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Abstract

The work describes the manufacturing, mechanical properties and wave propagation charac-

teristics of a pyramidal lattice made exhibiting an auxetic (negative Poisson's ratio) behaviour.

Contrary to similar lattice tessellations produced using metal cores, the pyramidal lattice described

in this work is manufactured using a Kirigami (Origami plus cutting pattern) technique, which can

be applied to a large variety of thermoset and thermoplastic composites. Due to the particular

geometry created through this manufacturing technique, the Kirigami pyramidal lattice show an

inversion between in-plane and out-of-plane mechanical properties compared to classical honeycomb

con�gurations. Long wavelength approximations are used to calculate the slowness curves, showing

unusual zero-curvature phononic properties in the transverse plane. A novel 2D wave propagation

technique based on Bloch waves for damped structures is also applied to evaluate the dispersion

behaviour of composite (Kevlar/epoxy) lattices with intrinsic hysteretic loss. The 2D wave propa-

gation analysis shows evanescence directivity at di�erent frequency bandwidths and complex modal

behaviour due to unusual deformation mechanism of the lattice.
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I. INTRODUCTION

Lattice pyramidal cores have been developed extensively during the last 10 years, by

virtue of novel metal casting techniques that allow producing at relatively low lost large

integrated sandwich panels [1, 2]. One of the major features of these lattice cores is the

high speci�c strength to failure and in-plane sti�ness, which can be used to develop novel

energy absorbing integrated cellular structures for static and dynamic loading, and thermal

management [3, 4].

The pyramidal lattice con�guration can be tessellated in a �egg-rack� layout (Figure 1).

This particular tessellation is auxetic in the plane. Auxetics indicates a large class of solids

and structures exhibiting negative Poisson's ratio - the solid expands rather than contracts

when pulled along one direction. Auxetics [5] have been extensively studied for their mul-

tifunctional performance, in particular for their tunability in band-gap behaviour [6�8] and

aeroelastic tailoring in morphing structures [9, 10]. The egg-rack tessellation has been iden-

ti�ed by Grima et al. as a potential deformation mechanism providing auxeticity in polymer

networks built from calix[4]arene blocks [11]. The same tessellation has been identi�ed as

existing in bucky-papers with single and multi-walled carbon nanotubes, exhibiting a sign

inversion from positive to negative Poisson's ratio when subjected to mechanical loading

[12, 13].

Three-dimensional complex cellular solids can be also produced using other materials

(in particular thermoset and thermoplastic composites) by means of Kirigami techniques.

Kirigami is an ancient Japanese art of combining ply-folding techniques (Origami) with cut-

ting patterns to obtain general tessellated and complex structures. Kirigami has been used

successfully to produce 3D honeycombs with general shapes using carbon and Kevlar woven

fabrics [14], auxetic re-entrant structures [15], and novel morphing wingbox con�gurations

[16]. Figure 2 shows how a Kirigami version of the pyramidal lattice van be fabricated using

standard Kevlar 49/914 epoxy preprepgs (Hexcel Composites Ltd, UK). The sheets with

the fold line diagram pattern are cut from a single ply of the prepreg by an automated ply

cutter (Figure 2a). The sheets with a polyethylene release �lm are folded in core shapes by

using 16 square rods (20 x 20 x 30 [mm], aluminum - see Figure 2b). The 8 rods are put

on the blue cross points of Figure 2b from the upper side, and other 8 rods are placed on

red ones from the side below (Figure 2c). After placing together these rods like in Figure
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2d, the sheet is �xed in the shape of the auxetic pyramidal lattice. The assembly is held by

tapes and inserted into a vacuum bag (Figures 2d). The bagged arrangement is put in an

autoclave for 60 minutes at 175 Co to cure the prepreg. The �nal cured sample is shown in

Figure 2e.

The work described in this paper is concerned with the evaluation of the long wavelength

properties (�rst order homogenisation) and detailed two-dimensional wave propagation of the

