsequently, in Subsection 3.5.2, transmissibilities computed
through MC simulations are used for the calculation of PDFs and histograms
concerning the central frequency position and width of the investigated at-
tenuation band. Results similar to those presented in Figs. 6 and 11 are
omitted for the sake of brevity. In Subsection 3.5.3, reliability analysis is
conducted considering different values of the limiting frequencies determin-
ing the serviceability limits of the beam. Finally, sensitivity analyses with
respect to the bandgap central frequency and width, involving all random
variables, are performed in Subsection 3.5.4.
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(a) CV = 10%, b = 0.05∆ (b) CV = 10%, b = ∆ (c) CV = 10%, b = 2∆

(d) CV = 10%, b = 26∆ (e) CV = 1%, b = 2∆ (f) CV = 20%, b = 2∆

Figure 13: Histograms, PDFs, and statistical measures of bandwidth distributions for
different CVs and correlation lengths for the input random variables, solely accounting
for environmental randomness while maintaining the mean values assigned to all spring
stiffnesses.

3.5.1. PDFs and statistics estimated for the stochastic axial force
Using the temperature random field samples previously introduced in

Subsection 3.4 (cf. Fig. 9), the corresponding values of the stochastic axial
forces have been calculated considering also stochastic axial spring coeffi-
cients, following Eq. (20). Figure 14 shows the histograms, fitted PDFs and
statistics for the same combinations of b and CV as those used in Fig. 10. It
should be pointed-out that, in each case, the same value of CV is assigned
to the random boundary stiffnesses and temperature field.

Similarly to the results reported previously, Fig. 14 reveals that all dis-
tributions of the stochastic axial force have shapes close to that of Gaussian
distributions (cf. the skewness and kurtosis values, which are approximately 0
and 3, respectively). Their mean values correspond to approximately 9.28 kN.
In addition, Figs. 14a–14d show that the standard deviation of the stochastic
axial force has a nonlinear relationship with respect to correlation length of
the temperature field. As b increases, σN exhibits a monotonically increasing
trend, as found in Fig. 10. Conversely, Figs. 14e, 14c, and 14f show that
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(a) CV = 10%, b = 0.05∆ (b) CV = 10%, b = ∆ (c) CV = 10%, b = 2∆

(d) CV = 10%, b = 26∆ (e) CV = 1%, b = 2∆ (f) CV = 20%, b = 2∆

Figure 14: Histograms, PDFs, and statistics related to the stochastic axial force, for
different CVs and correlation lengths for the input random variables, accounting for envi-
ronmental uncertainties and randomness in BCs.

σN exhibits a linear relationship with the values of CV assigned to the input
random variables, which differs from the results in Fig. 5, where a nonlinear
relationship between CV and σN was found for the case that one considered
the randomness only in the BCs while maintaining the temperature field with
the mean value T̄ = −30◦C.

3.5.2. PDFs of the central frequency and bandwidth of the attenuation band
The probabilistic features of the stochastic attenuation bands, accounting

for randomness in BCs and temperature field are presented in Figs. 15 and
16 for the stop band central frequency and bandwidth, respectively.

First, as one notices in Fig. 15, the histograms exhibit strong symmetry
and distributions that resemble Gaussian ones. This is evident from the shape
of the resulting distributions and the values of kurtosis, which are close to 3,
and skewness, which are near 0. In addition, for a fixed CV of 10% assigned to
the input random variables, Figs. 15a–15d show that the standard deviation
of the output random variable, σfcentral , exhibits a nonlinear relationship with
the values of b assigned to the temperature random field. Nonetheless, for
a fixed b, the relationship between the input CV and the output standard
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deviation σfcentral is approximately linear, cf. Figs. 15e, 15c, and 15f.

(a) CV = 10%, b = 0.05∆ (b) CV = 10%, b = ∆ (c) CV = 10%, b = 2∆

(d) CV = 10%, b = 26∆ (e) CV = 1%, b = 2∆ (f) CV = 20%, b = 2∆

Figure 15: Histograms, PDFs, and statistics of the bandgap central frequency distributions
for different CVs and correlation lengths for the input random variables, accounting for
environmental uncertainties and randomness in BCs.

