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1.1 Introduction

Sensorless control of electrical machines is a topic that imposes the challenging problem
of eliminating the use of sensors for mechanical variables (position and speed) for controller
design purposes (Rajashekara et al. 1996). Its solution is both important from the applications
perspective (due to its economic impact) and quite attractive from the control theory approach
(for the mathematical complexity that it exhibits). In spite of the maturity level achieved for
understanding the usual strategies implemented in industrial applications as well as in the
proposition of novel control schemes (Dawson et al. 1998; Khorrami et al. 2003; Nam 2010;
Ortega et al. 1998), the sensorless control problem is currently recognized as a longstanding
essentially open problem.

In this paper we are interested in the sensorless control for non—salient permanent magnet
synchronous motors (PMSM). For solving it, three variables must be estimated out of the
measurement of the electrical coordinates: rotor position and speed, and load torque—
the latter assumed constant. Heuristically conceived solutions for this problem abound in
the literature, see e.g. (Fabio et al. 2010; Ichikawa et al. 2006) for recent surveys. Many
results are also available for the (practically unrealistic) cases of known initial position
(Ezzat et al. 2010; Tomei and Verrelli 2008) or zero load torque (Ezzat et al. 2010a), or
the (theoretically unjustifiable) assumption of bounded trajectories (Ezzat et al. 2010). An
approximate stability analysis of the scheme proposed in (Matsui 1996) is carried out in
(Nahid et al. 2001). In (Marino et al. 2008) a probably stable sensorless scheme for wound
rotor synchronous motors is proposed. A key difference of the latter machine with the PMSM
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is the availability of flux measurements that considerably simplifies the observation problem.
The observability properties of PMSMs have been recently studied in (Ezzat et al. 2010a;
Ortega et al. 2011; Zaltni et al. 2009).

Among other techniques, like the use of high frequency electric variables or the
implementation of extended Kalman filters, for non—salient pole PMSMs (also known as
“surface mounted” PMSMs) the simplest and most common rotor position estimation strategy
considers the estimation of the back—emf induced by the permanent magnets (Ichikawa et
al. 2006), hence it is adopted in this paper. However, instead of using standard methods,
that are difficult to tune for standstill and low—speed regimes, it is considered the globally
(under some conditions, even exponentially) stable position observer reported in (Ortega et
al. 2011), which has been successfully evaluated in an experimental setting, combining it
with an ad-hoc linear speed estimator and a standard field—oriented controller (Lee ef al.
2010), but without a theoretical justification.

The main objective of this paper is to prove that direct application of two well-established
design methodologies—immersion and invariance (I&1) (Astolfi et al. 2007) for the observer,
and interconnection and damping assignment passivity—based control (IDA-PBC) (Ortega
and Garcia—Canseco 2004) for the control—can be combined with the observer of (Ortega
et al. 2011) to design an asymptotically stable sensorless controller. The result builds upon
some preliminary work reported in (Ortega ef al. 2011; Shah et al. 2009) where, assuming
position is known, 1&I techniques are used to design a speed and load torque observer, and
in (Akrad et al. 2007; Petrovic et al. 2001) where full state—feedback, globally convergent,
IDA-PBCs for the PMSM are proposed. To the best of our knowledge, this is the first time a
complete theoretical analysis of a sensorless controller is done—under reasonable practical
and theoretical assumptions.

The remaining of the paper is organized as follows. The models of the PMSM and the
problem formulation are given in Section 1.2. The controller structure and the main result
are presented in Section 1.3. In Section 1.4 the limitations of a linearization—based design
are highlighted. A full information IDA-PBC is given in Section 1.5. Section 1.6 recalls the
position observer of (Ortega et al. 2011), while in Section 1.7 a new I&I speed and load torque
observer is proposed. The proof of the main result is given in Section 1.8. Some simulation
and experimental results are given in Section 1.9, including a comparison with the heuristic
controller of (Lee er al. 2010). Finally, we wrap—up the paper with concluding remarks in
Section 1.10.

1.2 PMSM models and problem formulation

The classical fixed—frame («/3) model of the unsaturated non—salient PMSM is given by
(Chiasson 2005; Krause 1986)

diag . cos(6)
L prale —Rzag—npwtbj{ sin(6) ] + Vagp

. ) cos(0
Jw = npszlﬁj { sin((ﬂ)) ] —TL

0 = nyw (1.1)
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0 -1
where J := { 1 0
terminal voltages, respectively, w is the rotor angular velocity, with %9 the corresponding
position, L is the stator inductance, I? is the stator resistance, n,, is the number of pole pairs,
J is the moment of inertia (normalized with 7n,), ® is the magnetic flux and 77, is the load
torque, which is assumed constant, but unknown.
To design the observer it is convenient to embed the dynamics (1.1) into the higher—
dimensional system