Kirigami pyramidal lattice. The long wavelength approximation is used to derive the e�ective

stress-strain tensor of the homogenised lattice, and to calculate the slowness curves from the

eigenvalue problem associated to the Christo�el's equation in various planes. The rationale

behind the study of the slowness curves is the identi�cation of possible anomalous behaviour

of their curvature. The curvature of the slowness surface has been studied has a metrics to

identify caustics in phonon imaging, where the caustics are measured as parabolic lines on

the slowness surface [17]. Zero-slowness curves are therefore a symptom of possible solitons

created while the wave vector is oriented along angles corresponding to these instability

points. To the best of the Authors' knowledge, an extensive study of the homogenised

mechanical properties, �rst order homogenisation and solutions of the Christo�el equation

of the particular pyramidal tessellation shown in Figure 2 has not been performed yet. We

will show that the lattice is auxetic in the plane, but also possessing a peculiar mechanical

behaviour, where the in-plane sti�ness is higher than the transverse one - contrary to classical

centresymmetric honeycomb con�gurations existing in open literature. The Kirigami lattice

does show indeed zero curvature slowness curves in the transverse plane, depending on the

geometric parameters de�ning the lattice. Moreover, we consider also the case (as in the

real engineering application), where hysteretic damping is present in the system, due to

the intrinsic loss factor of the prepreg used to manufacture these lattices. A novel wave

propagation technique is presented in this work to consider the e�ect of the damping in the

lattice, and identify the directivity of evanescence modes present at di�erent frequencies.

While the long wavelength approximation does not reveal any unusual wave propagation

pattern in the plane of the lattice, the 2D damped wave propagation techniques highlight

the complex modal behaviour existing within the elements of the 3D unit cell structure, and

the evanescence directivity due to speci�c modes dissipating more energy than the others.
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Figure 1: Production of pyramidal lattice core using perforation/rolling/folding technique

on metals (From [3])

Figure 2: Steps of the manufacturing for the Kirigami auxetic pyramidal lattice core
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II. METHODS

A. Mechanical homogenisation

The equivalent mechanical properties of the Kirigami lattice structure have been com-

puted using Finite-Element based homogenisation techniques for periodic media [18]. In

a periodic medium, the generalised nodal displacement vector u can be expressed as

u = ε̄x + u′, where ε̄ is an applied strain �eld, and u′ a slowly �uctuating periodic function

of u. The variational �uctuation to identify u′ is expressed by [18]:

{v′}T [K] {u′} = {v′}T {F} (1)

Where {v′} is another periodic �uctuating function solving Equation (1), [K] is the

sti�ness matrix of the system and {F} is a vector of generalised nodal forces. According to

standard FE techniques, the sti�ness matrix is de�ned as:

[K] =
∑
e

[k]e =
1

V

ˆ
e

[B]T [C] [B] dV (2)

In (2), [B] contains the spatial derivatives of the FE shape functions, [C] the second order

stress-strain tensor of the material associated to the eth element, and V the volume of the

overall model. When a prescribe strain �eld {ε̄} is imposed, the generalised force vector {F}

can be expressed as:

{F} = −
[
K̄
]
{ε̄} (3)

Where:

[
K̄
]

=
∑
e

[
k̄
]
e

=
1

V

ˆ
e

[B]T [C] dV (4)

Inserting (4) and (3) in (1) one obtains the homogenised stress-strain tensor relationship

representing the equivalent material enclosed in the volume V :

[
C̄
]
{ε̄} = {σ̄} (5)

Where {σ̄} is the volume average vector of the stresses σij, i, j = 1 . . . 6 for the rep-

resentative unit cell of the periodic microstructure. The homogenised compliance matrix
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[
S̄
]

=
[
C̄
]−1

is equal, for a transverse isotropic material as:

[
S̄
]

=



1
Ex
−νyx

Ex
−νzx

Ex
0 0 0

−νxy
Ey

1
Ey
−νzy

Ey
0 0 0

−νxz
Ez
−νyz

Ez
− 1
Ez

0 0 0

0 0 0 − 1
Gxz

0 0

0 0 0 0 1
Gyz

0

0 0 0 0 0 1
Gxy


(6)

The representative unit element (RVE) cell used for the Kirigami pyramidal lattice is

shown in Figure (3a). The pyramidal lattice is described using the nondimensional param-

eters α = a/b, β = t/l, δ = l/b and internal cell angle θ. An isotropic in-plane mechanical

con�guration is achieved for α = 1. The parameter δ indicates how far the behaviour of the

ligament l departs from a beam-like structure. Within the context of this work, only in-

plane isotropic con�gurations (α = 1) have been considered. The FE model of the unit cell

has been developed using the commercial code ANSYS 11.0 (Figure 3b). Three-dimensional

structural hexahedral elements with Lagrangian interpolation functions SOLID45 (8 nodes

and 3 DOFs) have been used to represent the pyramidal structure, with a uniform mesh size

equivalent to t/2 assumed after a mesh convergence test. The periodic boundary conditions

[19] have been applied to the edges xy on the unit cell, while the minimum and maximum z

coordinates have been kept free of imposed displacements corresponding to uniform strains,

as to represent an in�nite periodic core material for sandwich structures, having therefore a

periodicity in the xy-plane only. The unit strains at the boundary
{
εx εy εz γxz γyz γxy

}T

have been imposed as displacement �elds, leading to a static linear problem solved with a

Newton-Raphson solver. Depending on the speci�c combination of nondimensional geome-

try parameters used, the models had sizes ranging between 4296 to 12240 DOFs. The base

mechanical properties of the core were representative of Kevlar 49/914 woven fabric [16],

with Young's modulus Ec = 30 GPa, Poisson's ratio νc = 0.4 and density ρc = 1600 kg m−3.