On the other hand, distributions depicted in Fig. 16 for the bandgap
width are no longer close to Gaussian, except for the case shown in Fig.
16e, where kurtosis and skewness values are close to those shown in Fig. 15.
This similarity is explained by the low level of uncertainty assigned to the
input random variables, i.e., CV = 1%. In the asymmetric distributions, one
notices that the left tail is longer than the right one. Moreover, from Fig. 16,
one notices that CV and b show, respectively, a quasi-linear and nonlinear
relationship with σfwidth

, as found for the central frequency distribution in
Fig. 15.

The results in Figs. 7, 12, and 15 fully characterize the central frequency
of bandgaps calculated for the nominally periodic beam while accounting for
environmental and BC effects individually or simultaneously. In summary,
the randomness in BCs has shown a nonlinear effect on the characteriza-
tion of fcentral in Fig. 7, whereas environmental random sources affecting the
beam’s Young’s modulus exhibited nonlinear and linear behaviors with b and
CV, respectively, in Fig. 12. When both sources of uncertainties are com-
bined, fcentral still follows a nonlinear behavior with b in Fig. 15. However,

34



(a) CV = 10%, b = 0.05∆ (b) CV = 10%, b = ∆ (c) CV = 10%, b = 2∆

(d) CV = 10%, b = 26∆ (e) CV = 1%, b = 2∆ (f) CV = 20%, b = 2∆

Figure 16: Histograms, PDFs, and statistical measures of bandwidth distributions for
different CVs and correlation lengths for the input random variables, accounting for envi-
ronmental uncertainties and randomness in BCs.

it exhibits an approximately linear behavior with respect to CV, attributed
to BC effects. Uncertainty quantification of the bandgap width distribution
fwidth was illustrated in Figs. 8, 13, and 16, revealing the same trends as
observed for the central frequency of bandgaps, as presented in Figs. 7, 12,
and 15 and discussed just before.

The variability of the main features of the attenuation band (central fre-
quency and bandwidth) for the three cases considered previously, can be
further appraised by examining the mean values, standard deviations and
CVs presented in Tabs. 1 and 2. From the first of these tables, it can be seen
that, for the attenuation band central frequency fcentral, the variability due
to temperature randomness is more significant than those in BCs, and the
combined effects of these two sources of uncertainty are always larger than
their individual effects. Also evident in Tab. 1 is the strong impact of the
correlation length of the temperature random field on the variability of the
central frequency.

On the other hand, Tab. 2 illustrates the opposite behavior regarding the
variability of the bandgap bandwidth fwidth. This stochastic parameter is

35



Table 1: Mean, standard deviation and CV values for the attenuation band central fre-
quency, considering the isolated effects of randomnesses in BCs and temperature field, and
their combined influences.

Randomness in BCs

CV (%) 1 10 20

f̄central(Hz) 1239.50 1239.29 1238.57
σfcentral (Hz) 0.12 1.28 2.92

CVfcentral (%) 0.01 0.10 0.24

Randomness in temperature field

CV (%) 10 1 20

b (m) 0.05∆ ∆ 2∆ 26∆ 2∆ 2∆
f̄central(Hz) 1239.50 1239.47 1239.46 1239.44 1239.50 1239.36
σfcentral (Hz) 1.66 6.51 7.98 10.32 0.80 15.97

CVfcentral (%) 0.13 0.53 0.64 0.83 0.06 1.29

Combined randomness in BCs and temperature field

CV (%) 10 1 20

b (m) 0.05∆ ∆ 2∆ 26∆ 2∆ 2∆
f̄central(Hz) 1239.29 1239.26 1239.24 1239.21 1239.50 1238.40
σfcentral (Hz) 2.11 6.62 8.09 10.38 0.81 16.21

CVfcentral (%) 0.17 0.53 0.65 0.84 0.07 1.31

mostly influenced by randomness in BCs rather than uncertainties from tem-
perature fluctuations. Naturally, the combined effects of these two sources
of uncertainty always surpass their individual effects, as observed previously
for the bandgap central frequency in Tab. 1. Table 2 also highlights that the
correlation length of the temperature random field has a minor effect on the
variability of the attenuation bandwidth.