. ) )
], lap = { S } and vo3 = [ @ ] are the stator currents and motor
B vp

dig .
L thﬂ = —Riag — NpwPT pag + vap (1.2)
Ji = ny,®ilgT pap — TL (1.3)
where the vector 0
| pa | _ | cos
Pap = |: 08 :| = |: sin(@) :| 5 (15)

is defined. Notice that, if p,s is known, 6 can be easily reconstructed inverting the
trigonometric functions.
The model (1.1) can be written in rotating (dq) coordinates by means of the transformation

g0 _ | cos() —sin(f) | _
c { sin(0)  cos(0) ] = pal2+ppJ, (1.6)

with I the 2 X 2 identity matrix, to obtain

di
Ld% = —(RIr + npwLJ )i — npw®T ey + v
Jis = ny®iy — 71
0— Ny, (1.7)

where the rotated signals

1= { " } = 67‘792'(1[3, v = { vl } = ef‘jova[g, e1 = [ L ] = 67‘70/)aﬂ7 (1.8)
12 0

are defined.

Remark 1. The main advantage of the dg—model is that it transforms the periodic orbits

associated to the constant speed operation of the o5 model of the PMSM into equilibrium

points. See Subsection 1.5.2.

Remark 2. The industry standard field—oriented control (Nam 2010) is designed for this

model, hence the need to reconstruct 6. Indeed, it must be recalled that the input is v, 3 while

the measurable output is i,3, but 6 is an unmeasurable variable.

1.2.1 Problem formulation

The main contribution of the paper is the solution of the following.
Sensorless control problem. Consider the PMSM model (1.2)—(1.4) with some desired
constant speed w* # 0, under the following conditions.
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A.1 The only variables available for measurement are ig.
A.2 The load torque Ty, is constant but unknown.

A.3 The parameters R, L, ® and J are known.

Design an output—feedback controller that ensures the existence of a set of initial conditions,
which guarantees that all signals are bounded and that w(t) converges, exponentially fast, fo
w*.

Remark 3. Even though we have restricted to the case of constant desired speed and constant
load torque, it is clear that the controller, being exponentially stable hence robust, will be able
to track (slowly) time—varying references and reject changes in the load torque. Interestingly,
the simulations and experimental results of Section 1.9 show that the proposed controller
yields a good performance even in the face of fast changes in the speed reference and the load
torque. The constraint that w* # 0 is necessary in the present (sensorless) context, because it
is easy to show, see e.g., (Ezzat et al. 2010a; Ortega et al. 2011; Zaltni et al. 2009), that the
rank condition for observability is violated when the motor is at standstill. Practically, this
assumption is not restrictive because, once again, the intrinsic robustness of the controller
accommodates sign changes in the desired speed.

1.3 Controller structure and main result

To simplify the presentation of the main result it is convenient to explain the controller
structure and define the notation. The proposed controller is a fourth—order certainty—
equivalent version of a full-information globally asymptotically stabilizing controller, which
is a static state—feedback IDA-PBC of the form vog = ¢(pag, W, T, as)-

The certainty equivalent version is obtained replacing p.g,w, 71, by their estimates. The
dynamics of the controller is, then, due to the I&I observer, which generates the estimates
that we denote p,g, @, 7, respectively. The controller, combined with the third—order PMSM
dynamics (1.7) yields a seventh—order closed—loop system.

As usual, the analysis is carried—out in error coordinates, which is a mixture of regulation
errors, (-) — (+)*, and estimation errors, (-) — (+). To simplify the notation, all these errors
are lumped into a seventh—dimensional vector denoted , and defined as'

X1
X2 L(i — %)
X3 J(w—w*)
x=1| xa | =1 7% (pap —pas) |- (1.9)
X5 of) — W
X6 7L —TL
L X7 |

Notice that the errors in both, the currents and the vector p,g, are defined in the dg
coordinates.
Our main result is the following proposition, whose proof is given in Subsection 1.8.4.

I'The constants L and J are introduced because—consistent with the Hamiltonian formulation—the IDA-PBC
is derived with the motor dynamics represented using the energy variables, flux and momenta.
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Proposition 1.3.1 There exists a fourth—order observer—based speed regulator of the form

P = g(wviaﬁavaﬁ)

Pas
w = h(waiaﬁavaﬁ)
7L
Vap = q(ﬁaﬂ’ w, 7L, iaﬁ)

where ) € R* and g, h, q are suitably defined functions that solves the sensorless control
problem?. More precisely, the closed—loop error dynamics is described by a differential
equation of the form

x = f(x). (1.10)

with zero a (locally) exponentially stable equilibrium. Consequently, there exist constants
m, €, > 0 such that the following implication holds

(IxO)] <e = x| <me™*[x(0)]),

forallt > 0, where | - | is the Euclidean norm.

1.4 Unavailability of a linearization—based design

Before proceeding with the design of a controller for the nonlinear model it is natural to
explore the possibility of basing the design on the PMSMs linearization. This question
is particularly relevant in our case since, as explained below, the stability analysis of the
proposed controller relies on the linearization of the closed—loop.