For all the simulations, the length of the ribs l was assume constant at 10 mm, while the

relative density β was imposed equal to 5 % to avoid shear deformation contributions from

the cross-section of the ribs, and assume thin beam-like or plate-like structures being present

in the Kirigami lattice (i.e., consistent to samples produced with the manufacturing process

shown in Figure 2).
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B. Christo�el's equations

The slowness curves have been simulated from the solution of Christo�el's equations. For

a given k propagation direction, the equations have the corresponding eigenvalue problem

[20, 21]:

[Γ] {A} = γ {A} (7)

Where Γ = kic̄ijklkl and γ = ρv2, while c̄ijkl indicates the homogenised fourth-order stress-

strain tensor of the equivalent material of the pyramidal auxetic lattice. The determinant

of (7) equated to zero yields three eigenvalues in terms of ρv2 (k), leading to three slowness

curves s (k) = 1/v (k) associated to |k| = 1 [21]. Considering the wave vector k propagating

in the xz plane (with k = cos (φ) k+ sin (φ) i, i,k being the unit versors of the x and z axis

respectively), the matrix Γin (7) can be recast for the transverse isotropic microstructure as

[21]:

[Γ] =


c̄55 + (c̄11 − c̄55) sin2 φ 0 (c̄13 + c̄55) cosφ sinφ

0 c̄44 + (c̄66 − c̄44) sin2 φ 0

(c̄13 + c̄55) cosφ sinφ 0 c̄33 + (c̄55 − c̄33) sin2 φ

 (8)

When the elastic constants are normalised against c̄11/
√
ρ (ρ being the density of the

homogenised material), the three eigenvalues γi give the slowness curves si (φ) = v−1
i (φ) =

γ
−1/2
i (φ) in the xz plane.

For wave propagation in the xy plane (i.e., k = cos (φ) j + sin (φ) i, with i, j the unit

versors along the x and y directions respectively), the Γ matrix assumes the following form

[20]:

[Γ] =


c̄11 cos2 φ+ c̄66 sin2 φ (c̄12 + c̄66) cosφ sinφ 0

(c̄12 + c̄66) cosφ sinφ c̄66 cos2 φ+ c̄22 sin2 φ 0

0 0 c̄55 cos2 φ+ c̄44 sin2 φ

 (9)

The slowness curves si (φ) = γ
−1/2
i (φ) can also be calculated normalising the coe�cients

in (9) by c̄11/
√
ρ. The eigenvalues of (7) have been calculated using the detMatlab© routine,

with the tensor coe�cients c̄ij obtained from the FE homogenisation procedure described

above.
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C. Floquet and Bloch theorems for elasto-dynamic dispersion analysis

1. Mathematical framework

Let us consider an in�nite periodic elastodynamic problem as presented in �gure 4. The

harmonic homogeneous dynamical equilibrium of system is driven by the following partial

derivative equation:

ρ(x)ω2w(x) +∇C(x)∇sym(w(x)) = 0 ∀x ∈ R3 (10)

where w(x) in R3 is the displacement vector, C(x) stands for the Hook elasticity tensor

and ε(x) = ∇sym(w(x)) = 1
2
(∇wT (x) + w(x)∇T ) is the strain tensor. By considering a

primitive cell of the periodic problem ΩR and by using the Bloch theorem, the associated

Bloch eigenmodes and the dispersion functions can be found by searching the eigen solutions

of the homogeneous problem:

w(x) = wn,k(x,k)eik.x (11)

where wn,k(x,k) are ΩR-periodic functions. In that case wn,k(x,k) and ωn(k) are the

solutions of the following generalized eigenvalues problem of the shifted cell operator as

described in:

ρ(x)ωn(k)2wn,k(x) +∇C(x)∇sym(wn,k(x))

−iC(x)∇sym(wn,k(x)).k − i∇C(x)1
2
(wn,k(x).kT + k.wT

n,k(x))