It is worthy commenting that the rather small values of σfcentral , CVfcentral ,
σfwidth , and CVfwidth shown in Tabs. 1 and 2 could be interpreted as indicating
negligible influence of the uncertainties considered on the features of the
attenuation band. In this regard, it is important to notice that: a) the
values of the above-mentioned output statistics have been obtained for the
specific values of the parameters CV and b considered in the calculations.
Should these values be different in other cases of interest, higher (or lower)
values of the output statistics would be obtained; b) despite the small values
of output statistics, the variability affecting the features of the attenuation
band can have significant influence on the robustness of the periodic beam.
This is clearly demonstrated in the next section in which a sampling-based
reliability assessment is performed.
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Table 2: Mean, standard deviation and CV values for the attenuation bandwidth consider-
ing the isolated effects of randomnesses in BCs and temperature field and their combined
influences.

Randomness in BCs

CV (%) 1 10 20

f̄width(Hz) 588.99 588.81 588.13
σfwidth (Hz) 0.39 4.06 9.27

CVfwidth (%) 0.07 0.69 1.58

Randomness in temperature field

CV (%) 10 1 20

b (m) 0.05∆ ∆ 2∆ 26∆ 2∆ 2∆
f̄width(Hz) 588.89 589.00 589.00 589.00 588.89 589.02
σfwidth (Hz) 0.17 0.40 0.49 0.64 0.05 0.97

CVfwidth (%) 0.03 0.07 0.08 0.11 0.01 0.17

Combined randomness in BCs and temperature field

CV (%) 10 1 20

b (m) 0.05∆ ∆ 2∆ 26∆ 2∆ 2∆
f̄width(Hz) 588.79 588.72 588.76 588.81 588.99 588.02
σfwidth (Hz) 4.08 4.09 4.11 4.10 0.40 9.40

CVfwidth (%) 0.69 0.70 0.70 0.70 0.07 1.60

3.5.3. Reliability analysis
Reliability is defined here as the probability of the attenuation band en-

compassing the interval defined between two limiting design frequencies, fLd

and fRd. It is evaluated for different pairs of values of these two later, cho-
sen in the frequency band of interest. From the samples extracted from the
transmissibility functions, for each pair of limiting values, the reliability can
be calculated as the ratio nc/Ns, where nc is the number of samples satisfying
the tested condition, and Ns is the total number of samples (which equals
10000 in the present study).

Figure 17 illustrates the reliability values, calculated for the same CV
and b values considered before, plotted against various design bandgaps. The
influence of b, for a fixed CV, can be appraised in Figs. 17a–17d, whereas
Figs. 17e, 17c, and 17f illustrate the impact of CV, for a fixed b. It should
be mentioned that, for all cases depicted in Fig. 17, the first design bandgap,
with the lowest reliability value, corresponds to the mean bandgap of the
beam, defined previously in Subsection 3.2, i.e., fLd = fL = 945Hz and
fRd = fR = 1534Hz.

In particular, Figs. 17a–17d show that larger values of b tend to reduce
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(a) CV = 10%, b = 0.05∆ (b) CV = 10%, b = ∆ (c) CV = 10%, b = 2∆

(d) CV = 10%, b = 26∆ (e) CV = 1%, b = 2∆ (f) CV = 20%, b = 2∆

Figure 17: Reliability values for different CVs and correlation lengths for the input random
variables, accounting for environmental uncertainties and randomness in BCs.

the reliability, due to the increasing variability in the temperature random
field, cf. Fig. 9. It can also be observed that the reliability values depend on
the limiting frequencies defining the design bandgap. As fLd increases and
fRd decreases, the reliability grows, owing to the narrower band specified
for the design bandgap. Regarding the influence of the CV, Figs. 17e, 17c,
and 17f indicate that the reliability decreases with increasing values of CV
assigned to the input random variables, while keeping the correlation length
fixed. It is also noticeable that the reliabilities are strongly dependent on the
bandwidth of the design bandgap as well.