To answer this question, it is convenient to work with the dg model (1.7), with measurable
output signals the currents ¢,3. Fixing a constant desired speed w*, and its corresponding
constant equilibrium current ¢*, define the error signals

i(t) —i*
G:(t)=| w(t)—w* |, 6 :=v—0"
0(t) — 0*(t)

where 0*(t) = 0(0) + w*t, and v* is the constant control signal that assigns the equilibrium
(1%, w*). Now, as the measurable signal is i, invoking (1.8) we define the “output” error

5, (t) == e70Wi(t) — 70" D5,

The linearization of (1.7) and the output map above, along the equilibrium trajectory, yields
the linear time—varying system

0y = Apd, + B0,
5, = C(1)0,

2The output—feedback controller consists of (1.18), the position observer (1.23), (1.25) and the speed—load torque
observer (1.30).
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where
—(FL +npw*T) —npJ(Fer +4*) 0 12
Ay = nTPfI)elTJT 0 0|, B:= 0
0 ny 0 0

Ct)y:=[el"® 0 T"Og .

Although, apparently, this is an innocuous linear time—varying system for which an observer—
based controller could be designed, there are several aspects that stymies this task. First of
all, the equilibrium is unknown because, on one hand, 7* depends on the unknown load torque
71. On the other hand, the position 6*(¢) is also unknown, due to its dependence on 6(0)—
see the remark below. Consequently, the system coefficients are unknown. On top of that, the
“output” d, is known up to the bias term e 9"(1)i* In summary, since there exist products of
unknown parameters and the unmeasurable state w, designing an output—feedback controller
implies the solution of a nonlinearly parameterized adaptive observer problem that—to the
best of our knowledge—is not possible with existing techniques.

Remark 4. It is sometimes argued that the motor operation often starts at a known rotor
position, hence 6*(¢) can be computed. It is obvious that this “trajectory—dependent”
controller suffers, in the face of disturbances, from serious robustness problems—that, as
is well-known, is the main drawback of schemes based on open—loop integration.

1.5 Full information control

In this section a full-information IDA-PBC, e.g., assuming known the state and the load
torque, similar to the one reported in (Akrad et al. 2007; Petrovic et al. 2001), is presented.
This scheme serves as a basis for our certainty—equivalent design.

1.5.1 Port—Hamiltonian model

Following the IDA-PBC methodology (Ortega et al. 2002; Ortega and Garcia—Canseco 2004)
it is convenient to write the system dynamics in port—-Hamiltonian form (van der Schaft 2000),
thus we define the state vector as

o 12 o Li
[z ]
and the energy function H (z) = 3z ' Qu, with
1
Q= { !z ? ] (1.12)
0 3
Then, the dq system (1.7) can be written in the form
i = F(z)VH(z) + [ 7; ] (1.13)
—TL

where V = (%)T and the interconnection and damping matrices are lumped into

7R12 777,1,‘7(.%12 + @61) :|

F(l‘) - ﬂp(l‘lg + @el)TJT 0
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Notice that H = —R|i|?> +v"i — 7w, which is the power balance equation for the motor.

The assignable equilibrium set for (1.13) is given by

L
* c RS * ,

(o €R® [ ai = m)
with 27 and x3 arbitrary. Consistent with engineering practice, and without loss of generality,
we will fix 27 = 0 in the sequel. See the remark below.

The objective of IDA-PBC is to find a state—feedback control law v = v(x) that assigns to
the closed-loop a desired energy function, say H,(x), which satisfies 2* = arg min Hy(z).
This is achieved modifying the interconnection and damping matrices, endowing the closed—
loop with the port—-Hamiltonian form

i = Fy(x)VHqy(z), (1.14)

where Fy(z) + F (x) < 0. This ensures stability of the equilibrium z* with Lyapunov
function Hy(x). Under some standard detectability assumptions, e.g., Lemma 3.8 of (van
der Schaft 2000), the equilibrium is shown to be asymptotically stable.

1.5.2 A full-information IDA—-PBC
Proposition 1.5.1 Consider the PMSM dq model (1.13) with a desired equilibrium point

0
z* = nﬁ@’rL . (1.15)
Jw*
The full-information control
FI - LTL333
oIl = dzqg + ] , (1.16)

* T
n,Pw* + e ® L

where d := RL’T, with r > 0 a damping injection term, renders x* globally asymptotically

stable.

Proof. Define the desired closed—loop energy function as the quadratic in the errors form

1
Hy(x13) = §X1T3QX13,

Y13 = X12 _ T2 — f’fz
X3 x3 —ay |’
where () is as in (1.12).