+C(x)1
2
(wn,k(x).kT + k.wT

n,k(x)).k = 0 ∀x ∈ ΩR

(12)

wn,k(x−R.n)−wn,k(x) = 0 ∀x ∈ ΓR (13)

Let us consider the partial derivative equations (12) on a unit cell ΩR . That expression

stands for a generalized eigenvalue problem leading to computation of the dispersion curves

ωn(k) and corresponding Floquet eigenvectors wn,k(x). For 3D applications, the wave vec-

tors are supposed to be complex if damping terms are added into equation (12) , and can

be therefore written as k = k


sin(θ) cos(φ)

sin(θ) sin(φ)

cos(θ)

 = kΦ, where θ and φ represent the direction
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angles into the reciprocal lattice domain, and Φ as the direction vector. This decomposition

assumes that real and imaginary parts of the vector k are co-linear.

After taking into consideration the periodicity conditions and a few arrangements, a weak

formulation of the problem can be written as:

∀w̃n,k(x) ∈ {H1(ΩR,C
3)/w̃n,k(x−Rn) = w̃n,k(x) ∀x ∈ ΓR} ,´

ΩR
ρ(x)ω2

n(k)w̃n,k(x)wn,k(x)− ε̃n,k(x)C(x)εn,k(x)

+ikκ̃n,k(x)C(x), εn,k(x)− ikε̃n,k(x)C(x)κn,k(x)

+k2κ̃n,k(x)C(x)κn,k(x)dΩ = 0

(14)

The numerical implementation is obtained by using a standard �nite elements method to

discretise the weak formulation (14) . The assembled matrix equation is given by:

(K + λL}(Φ)− λ2H({Φ})− ω2
n(λ, (Φ})M )wn,k(Φ) = 0 (15)

where λ = ik,M and K are the standard symmetric de�nite mass and symmetric semi-

de�nite sti�ness matrices respectively, L is a skew-symmetric matrix and H is a symmetric

semi-de�nite positive matrix:

M →
ˆ

ΩR

ρ(x)ω2
n(k)w̃n,k(x)wn,k(x)dΩ,

K →
ˆ

ΩR

ε̃n,k(x)C(x)εn,k(x)dΩ,

L→
ˆ

ΩR

−κ̃n,k(x)C(x)εn,k(x) + ε̃n,k(x)C(x)κn,k(x)dΩ,

H →
ˆ

ΩR

κ̃n,k(x)C(x)κn,k(x)dΩ

(16)

When k and Φ are �xed, the system (15) is a linear eigen value problem, the solution of

which allows computing the dispersion functions ω2
n(k,Φ) and the associated Bloch eigen-

vector wn,k(Φ) .

This approach is classically used for homogenization, spectral asymptotic analysis [22].

In the context of wave propagation, dispersion characteristics can be derived even if Floquet

propagators are preferred for 1D or quasi 1D computation, as indicated by [23], [24] or

[25]. Most of the time, these techniques are applied for undamped mechanical systems,

represented by a set of constant and real matrices. The classical approach consists in using

a mesh of the (real) k-space (i.e k or λ and Φ) inside the �rst Brillouin zone for obtaining

the corresponding frequency dispersion diagrams and the associated Floquet vectors. For
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undamped systems, only propagating or evanescent waves exist, corresponding to families of

eigensolutions purely real or imaginary. Discrimination between each class of waves is quite

straightforward. If a damped system is considered, i.e. if matrices K, L, H are complex,

the evanescent part of the propagating waves appear as the imaginary part of ω2
n(λ,Φ) and

vice versa. It then becomes very di�cult to distinguish the two families of waves, but also to

compute the corresponding physical wave's movements by applying spatial deconvolution.

It is possible to rearrange the system in order to take into account damping e�ects [26].

This formulation also provides suitable contents for time/space deconvolution and for the

computation of di�usion properties as de�ned by [27] or [24]. It consists in considering the

following generalised eigenvalue problem:

(K − ω2M ) + λn(ω,Φ)L(Φ)− λ2
n(ω,Φ)H(Φ))wn,k(Φ) = 0 (17)

In this problem, the pulsation ω and the propagative angle Φ are �xed real parameters.