Lastly, Tab. 3 presents the reliability values calculated for the periodic
beam considering all combinations of b and CV, taking into account the
isolated effects of randomnesses in BCs and the temperature field, as well
as their combined influences, for a design bandgap defined within the band
fLd = 1.01×fL ≈ 992Hz and fRd = 0.99×fR ≈ 1457Hz. The results in Tab.
3 clearly show that when the CV is very low, defined as CV = 1%, the effects
of all randomnesses are negligible for the investigated design bandgap. How-
ever, the reliability values decrease considerably with increasing variability
affecting the dynamic behavior of the beam. Additionally, Tab. 3 further il-
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lustrates the significant impact of correlation length on the reliability values,
demonstrating its critical role in the overall uncertainty quantification pro-
cess. In the worst-case scenario, when the combined randomnesses in BCs
and the temperature field are considered, for CV = 20% and b = 26∆, a
reliability of 0.43 is found, which is too low for most, if not all, engineering
applications. The shown results indicate that environmental and BCs uncer-
tainties should not be neglected when investigating the dynamic behavior of
periodic structures, for their impact on features of interest, such as bandgaps,
can be relevant. Notwithstanding, one is also able to confirm observations
already provided, i.e., when input random quantities are characterized by
low values of CV, they do not significantly influence characteristics of the
considered attenuation band, for the analyzed periodic beam.

Table 3: Reliability values for different CVs and correlation lengths for the input random
variables, considering the isolated effects of randomnesses in BCs and temperature field,
as well as their combined influences, for a design bandgap ranging from fLd = 1.01× fL ≈
992Hz to fRd = 0.99× fR ≈ 1457Hz.

Randomness
in BCs

Randomness
in temperature field

Combined randomness
in BCs and temperature field

b (m)

CV (%) 0.05∆ ∆ 2∆ 26∆ 0.05∆ ∆ 2∆ 26∆

1 1 1 1 1 1 1 1 1 1
10 0.99 1 0.91 0.85 0.75 0.99 0.90 0.84 0.74
20 0.96 0.99 0.65 0.56 0.45 0.94 0.60 0.52 0.43

3.5.4. Sensitivity analyses
Sensitivity analyses are conducted here to quantify the relative influence

of each random variable in the stochastic model, including temperature vari-
ations and non-ideal BCs, on the two parameters defining the attenuation
band. Ideally, these analyses could precede uncertainty propagation by MC
simulations, aiming to filter out less significant random variables from the
stochastic model, thereby accelerating computations in subsequent analyses.
However, the main interest here is to compute sensitivities as a complemen-
tary means of interpreting the results obtained in the previous subsections
and, more specifically, to assess the adequacy of the criterion suggested in
[32] for selecting the most relevant random variables for KL expansions, as
discussed previously, in Subsection 3.1.
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One first recalls that the temperature random field was represented by
employing KL expansion, for which N = 340, 18, 10, and 2 random variables
were adopted for b = 0.05∆, ∆, 2∆, and 26∆, respectively. On the other
hand, variabilities regarding non-ideal BCs were modeled by means of kL

x (θ),
kL
y (θ), kL

β (θ), kR
x (θ), kR

y (θ), and kR
β (θ) stochastic quantities. Therefore, for

each correlation length, a total of 346, 24, 16, and 8 random variables were
involved.

Based on the theory provided in Subsection 2.4 and referring to Eqs. (27)-
(29), let g ≡ fcentral and subsequently g ≡ fwidth, so that the sensitivity indices
(Sσ

fcentral
)2 and (Sσ

fwidth
)2 are computed for each random variable. As the same

value of CV is applied simultaneously to all variables in each analysis, the
sensitivity indices are independent from the level of uncertainty assigned to
the input random variables. Therefore, the choice of CV for performing such
computations is arbitrary.

Accordingly, Fig. 18 shows sensitivity indices calculated for the bandgap
characteristics of the nominally periodic beam, i.e., its central frequency
and bandwidth. Furthermore, since a large number of random variables are
required to properly describe the random field when b → 0, only the first four
squared sigma-normalized relations related to the KL expansion are shown
separately, for convenience. The remaining random variables, except those
associated with BCs, are exhibited in groups of 120.