In order to achieve the required matching between the right hand sides of (1.13) and (1.14),
it is considered that matrix Fy(x) is partitioned in an appropriate way, with elements given
by F;;(z), that 7 = 0 and the definition of 27 in (1.15). Thus, the third row of this marching
equation, which actually states the only constraint to be solved since the first and second

with
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components can be easily satisfied with a suitable selection of the control inputs vy and v,
can be written in an equivalent way as
n,P

1 1 1
P = ZF _F Z Faaya.
[ Xe= phamxa Ty 32X2+J 33X3

Then it is immediate to recognize that a solution is given by
F31 = F33 = 0, F32 = np<I>

The non—positivity condition on the symmetric part of F,;(x) suggests to define Fhs =

—F35 = —n,®. Replacing this choice in the second row of the matching equation yields
R 1 1 )
—ng — n—;mlxg + vy = ZF21331 + zez(CCz - CCS) + inx;
where the term "7”<Dx3 has been canceled. A solution to this equation is obtained selecting
Ln,
F21 = —TLUS, F22 = —r and
r n,®
vy = dxg + ng + ‘pJ $§7

which, upon replacement of the definitions of 25 and z3, yields the expression given in the
proposition. With the definitions given up to this point, the third component of the matching

equation can be satisfied taking F; = —r, Fia = #xg, Fi3 =0and
n
v =dr; — 71’305963
Finally, the closed—loop system takes the desired port—Hamiltonian form (1.14) with
—r L;" 3 0
Fy(z) = —L}lpxg - —ny® | (1.17)
0 n,® 0

hence the equilibrium z* is stable. Asymptotic stability follows verifying that
. r
Hq = —ﬁ|X12|2

and that |y12|? is a detectable output for the closed—loop system (1.14). \AVAYS

1.5.3 Certainty—equivalent sensorless controller

If the states are measurable, the control law to be practically implemented is obtained
combining (1.16) with

vag = 7 = (palz + ps T 0"

However, under the impossibility for measuring the states p, g, w and the unknown nature of
the perturbation 7, the proposed implementable sensorless controller takes the form

Vap = (Pal2 + ppT)0

.. (1.18)
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Notice that since the controller in dg coordinates requires the currents x12 then its
implementable structure is given in terms of the estimated currents in the a3 reference frame
given by (palz + ppJ )12

1.6 Position observer of (Ortega et al. 2011)

In this section the observer presented in (Ortega et al. 2011), which estimates the
rotor position  via the observation of the flux, is briefly revisited. Also, an alternative
representation of the observer, which is instrumental for the speed—load torque observer given
in the next section, is presented. Before presenting the results a word on notation is in order.
To facilitate the reference to (Ortega et al. 2011), the notation used in this paper is kept here.
In particular, we define the observation error A := A — \, with A the stator flux and \ its
estimate.

1.6.1 Flux observer and stability properties
In PMSMs the stator flux, ), is related with the currents and voltages via (Krause 1986)

A= Ligg + Ppogs. (1.19)
Therefore, (1.2) can be equivalently written as
A = —Rinp + Vap- (1.20)

This representation of the electrical dynamics of the PMSM is used in (Ortega et al. 2011)
to develop a position observer. To explain this observer, we make the important observations
that \ is measurable, and that the vector function

n(A) :== X\ — Liag, (1.21)

satisfies
In(A)] = @. (1.22)

In (Ortega et al. 2011) it is shown that

A= —Ring +vag +1m(N)[@% — [n(A)?], (1.23)

where v > 0 is an observer gain, is a gradient descent observer for the flux. It is also
proven that the dynamics of the observation error A is described by the second order non—
autonomous equation

A==yl + 2027 pap (DIA + Ppas (D)), (1.24)
which enjoys the following remarkable stability properties.

P1. (Global stability) For arbitrary speeds, the disk
{Ae R\ <20},

is globally attractive. This means, that all trajectories of (1.24) will converge to this
disk.
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P2. (Exponential stability under persistent excitation) The zero equilibrium of (1.24) is
exponentially stable if there exists constants 7', A > 0 such that

1 [T
T/ wz(s)ds > A,
t

forall ¢t > 0.

P3. (Constant non—zero speed) If the speed is constant and satisfies
1
> —yd?,
jwl > 77

then the origin is the unique equilibrium of (1.24) and it is globally asymptotically
stable?.

1.6.2  Description of the observer in terms of pugs

Instrumental for the development of the position and load—torque observer, as well as for the
analysis of the closed—loop system, is the representation of the previous flux observer, and its
estimation error, in terms of png.

Proposition 1.6.1 From (1.19) and the observer (1.23) define the estimate

pap = é (A= Liap) (1.25)

and the error pog = pag — pag- The observer (1.23) may be written as
/laaﬂ = _7@2 (‘ﬁaﬁP - 1) Pap + npwT pas, (1.26)
while the estimation error p.p satisfies
Pap =~ (|Papl® + 2043Pas) (Pap + Pas) - (1.27)

Proof. First, notice that A = ®p. 5, which replaced in (1.24) yields

1= =2 (|pap|® + 25l pPas) (Pap + pas)

1@ading directly to (1.27). Now, notice that |gazs|? + Qﬁlﬁpaﬁ = |pag|® — 1, while ﬁaﬂ =
Pap — NpwT pap, wWhich replaced in (1.27) yields (1.26). \YAYAY

1.7 An I&I speed and load torque observer

In this section an observer for the unmeasurable variables w and 77, is designed following the
1&I methodology (Astolfi ef al. 2007). The construction proceeds along the following steps.