Wave's numbers λn = ikn and associated Floquet vectors wn,k are then computed by solving

the quadratic eigen problem (17). This approach allows to introduce frequency-dependent

matrices corresponding to generalized damping terms (viscoelasticity), multiphysics coupling

(electromechanical with electronic ordinary di�erential equation), foam (Biot-Allard model)

or open domain boundary conditions (Sommerfeld condition). Based on this approach, an

inverse Fourier transformation in the k-space domain leads to evaluate the physical wave's

displacements and energy di�usion operator when the periodic distribution is connected to

another system [27]. Another temporal inverse Fourier transformation can provide a way

to access spacial-temporal response for non-homogeneous initial conditions. As L is skew-

symmetric, the resulting eigenvalues are quadruple (λ, λ̄,−λ,−λ̄), and collapsing into real

or imaginary pairs (or a single zero) when all matrices are real for undamped systems. In

the general damped case, one obtains a pair of real eigenvalues corresponding to evanescent

modes oriented in two opposite directions on the k-space, and imaginary values to two

traveling waves propagating in opposite direction. The eigensolutions are similar to those

given by the SAFE method in 1D for homogeneous material (non periodic), and additional

important properties can be extrapolated from [28]. The validity of the method proposed

in this work has been proved with several test cases in [26].

As previously mentioned, the real part of k = kΦ vector is classically restricted to the

�rst Brillouin zone. In the quadratic eigen value problem (17) the validity of the computed
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solution is no longer con�ned to a speci�c Brillouin zone. For a direction vector Φ orthogonal

to the lattice facets (i.e. for Φp1 = [1, 0]T and Φp2 = [0, 1]T in a 2D rectangular cell), the

periodical conditions expressed for one dimensional waveguide are still valid: if λj(Φp) is

an eigen value associated to wj,k(Φp), then ∀m ∈ Z3, λ + i.ΦT
p (G.m) is also an eigenvalue

associated to wj,k(Φp)e
−i.ΦT

p (G.m)x. Thus, for undamped systems, all the eigenvalues are

periodically distributed in the k-space along its principal directions.

2. Computation of evanescence and damped power �ow criteria

One aim of this work is to provide a numerical methodology to describe the particular

behavior of the energy �ow into the periodically Kirigami auxetic core. One therefore needs

to de�ne suitable indicator for distinguishing propagative and evanescent behavior especially

when damped system is concerned. The capability of a given Bloch wave to transport energy

is given by its group velocity, which indicates how energy is transported into the considered

system, allowing also to distinguish between propagative and evanescent waves. If a Bloch

eigen solution (i.e un(ω, φ), kn(ω) ) is considered, the associated group velocity vector [29]

is given by:

Cgn(ω, φ) = ∇kω =
〈〈S〉〉
〈〈etot〉〉

=
〈I〉
〈Etot〉

(18)

Where 〈〈:〉〉 is the spatial and time average respectively on one cell and one period of

time, is the density of energy �ow, I the mean intensity and etot, Etot the total energy and

its time average on a period (see \cite{Maysenholder1994} for details).

The intensity vector I is expressed as:

〈In〉 = −ω
2
Re

(ˆ
Ωx

C(εn(x) + ikΞn(x)).(w∗n(x))
dΩ

Vol

)
(19)

Where .∗ is the complex conjugate, Re stands for real part and Vol for the do-

main volume. As the spacial-temporal average of the system Lagragian is null (see

\cite{Maysenholder1994}), the total energy average is approximated by only computing

the kinetic energy average:

〈Etot〉 =
1

2Vol
(

ˆ
Ωx

ρω2wn(x, ω, φ).w∗n(x, ω, φ)dΩ) (20)
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The group velocity vectors Cgn(ω, φ) are computed for all wave numbers at each frequency.

3. Test case for the Kirigami pyramidal lattice

The proposed methodology is used to study the wave dispersion into a 2 dimensional

Kirigami auxetic lattice. It consists of an in�nite periodic bi-dimensional waveguide made

of a periodic distribution of the unitary cell presented in �gure 5. The system is made of a

2.5 mm thick plate assembly made of isotropic damped non-woven Kevlar polymer with the

same mechanical characteristics used for the FE homogenisation. To consider the intrinsic

material damping of the core material, an hysteretic damping factor of 0.001 has been as-

sumed, consistent to hysteretic loss factors of thermoset/epoxy prepregs [30]. The cell size

is 120 mm2. The method allows us to compute eigen frequencies corresponding to any k vec-

tor described in cylindrical coordinates system by its radius k and its angle φ in the whole

�rst Brillouin domain. The numerical implementation is based on the 3D weak formula-

tion (14), using a bi-dimensional orientation in the k-space by imposing {Φ} =


cos(φ)

sin(φ)

0

.
The applied boundary conditions are equalities of all 3D displacements on the two pairs

of lateral faces Γr+1 Γr−1 andΓr+2 Γr−2 on all cell boundaries. To impose such Dirichlet bound-

ary conditions an extrusion coupling variable maps of displacements from the source face

is exported to the destination face corresponding to the opposite one (i.e., from Γr+1 toΓr
−
1
).

