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Abstract. This paper is the second part of a work devoted to the modelling of thin
elastic plates with small, periodically distributed piezoelectric inclusions. We consider the
equations of linear elasticity coupled with the electrostatic equation, with various kinds
of electric boundary conditions. We derive the corresponding effective models when the
thickness a of the plate and the characteristic dimension ¢ of the inclusions tend together
to zero, in the two following situations: first when a ~ ¢, second when a/e tends to zero.
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1. Introduction

1.1 General. This paper is the third and last part of a systematic work devoted to
the derivation of effective models for thin piezoelectric/elastic composite plates including
elementary electric circuits connected to the upper and lower faces of piezoelectric trans-
ducers. It is motivated by an important development of piezocomposites used for instance
for distributed control in vibroacoustics [8, 11 ,12, 25] or as sensors in phased arrays. In
[5], we considered three-dimensional elastic plates with a small number of piezoelectric
inclusions and derived effective models when the thickness a of the plate tends to zero.
In [7], effective models of thin plates with a large number of e-periodically distributed
piezoelectric inclusions have been obtained in the case ¢ << a by letting a, € and €/a
simultaneously tend to zero. The aim of the present paper is to consider the two other
possible asymptotic cases, namely a/e — 0 and €/a — 1. We note that the models for
a/e — 0 were already presented in the note [6].

As in [5, 7], different kinds of boundary conditions are considered on the metallized upper
faces of the inclusions, corresponding to different possible types of control: prescribed
electric potential (or Dirichlet conditions) if the tension is controlled, prescribed electric
displacement field (or Neumann conditions) if the current is controlled, local and nonlocal
mixed conditions if the inclusions are connected to R-L-C circuits (the nonlocal conditions
corresponding to inclusions that are connected to each other via R-L-C circuits).

Following a principle used in [5, 7], the derivation of the models is made in the space of
gradients of solutions. This leads to a more synthetic and readable presentation of the
results. We combine the two-scale convergence [1, 19] for homogenization and classical
arguments of thin plates theory [9, 10, 20]. Let us quote the pioneer work of Caillerie [4],
who considered the case of thin static elastic plates with periodic coefficients, using the
Tartar’s method of oscillating test functions [2, 22]. However, in [4] the parameters a and
¢ tend successively and independently to zero, except for a ~ €.

Despite their relative formal complexity, the effective models have a rather simple struc-
ture. In the case a/e — 0, for Dirichlet, and local mixed conditions (from a mathematical
point of view the prescribed electric displacement field conditions happen to be a special
case of mixed conditions and is not treated separately), the limit model has the same
form as the elastic plate model, the influence of piezoelectric inclusion only appears in the
definition of the effective coefficients and as a source term. For nonlocal mixed conditions,
a coupling arises between mechanical effects and the transverse component of the electric
field, because of a Laplace operator in the in-plane direction induced by the electric cir-
cuits. The resulting operator is a special case of those encountered in the homogenization
of periodic electric circuits [15-17] or in transfinite networks [27, 28], the later being ana-
lyzed from a different point of view. We also quote [21] where a wide variety of in-plane
operators are generated by a periodic network of resistances. In the case a/e — 1, for
Dirichlet conditions the limit model also has the same form as the purely elastic thin plate
model, but a coupling arises even in the case of local mixed conditions.

Concerning thin piezoelectric structures, let us also mention: Ghergu and al [14] who



consider perforated piezoelectric shells with fixed thickness; Licht and Weller [18, 26];
Sene [23] and Figueiredo and Leal [13] who consider piezoelectric plates without homoge-
nization. Remark however that in [13] general anisotropic models are considered. Finally,
let us remark that the models used in vibro-acoustic applications, as in [8, 11, 12, 25],
are often based on Bloch wave decompositions which seems a priori not compatible with
the homogenization method used in this paper. However, the homogenized model for the
wave equation in [3] builds a bridge between the two views and constitutes a perspective
for further works.

1.2 Detailed contents. Section 2 is devoted to the setting of the initial 3-dimensional
equations of static linearized elasticity and piezoelectricity. The piezoelectric inclusions
are assumed to be strictly included in an insulating elastic matrix.

As our work is more about introducing piezoelectric plates with elementary electric de-
vices and about mixing homogenization and plates theory, for simplicity and efficiency,
following [4], we assume that the material coefficients are constant in the thickness direc-
tion. This is usually the case in applications, as the matrix and the piezoelectric ceramics
are homogeneous materials. In the same spirit, the upper and lower faces of the piezoelec-
tric inclusions are assumed to be metallized, that is to be covered with a thin conductive
film. However, from the mathematical point of view, it might be interesting to obtain
more general models by removing these technical assumptions and considering fully non-
homogeneous materials as in [13], or multi-layered plate by adapting to the present work
to formalism proposed in [5].