S1. The parametrization of the mechanical dynamics—in terms of p,g—given in (1.3), as
well as the representation of the flux observer (1.23) given in (1.26), are used.

3Notice the presence of the free adaptation gain ~ on the lower bound.
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S2. The term p,p in both equations is decomposed as the sum of its estimate p, 3 and the
error po3, and we treat the latter as a perturbation.

S3. A globally exponentially convergent 1&I observer of w and 77, is designed neglecting
the perturbation in the system®.

The mechanical equation (1.3) and the position observer (1.26) can be written in the
“perturbed” form

Ji = @il 5T pas — 71 — (npPiLsT pap)
baﬁ = _'7(1)2 (|ﬁa[3|2 - 1) ﬁaﬁ + npwjﬁa,ﬁ - (npwjﬁaﬂ)~ (1~28)
Their corresponding unperturbed forms, i.e., with p,3 = 0, are given by
Ji =1, @i 5T pap — TL

ﬁaﬁ = _7(1)2 (|ﬁaﬂ|2 - 1) Pap + npwd pas
71, = 0, (1.29)

where, for completeness, the last (trivial) equation has been added.

Proposition 1.7.1 Consider the system (1.29) and the speed and load torque observer

£ = Ass€+ [ oot }A(p:ﬂ>+ { mfbilﬁjﬁaﬁ}

npaiaz Pa 0
w a1 /3/3
; =4 i = 1.30
] ]4 G 1
where A(-) is an operator defined in Appendix A%, and Az is the Hurwitz matrix

1
| T —7

A33 = |: npas 0 :| , aij,ag > 0. (1.31)

For some o > 0 and for all initial conditions (w(0),£(0)) € R x R?,

[ o(t) — w(t) } ‘ _o. (1.32)

%L(t)—TL

lim et
t—o00

That is, (1.30) is a globally exponentially convergent speed and load torque observer for the
unperturbed system (1.29).

Proof. Following the I&I procedure (Astolfi et al. 2007), we define a manifold (in the
extended state-space of the plant and the observer) that should be rendered attractive and
invariant. As is well-known, to achieve the latter objective a partial differential equation
(PDE) should be solved.

4The perturbation term that is neglected in this section is lumped into the overall error dynamics, whose stability
is analyzed in Section 1.8.

5 As explained below, the operator .A(z), which is widely used in the drives community, is “essentially” equal to
arctan(z), and is introduced to avoid singularities and jumps.
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For the system (1.29) we propose the manifold

w

M = {(&w, pap) : € — [ ] +¢(pap) =0} C RP, (1.33)

TL

where & € R? is the observer state, the dynamics of which are defined below, and the
mapping ¢(papa) is also to be defined.
To prove that the manifold M is attractive and invariant it is shown that the off—the—

manifold coordinate
w

TL

X675:€_{

the norm of which determines the distance of the state to the manifold M, is such that:

} + C(pag), (1.34)

- x67(0) = 0 = x67(t) = 0, for all ¢ > 0 (invariance);

- xe7(t) asymptotically (exponentially) converges to zero (attractivity).

Notice that, if xg7(¢) — 0, an asymptotic estimate of [ :) ] is given by & + ((pag)-
L
To obtain the dynamics of yg7 differentiate (1.34) along the trajectories of (1.29), yielding

TL np®

. TL T ~
Xo7 = & — VC[1D? (|pap|® — 1) ﬁaﬁ—npwjﬁam[ 7 Jo’aﬁj paﬁ}

Our objective is to find £anda mapping ¢ to obtain an asymptotically stable linear dynamics
for xg7. Towards this end, notice that selecting £ as

. T 75
£=A33(£+C)+7<I>2(ﬁaﬁ|2—1)VCﬁa5+[ 7o ”“5} (135)

yields
Xe7 = As3(§+ () + [ g } + npwV (T Pas-

Consequently, if we can solve the PDE

~ _ a1
V(T pap = { s } ; (1.36)
recalling (1.34), one gets
X67 = A33X67, (1.37)
as desired. The PDE (1.36), indeed, has a solution
A - ay i
C(pap) = [ oy } arctan (ﬁa) . (1.38)

Now, with the definition above,
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Consequently V(p.s = 0, and the second right hand term in (1.35) vanishes. The proof is
completed noting that
Ass ay _ I npai
—asy Npa1as ’

replacing the function arctan by the operator A in (1.30), and noting that the derivations
above remain valid after this substitution. \AYAY
Remark 5. If the arctan function is used instead of the operator A in order to recover
the estimate p, g, some Dirac delta functions might appear in the speed estimation and the
error dynamics. To explain this phenomenon consider the case of (constant) regulation of
the motor speed and assume that p,g(t) = pas(t). Then, in view of (1.38), we have that
C(pap(t)) = 0(t) = w*t(mod ), which is a periodic function defined on the set (—, 7). In
this scenario the arctan jumps instantaneously from the value 7 to the value =" inducing
a train of Dirac delta functions, d7(t), in the derivative of arctan. This term propagates,
through C (pap), into the error dynamics that now reads as®

1
. o —npal -7 ap
X67{ - 0 :|X67+[_a2]§T~

As illustrated in the simulations of Section 1.9 this undesirable effect is removed using
instead the operator A defined in Appendix A.