As the domains are of the same space dimension, we typically use a point-wise mapping.

The exported mapping is also coupled to the destination displacement by using dedicated

Lagrange multipliers. The implementation is made with COMSOL Multiphysics© platform

and parametric computation to obtain k(ω, φ) is carried out with Matlab© routines. For

each parameters ω andφ, the quadratic eigenvalue problem can be reformulated as a �rst

order one by doubling the state dimension. After constraint handling, it is possible to write

the system in the form {A}{x} = λ{B}{x}. The algorithm computes the largest eigenval-

ues of the matrix {C} = {A}−1{B} . To do this, the solver uses the ARPACK FORTRAN

routines for large-scale eigenvalue problems which is described by [31]. This code is based

on a variant of the Arnoldi algorithm: the implicitly restarted Arnoldi method (IRAM).

The ARPACK routines must perform several matrix-vector multiplications {C}{v}, which
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are accomplished here by solving the linear system {A}{x} = {B}{v} using the PARDISO

solver developed by [32]. This procedure uses double precision �oating point numbers and is

implemented using out of core memory management in order to avoid any memory problem

even when dense (and converged) mesh is considered (Figure 6). The �rst mesh case consists

of 4478 tetrahedral Lagrange quadratic elements for 25938 degrees of freedom and the re�ned

one of 40729 tetrahedral Lagrange quadratic elements for 197430 degrees of freedom. In the

test cases considered within this work, the frequency range is ω = 2π.[1000 : 1000 : 10000]

(between 1 kHz and 10 kHz) and φ = [0 : π
20

: π
2
].

III. RESULTS

A. Mechanical properties

Figure 7a shows the variation of the in-plane Poisson's ratio νxy (equal to νyx for symmetry

reasons) for di�erent δ values at varying internal cell angles (β = 0.05). The auxetic (negative

Poisson's ratio) behaviour of the Kirigami lattice is evident for the θ range considered, apart

from very small (θ < 2o) and large (θ > 78o). Small angles indicate con�gurations where the

ligaments l tend to be almost �at (horizontal), while high angles are related to con�gurations

where the ligaments tend to stand upright (vertical). In both cases, the ligaments l tend to

be dominated by axial deformation mechanisms, which contribute signi�cantly to a lowering

on the Poisson's ratio values in centresymmetric honeycomb assemblies with ribs having

�exural behaviour [33]. Between 10o and 30o the Poisson's ratio tends to have its highest

magnitude (∼ −0.9 for δ = 5.0), which tends to decrease as soon as the stretching e�ects of

the ligaments start to be present in the microstructure. The more the ligament also assumes

a plate-like shape (i.e., lowering δ values), the lower the magnitude of the in-plane Poisson's

ratio, with the minimum value now reached at lower internal cell angle (νxy = −0.6 for

δ = 1.0). On the contrary, the out-of-plane Poisson's ratio νxz (Figure 7b) is always positive,

ranging between 0.45 and 0.2, with a semi-monotonic decrease with the internal cell angle,

more pronounced with plate-like ribs l (δ = 1.0).

Figure 8a shows the variation of the in-plane (Ex = Ey) and out-of-plane (Ez) Young's

modulus versus the internal cell angle for two rib aspect ratios (δ = 1.0 and δ = 3.0). An

important aspect to highlight is the fact that the transverse sti�ness is lower than in the

13



in-plane one. For very small angles (inset diagram of Figure 8a) the ratio Ex/Ez is 2 for

δ = 1.0, while for θ > 20o the ratio can vary between 4 and 9 times. Lower sti�ness ratios are

observed for increasing δ values. This behaviour is unusual for classical cellular structures,

who show a linear scaling versus β of the transverse mechanical properties, while the in-

plane ones scale with β3 [34]. However, the Kirigami pyramidal lattice can be thought as a

prismatic honeycomb (half) section, where the ribs deform under bending, while the xy-plane

properties are dominated by membrane and shear deformations of the ribs l. In that sense,

the pyramidal lattice considered in this work behaves like a centresymmetric honeycomb

with its prismatic cross-section used as through-the-thickness reinforcement. A even more

pronounced ratio between in-plane and out-of-plane shear can be observed in Figure 8b,

where Gxy/Gxz ratios up to 60 can be observed for θ < 3o and δ = 1.0. Interestingly, for

both δ con�gurations one can observe a transverse shear sti�ness inversion above θ = 55o,

where the out-of-plane shear modulus becomes higher than the in-plane one. This behavior

is likely to be conducted to increasing interaction between the membrane sti�ness within

the ribs l and the bending one in the plates b at the base of the unit cell (Figure 1a), which

tends to equalise for a speci�c cell angle and δ value at constant α.