As evident from Fig. 18a, variabilities in fcentral are predominantly influ-
enced by uncertainties related to temperature variations. When b → 0, the
central frequency position of the attenuation band can be slightly influenced
by some higher-order KL random variables, while in the limit as b → ∞,
fcentral appears to be entirely governed by ξ1. Concerning the variabilities
of the bandwidth, Fig. 18b illustrates that the spring stiffness kL

y governs
the width of the attenuation bands for all values of the correlation length.
Smaller sensitivity indices, though non-negligible, are observed for kR

y . This
is attributed to the asymmetry of the unit cell chosen in this study (cf. Fig.
1). Furthermore, given that the transmissibility curves were computed in the
y-direction while applying a harmonic excitation in the same direction, the
outcomes presented in Fig. 18b are consistent with expectations. Specifically,
the spring stiffnesses in the y-direction exert a more significant impact on the
beam’s response, as could be anticipated.

Furthermore, these results closely align with outcomes from Tabs. 1 and 2.
In both cases, it is clear that environmental randomness plays the most sig-
nificant role in determining the bandgap central frequency fcentral, whereas

40



(a) Central frequency (b) Bandwidth

Figure 18: Sensitivity analyses for the central frequency and bandwidth of the beam’s stop
bands for b = 0.05∆, ∆, 2∆, and 26∆, accounting for environmental uncertainties and
randomness in BCs.

BC uncertainties mostly affect the bandgap bandwidth fwidth. This result
further emphasizes the need of simultaneously considering multiple sources
of uncertainties when designing and analyzing periodic structures — as ne-
glecting some of them, even unknowingly, might harm predictions, potentially
implying in nonconformity regarding design requirements, due to a lack of
robustness against variability.

Lastly, it should also be noted that the sensitivity values depicted in
Fig. 18 are in disagreement with the criterion established in [32] for retain-
ing the most significant random variables for the temperature random field.
However, if a reduced number of random variables were used to discretize
the random field, following the sensitivity analysis method as proposed in
[32], proper spatial representation of the temperature random field, as seen
previously in Fig. 9a, for example, might have not been achieved.

4. Summary and concluding remarks

In this article, a stochastic model accounting for randomness in temper-
ature and BCs has been proposed, aiming at investigating the influence of
such randomness on the attenuation band characteristics of periodic beams,
i.e., its central frequency and bandwidth. Despite being based on classical
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UQ techniques (KL expansion and MC simulations), the proposed stochastic
model features the novelty of combining the two sources of uncertainty for
the prediction of dynamic responses, for which a novel formulation has been
developed. In this regard, temperature fluctuations are considered to affect
the material properties and also engender random thermal stresses. Addi-
tionally, the uncertain BCs have been considered to affect both the axial
and bending dynamic behavior of the beam, as well as to influence thermal
stresses and the clamp configuration. Various scenarios characterized by dif-
ferent values of the key properties of the input random quantities (namely,
the coefficients of variation of the random variables and random fields, CVs,
and the correlation length of the random field, b) have been examined. The
results obtained enabled to evaluate the separate influences of each source
of uncertainty and also their combined effect on the beam’s dynamic behav-
ior. The results show that the variability of the attenuation band features
is governed not only by the value of CVs of the input random quantities
(which is frequently regarded as a preferred metric for random dispersion),
but also by the correlation length of the random temperature fluctuations,
which drives the space-dependent correlation between the random variables
represented by the random field. Numerical simulations revealed that the
bandgap central frequency stochastic response is primarily influenced by the
variability of the random temperature field, while the bandgap bandwidth
has been shown to be mostly affected by the random inputs related to the
uncertain BCs. Although low CV and standard deviation values have been
obtained for the dispersion of the bandgap features, reliability analyses have
been performed, revealing low reliability values for some designs. Addition-
ally, greater correlation lengths and CVs for the input random quantities
have led to increased variability in both the bandgap central frequency and
bandwidth. In summary, the overall conclusion is that uncertainties affecting
temperature and BCs, which are likely to happen in real-world situations,
can exert significant influences on the dynamic responses of periodic beams,
and should be considered in the analysis and design of such structures.
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