Remark 6. Proposition 1.7.1 refers to the unperturbed dynamics (1.29), for which it was
assumed that p,3 = 0. Some simple calculations show that if this term is not zero the error
dynamic of yg7 takes the form

np,®

1 .T ~
| Tnpar — 5 npw ay AT ~ 7 Zagjpaﬁ
- ULE T Bes + 1.39
X67 [ Nptiz 0 :|X67 asl? [ —ay ]P sPap [ 0 (1.39)

In the next section the effect of the additional terms on the overall dynamics is analyzed.

1.8 Proof of the main result

In this section the stability properties of the closed—loop system, composed by the motor
(1.7), the output—feedback controller (1.18), the position observer (1.23), (1.25) and the
speed—load torque observer (1.30) are studied.

The dynamics are described using the error coordinates (1.9), which yields a set of
nonlinear differential equations of the form (1.10). For ease of reference, these equations
are sequentially derived for 13, x45 and yg7. The stability properties of the system are
established invoking Lyapunov’s indirect method. Towards this end, the equations are written
in the form

X = Ax+T(x), (1.40)

where A is the system matrix of the linearized system, i.e. A := V f(0), where f(x) is
defined in (1.9), (1.10), and the elements of the vector I'(y) contain (second or higher order)
products of the components of x. The proof of the claim of asymptotic stability of Proposition
1.3.1, follows showing that A is a Hurwitz matrix.

%The expression above shows that, away from the isolated points where the 6—functions appear, the observer
error exponentially converges to zero.
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1.8.1 Currents and speed tracking errors

Lemma 1.8.1 Consider the PMSM model (1.7) in closed-loop with the output—feedback
controller (1.18). The first three components, X13, of the error vector x—defined in (1.9)—
evolve according to the following dynamics

X13 = A11X13 + A12X45 + A13xer + I'13(x) (1.41)
where

A= Fy(2™)Q

_ L * _ * np®P % _r
5 TLYS dzs T3 T s TL
A — * np® r _ L *
12 dry + -3 + a7l S5 TLTS
I 0 0
r L L %
_6714 _T,;I)xd
Aps = e (1.42)
0 0

where d = RL_T while Fy(x) and Q are defined in (1.17) and (1.12), respectively, and T'13(x)
is such that VT'13(0) = 0. Moreover, the matrix Ay is Hurwitz.

Proof. The output—feedback controller (1.18) can be written as
Vap = [palz + ppT] 0 + €70,
which, in dg coordinates, i.e., considering v = e~/ %v,4, takes the form
v=+ 0115 + 027 Xa5 (1.43)

where we have used the errors y45 = e J0 Pap, and 91 and ¥y are the components of ©.
On the other hand, some simple calculations show that

T
np,® 0

_L L = L 1
b= oFT 4 [ %TL T L3 }X67_ [ %(7){3"‘)(6) }
with the full-information control v given by (1.16). Using the definition of ys3, the latter
can be decomposed as

FI
v :dx12+ np® & T
T3t n,ETL 0

L *
— ST 1 N [ —Lrixs } .

Finally, the second term of the control law v can be expanded as

L * * np® % r
—S&TLT —dxy — T3 — —HTL
~ ~ Jo 3 2 J 3 n,®
[0112 + 02T | Xa5 = R S , I . Xa5 + T'13(x)
dxs + —5—x3 + o TL — 76 TLTS

for some I'13(x) verifying the conditions of the lemma. Using all the expressions above to
define v, and replacing in (1.13), yields (1.41), (1.42) allowing to complete the first part of
the proof.



Sensorless speed control of PMSM 15

To prove that the matrix A1y is Hurwitz we use (1.17) and (1.12) to evaluate

5 %a; 0
Fa )@= | ~%ay —5 -m?
0 n”g 0

Some simple calculations show that the characteristic polynomial is of the form s% + ¢, +
ca5 + c3, with the coefficients ¢; > 0 and verifying c1co > c3 that, a simple Routh—-Hurwitz
test, proves is the necessary and sufficient condition for stability. \AYAY

1.8.2  Estimation error for p.gs

Lemma 1.8.2 Consider the mechanical equation of the PMSM model (1.4) together with the
flux observer (1.23). The fourth and fifth components, x 45, of the error vector x—defined in
(1.9)—satisfy the following differential equation

Xa5 = Azaxas + Las(x) (1.44)

with

_ 2 Mp
2o 3 } (1.45)

A22 = |: Np x 7
— s 0

and T'45(x) is such that VT'45(0) = 0. Moreover, the matrix Agg is Hurwitz for all x% # 0.