B. Slowness curves

Figure 9 shows the slowness curves in the xz plane (equal for symmetry in the yz plane)

for δ = 1.0 (Figure 9a) and δ = 5.0 (Figure 9b). At a constant internal cell angle (θ =

20o), the third slowness curve s3 (φ) shows a very strong directivity at φ = 0, π/2, π, 3π/2

(corresponding also to the main axis of the ribs l). The �rst two slowness curves s1 (φ) and

s2 (φ) have however a more interesting behaviour, with a near zero-slope between 55o <

φ < 135o. The zero-slowness is lower in terms of range for the second slowness curve, and

depends on the rib aspect ratio δ. While a 10 % di�erence in terms of angle φ range for the

zero-slope exists for the lattice with δ = 1.0, the s1 (φ) curve shows a �at slope extending

almost between 20o < φ < 160o for ribs l assuming a more beam-like structure (δ = 5.0).

In normalised terms, the second slowness curve in δ = 1.0 corresponds to higher velocities

v (solutions of the Christo�el's equation (7)) than the ones for the lattice con�guration

with δ = 5.0. The existence of zero-slope slowness curves in centersymmetric monoclinic

lattices has been suggested as a possible mechanism to generate solitons along speci�c spatial
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directions on the microstructure [21]. In that sense, the Kirigami pyramidal auxetic lattice

show some interesting zero-slope characteristics for the �rst and second slowness curves,

although not for the �rst one as identi�ed in speci�c monoclinic con�gurations by Wang

and Ryne [21]. No zero-slope slowness curve can be observed for the wave propagation in

the xy plane, with an isotropic directivity for s1 (φ) and s3 (φ), and a strong directionality in

s2 (φ) for φ = 0, π/2, π, 3π/2 (Figure 10). As in the case of the xz plane wave propagation,

the velocities corresponding to the second slowness curve tend to be 2.5 times lower in

normalised terms for the beam-like lattice ribs (δ = 5.0), than the equal aspect ratio (and

plate-like) con�gurations with δ = 1.0.

C. Wave dispersion

In this section, all quantities of interest are given in nondimensional units. The reference

velocity is considered as:

cT =

√
Ec

2(1− νc)ρc
(21)

where Ec, νc and ρc are the Young's modulus, Poisson's ratio and density of the base material,

and the associated reference frequency is:

fref =
πcT
L

(22)

1. Dispersion along Γ−X direction of the system

Figure 11 shows the real part of the dispersion curves (i.e Re(kn)) in the case of unre�ned

meshes, including all calculated waves number. The obtained results indicate a large com-

plexity of the vibroacoustic behavior of the Kirigami pyramidal lattice system, incorporating

numerous evanescent modes and complex dispersion curves for propagative ones. This last

mode is evaluated by using energy velocity criterion 18 so that: {Cg}n(ω, φ).{Φ} > τcT

with τ = 0.5%. The retained propagative waves are presented in �gure 12 . It is possible

to evaluate the system frequency band gaps, with the �rst one between 1% and 1.7% of

the reference frequency, the second between 2% and 2.7%. A narrow band-gap one can be

identi�ed around 4% kHz, while the last one is present between 0.57% and 0.64%. Standard

Lamb waves modes (A0, So) can be observed in every low frequency band. The corre-
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sponding group velocities diagram is shown in �gure 13. A clear band gap structure and

particular propagative characteristics (likely attributed to the unusual auxetic behavior) can

be observed between 0.6% and 1% of the reference frequency.

2. Dispersion of the system in the whole bi-dimensional k-space

The proposed computational method allows us to compute multi modal wave's propa-

gation in the complete bi-dimensional k-space of the �rst Brillouin zone. The proposed

methodology is based on the computation of frequency-dependent complex wave numbers.

The Bloch theorem is expanded in the case of damped systems and the results obtained

become complex integrating phase velocity and evanescent part for each computed wave

number associated to the real and imaginary parts of the obtained eigenvalues of equation.

The damping behavior is introduced by assuming a complex Hook elasticity tensor. The

same methodology could have been realized by introducing any kind of linear viscoelastic

modeling such as viscous behavior or any other complex frequency-dependent terms.

Figure 14 illustrates the typical results of the analysis. Propagative wave numbers of the

damped system are shown for di�erent angles from φ = 0 to φ = 45o with a step of 9o. It

can be observed that if φ = 0 , the symmetry illustrated in �gure 5 still exists, while as

soon as other directions are considered it appears di�cult to reshape the obtained results

at the right location into the �rst Brillouin zone. This can be explained by the fact that the

periodicity of the initial pattern is lost when the orientation is not parallel to one of the sides

of the initial cell, and lacks a two dimensional consistent transformation. The observed band

gap structure also depends onto the propagative angles. Therefore, to evaluate the band-gap

of the periodic system, an indicator of minimal evanescence ratio of all the computed waves

for each considered frequency can be used, de�ned as:

Ind(ω, φ) = min
n

∣∣∣∣Real(λn)

|(λn)|

∣∣∣∣ (23)

Figure ?? shows the plot of this indicator in the whole 2D domain. The location of the

band gaps can be observed clearly and indicate that speci�c directivity can exists at certain

frequencies, as the band gaps are not axisymmetric and can be located between speci�c

angles. Maximum evanescence is observed along the directions of the Kirigami pyramidal

ribs of length l for low frequency ranges (below 1 kHz). Between 2.0 and 2.5 kHz the
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maximum evanescence shows an isotropic directivity, while below 7.5 kHz the maximum

directivity is again observed along the axis of the segments l of the auxetic lattice.

IV. CONCLUSIONS

The Kirigami pyramidal lattice described in this work has shown the following charac-

teristics:

1. The lattice has an in-plane auxetic behaviour, with values of the Negative Poisson's

ratio depending over the geometry parameters of the cellular con�gurations. Plate-like

ribs tend to decrease the auxeticity of the 3D honeycomb. The out-of-plane Poisson's

ratio is positive for all the con�gurations considered.

2. In-plane uniaxial sti�ness (i.e., Young's modulus Ex) is higher compared to the trans-

verse case. The Kirigami pyramidal lattice behaves like a prismatic honeycomb with

the cell face oriented through the thickness, therefore explaining this rather peculiar

mechanical behaviour. A similar trend is observed also for the shear modulus, al-

though it is possible to identify a combination of internal cell angle and rib aspect

ratio δ that leads to Gxy = Gxz situation.

3. Zero-slope slowness curves can be observed for the wave propagation in the xz plane,

for the �rst and second curves respectively, suggesting possible directions for the wave

vector where solitons could be created using this lattice as platform. No zero-curvature

for the slowness curves has been identi�ed in the xy plane.

4. When considering a bi-dimensional wave propagation taking into account the e�ective

scale of the microstructure (i.e., not being con�ned to the long wavelength approxima-

tion of points 1-3), the Kirigami lattice shows a complex wave pattern even in the xy

plane when a small values of hysteretic damping is considered. Using an evanescence

index created for this lattice, it is possible to identify evanescence directivity pat-

terns with directionality depending of the multi-modal characteristics of the Kirigami

auxetic pyramidal lattice.
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(a) (b)

Figure 3: (a) RVE pf the pyramidal Kirigami core with its nondimensional geometry

parameters; (c) FE RVE with α = 1, β = 0.05, δ = 6, θ = 20o

Figure 4: Generic 3D periodic cells
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Figure 5: Layout of the damped Kirigami lattice unit cell considered for the 2D wave

propagation study.

(a) (b)

Figure 6: Unre�ned (a) and re�ned (b) mesh cases
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Figure 7: Distribution of the Poisson's ratios (a) νxy and (b) νxz versus the angle θ for

di�erent δ parameters, and α = 1.
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Figure 8: (a) Nondimensional in-plane and transverse Young's modulus versus the internal

angle θ for di�erent aspect ratios δ; (b) Similar parametric curves for nondimensional

in-plane shear and transverse modulus. For all calculations α = 1.
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Figure 11: Dispersion curves of all modes of the studied system (imaginary part of λn(ω)

or real part of kn(ω).
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Figure 12: Dispersion curves of propagative modes of the studied system (imaginary part

of λn(ω) or real part of kn(ω)).
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Figure 13: Dispersion curves of propagative modes of the studied system (imaginary part

of λn(ω) or real part of kn(ω)).
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Figure 14: Propagative wave numbers of damped system ( Im(λn(ω)) for di�erent angles
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Figure 15: Directivity using the evanescence index (23) saturated at unit value
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