Proof. Computing the time derivative of y45 = e~7% 5,5 yields

. n _ -
X45 = —713333\79645 +e Jgﬂa/a-

Now, from (1.27), and using the facts that |f,5| = |xa5| and thate=7%p, 5 = e, itis possible
to write )
Pop = —v®? (|X45\2 + 2X15€1) e’ (x45 +€1)

Replacing the latter in the expression above yields

. n
Xa5 = — 7p(x§ + x3)T + 7% (|xas5]* + 2X4)} xas — 7®? (|xas|® + 2xa) e,

which concludes the first part of the proof.
The proof that, for all 23 # 0, Aao is Hurwitz follows trivially computing the characteristic

polynomial.
\AYAY%

1.8.3  Speed and load torque estimation errors

Lemma 1.8.3 Consider the mechanical equations of the PMSM model (1.3), (1.4) together
with the flux observer (1.23). The sixth and seventh components, X¢7, of the error vector
x—defined in (1.9)—satisfy the following differential equation

Xe7 = Aszaxas + Assxer + Ler(X), (1.46)
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where
U} (alx* — <1>z;) 0
Agy = J . 3 L , (1.47)
Faga} 0

Ass the Hurwitz matrix defined in (1.31), and Ug7(x) is such that VI'g7(0) = 0.

Proof. As indicated in Remark 6, the dynamics of xg7 is given by (1.39). For the last right—
hand term we have the identity

o 1,
Zlﬂjpaﬁ = ZXI2~7X45 + Z(112)TJX45 (1.48)

where x12, defined in (1.11), is the stator current in the dq reference frame. On the other
hand, after some lengthy but straightforward computations, the second right-hand term of
(1.39) can be written as

mo T s T

L popPas = — (2% + x3) x4 + Q| x[?), (1.49)
|p(¥ﬂ|2 pPapB Ni ( 3 3) (| ‘)

where Q(|x|?) contains term of order higher or equal to |x|?. Thus, the proof follows
immediately by considering that 27 = 0 and replacing (1.48) and (1.49) in (1.39). VVV

1.8.4  Proof of Proposition 1.3.1

Combining the results of Lemmata 1-3 we obtain that the error vector x satisfies a differential
equation of the form (1.40) where

A A Ags I'i3(x)
A= 0 A» 0 ;o Tx) =1 Tus(x)
0 Az Ass Ls7(x)

Recalling that VI'(0) = 0, it only remains to prove that A is Hurwitz. For, we notice that A
is similar to a block triangular Hurwitz matrix. More precisely, with

Is 0 0
T=1|0 0 I, |,

0 Ib 0
we get

Ay A Agg

TAT ! = 0 Ass  Ass ,
0 0 Ay

which is Hurwitz due to the fact that A;7, Aso and Ass are Hurwitz matrices, completing the
proof. \AYAY

1.9 Simulation and experimental results

The usefulness of the proposed control scheme was evaluated through numerical simulations
and experiments. For the simulations, the considered motor parameters were L =
0.0038H, R = 0.225Q, ® = 0.17Wb, n, = 3 and J = 0.012kg.m?, which correspond to
an experimental setup located in the Laboratoire de Genie Electrique de Paris, where the
experiments were carried out.
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1.9.1 Simulation results

Three types of simulations were developed, the first was devoted to illustrate the performance
under nominal (ideal) conditions, where the motor parameters are known, while the second
was intended to exhibit the operation under several cases of parametric uncertainty. Finally,
we carried out a third set of simulations to compare the performance of the proposed scheme
with one proposed in the drives community, namely the one reported in Nam (2010). The
signal profiles and the parameter variations were taken from the benchmark proposed by the
French Working Group Commande des Entrainements Electriques’ .

In order to evaluate the scheme under stringent conditions, the motor was at standstill at
the beginning of the simulations. Hence, the initial conditions for both currents and speed,
as well as, the initial values for the estimated speed and load torque were set to zero. To
avoid singularities, the initial conditions of the position observer were set as p,(0) = ® and
p3(0) = 0. On the other hand, from ¢ = 1s to ¢t = 2.5s and from ¢ = 5s to the end of the
experiment, a 1 Nm load torque was applied.

The tuning parameters of the control scheme were chosen as v = 5000, for the p,g
observer, and a1 = 20, a2 = 6, for the speed—load torque observer. In both cases the selection
was taken to obtain a better response of the closed—loop system under parametric uncertainty
operation. The high value assigned to the gain + is due to the high sensitivity exhibited by
the position observer with respect to the stator resistance R.

In Figure 1.1 the behavior of the motor speed and the load torque are included under
nominal operation. In the top of this figure, both the actual and the desired speeds are shown.
Here it can be noticed that, as predicted by the theory, when the desired speed is constant the
achieved performance is remarkable. Moreover, when the speed reference is time—varying
the speed error still remains within reasonable values. In the bottom of the same figure the
actual load torque and its estimate are presented. In Figure 1.2 the corresponding observation
errors for the position and the speed—load toque observers are presented. In both cases their
magnitudes are negligible, even in the presence of changes in the load torque perturbation
and under time—varying speed references. This picture is complemented with the tracking
speed error. In Figure 1.3 the stator currents and voltages are presented.

To illustrate the controller robustness against parametric uncertainty, in Figure 1.4 the
observer and speed tracking errors corresponding to a 50% positive variation of the stator
resistance value are depicted, while the behavior of the same variables for a 50% increase of
the stator inductance and a 15% positive change of the field flux are included in Figure 1.5 and
Figure 1.6, respectively. It is important to mention that these parameter variations correspond
to the maximum uncertainty that the controller can manage without going to instability.

In Nam (2010), see also Lee et al. (2010), the observer of Ortega et al. (2011) is used
together with a phase—locked—loop like speed and load torque observer to implement an
output feedback version of the classical field—oriented controller Krause (1986). To compare
the performance of our new speed and load torque observer and the proposed IDA-PBC, we
show in Figure 1.7 the response of both schemes to the previous benchmark references. It
is clear from the figure that our scheme outperforms the one in Nam (2010), both in speed
regulation as well as load torque estimation.

7The complete evaluation procedure can be consulted in http://www2.irccyn.ec-nantes.fr/CE2/.
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1.9.2  Experimental results

Experiments were carried out to test the performance of the proposed controller.
Unfortunately, at the moment of writing this paper the evaluation of the full-information
IDA-PBC and the observers was carried out in a separated way, i.e., it was not possible to
present the output—feedback operation. The behavior of the several components is depicted
in Figure 1.8 for a positive speed reference, while in Figures 1.9 and 1.10 the operation for a
speed reference that crosses through zero is shown.

1.10 Future research

s
of spikes may seem unsatisfactory. However, in practice this kpind of modifications are
systematically applied and widely accepted. Given the theoretical complexity of the problem
we tend to believe that the problem does not admit a “smooth” solution. The result is
presented without a detailed analysis of the effect of this operator—that is currently under
investigation.

Another research line that we are currently pursuing is the establishment of a non-
conservative estimate of the region of attraction of the equilibrium point. It has been observed
in simulations that the estimates that are obtained with the standard Lyapunov tools are
extremely conservative and provide little insight on the choice of the free parameters v, a;
and as. This research is, obviously, related with the analysis of the full-fledged nonlinear
dynamics, that seems a formidable task.

Simulations have shown that performance is sensitive to parameter uncertainty, in
particular in the field flux. To enhance robustness it would be interesting to incorporate an
adaptation algorithm, but this task is far from trivial given the nonlinearly parameterized
nature of the problem. Robustness can also be enhanced trying alternative solutions for the
PDE’s that appear in the IDA-PBC and the 1&I design methodologies.

Some preliminary experimental results, which have confirmed the remarkable properties
of the observers, have been reported here. Current research is under way to try experimentally
the output—feedback controller proposed in the paper.

From a theoretical viewpoint the need to include the operator A ( ) to avoid the presence
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Appendix A

In computer programming languages the single argument arctan(u) function is computed
in such a way that its output value e is wrapped in the set (—r, 7]. This situation results in the
existence of discontinuities since each time the output of the function e takes a value higher
(lower) than 7 (resp;,—m) then it is assigned the value — (resp.,m). With the aim of avoiding
these discontinuities it is usual practice to modify the arctan(u) function by including at its
output an additional block whose input is e, the output of the arctan function, and its output

is given by

y=-e+2nmw
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Figure 1.7 Comparative behavior of the proposed scheme (denoted TAC) with the one reported in
Nam (2010) (denoted NAM)

Figure 1.8 Reference, measured and actual speeds (top) and observed load torque (bottom) in the
experimental rig

where n is a counter, initialized at zero, that is increased by 1 each time the e > 7 or
decreased by 1 if e < —7. From a mathematical perspective, the result is an operator, denoted
as A(u), that has as input the argument of the arctan function and as output a continuous
variable that corresponds to the unwrapped version of the original output of the arctan
function.

It is clear that A(u) can be easily implemented in any programming language, like C or
Matlab. The code for doing this considers two consecutive values of e at two consecutive
sampling times, kT, (k + 1)T, and compute its difference dif = e[kT] — e[(k + 1)T] in
order to know if there has been a jump from 7 to —7 or viceversa. According to this, three
different possibilities can appear:

o Ifdif < —2mthenn =n+1.
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Figure 1.9 Measured and observed speed (top) and estimated load torque (bottom) in the
experimental rig

Figure 1.10  Current (top) and voltage (bottom) in the experimental rig

o Ifdif >2mthenn=mn—1.

e Otherwise the value of n is not changed.

The computational loop is closed by updating the value of y and assigning k = k + 1.