The mechanical boundary conditions applied to the plate are prescribed surface forces on
its lower and upper faces and on part of its lateral boundary, and prescribed mechanical
displacement on the remaining part. For the Maxwell-Gauss equations, we consider pre-
scribed electrical potential on the lower faces of the inclusions (in practice these faces are
connected to ground and the electric potential is zero). As already mentioned in Section
1.1 various boundary conditions are considered on the upper faces of the inclusions, cor-
responding to connections to electric or electronic devices. These conditions are detailed
in section 2.4. Some of them are, to our knowledge, unusual in plates theory, and thus,
constitute one of the interesting point of our work.

The weak formulations of the system are stated in Section 3. For a concise formulation
covering all kinds of boundary conditions, we adopt synthetic tensorial notations rather
than fully extended formulae. We strongly believe that this allows a better legibility of
computations as well as of limit models.

The precise assumptions on the data are presented in Section 4. In particular, we give
the correct scalings, or, from a more concrete point of view, how electrical circuits have
to be chosen to obtain a significant influence on the effective behaviour of the material.
Resulting a priori estimates and first convergence results are given in Sections 4.2 and
4.3.

Sections 5 and 6 are devoted to the statement of the main results i.e. the effective two-
dimensional plate model for each type of electrical boundary condition in the case where



the plate thickness is much smaller than the inclusions size (Theorem 5.1, Section 5) and
in the case where these two parameters are of the same order (Theorem 6.1, Section 6).

Theorem 5.1 is proved in Section 7. The proof is in three steps. The first one, which
is mathematically the most difficult consists in characterizing the two-scale limits of the
strain and of the electrical field. These results are new, even in the case of pure elas-
ticity.In Caillerie [4] - as two-scale convergence did not exist at the time - only weak
limits were considered. The second step consists in eliminating the microscopic variable
by computing the microscopic fields in terms of the macroscopic fields. We use here the
classical arguments of linear homogenization. The third step consists in eliminating the
transverse components, or part of the transverse components of the fields (according to
the model), that are computed with respect to the other ones. This elimination slightly
departs from the classical plates theory, because of the non standard boundary conditions
on the upper and lower faces of the inclusions that are considered in the present paper.

Theorem 6.1 is proved in Section 8. As here a ~ ¢ is assumed, the proof is only in two
steps. First, characterization of the limit, second, simultaneous elimination of the local
and of (part of) the transverse components.

We use the same formalism as in [5,7], based on tensorial notations and products, and
on simple algebraic operations such as projections. It allows to deal relatively easily with
complex computations. Completely explicit formulae would require a lot of room, to the
detriment of legibility. Step 2 and 3 of our proofs are almost formal computation and are
easily adapted from one variant to the other. A coupling with the formalism introduced
in [5] for multilayered plates models is easily conceivable.

2. Equations of 3-dimensional piezoelectricity

2.1 Geometry. The three-dimensional plate with thickness a > 0 is represented by
0 = wx| — a,a[, w being a bounded domain of R?, see Figure 1. Using the change of
scales and variables introduced in [10], we shall work on the fixed domain = wx]—1,1].
The domain w is divided into two subdomains w{ and w5 that are constructed as follows.
Let Y =] —1/2,1/2[* and Y; be a strict smooth subdomain of Y, see Figure 2, let I¢ be
the set of multi-index i = (i1,i5) € Z? such that £(i+Y;) is strictly included in w; then
wi = |J e(i+Y1) while ws = w\@5. Let b = (a,¢); the set Q4 = w5x] —a, af represents the
icle

elastic matrix of the body, while Q% = w§x] —a, a[ is the set of all piezoelectric inclusions.
The boundary of w is divided into two regular parts yp and 7y, with |yp| > 0. The
boundary of Q¢ is thereby divided into I'}Y, = vpx| — a,a[ and '}, = (ywx] — a,a]) U
(w x {—a,a}). The boundary of Q! is divided into '™ = w¢ x {a}, T®~ = w¢ x {—a} and
['Y = dws x| — a,a[. The outer unit normals to the boundaries of Q% and Y are denoted
by n and ny, respectively.

For any inclusion e(i+Y])Xx] — a,a] such that i €[*, the mean value on the upper face
e(i+Y1) x {a} is denoted by < . >; . For any function 1 on Q% v; designates its restriction
to the inclusion e(i+Y7) x| — a, a[.



Figure 1: Composite plate with piezoelectric inclusions.

The space variables are z* = (#,2%) € Q% where z§ €] — a,a[, T = (x1,22) € w and
y = (y1,y2) € Y. The derivatives with respect to x,, § and y, are denoted by d,, 03 and
Oy.., respectively.

When referring to the fixed domain 2, the geometric notation is the same, the subscript
a being removed if necessary.

: metallization

Figure 2: Elementary cell, with piezoelectric inclusion and metallization.

2.2 Other notations. Bold characters are used for vector and matrix valued functions
and for the corresponding functional spaces. We constantly use Einstein’s convention
of summation on repeated indices with the additional convention that latin and greek
indices are varying from 1 to 3 and from 1 to 2 respectively. Throughout the paper ¢ and
C designate generic positive constants, not depending on a and e.



Also:
inutile (1)

Last, vector and vectorial notations are a priori meant in line. When a given vector V is
meant in column, we write: V. For instance for

V= <(Sa6(V))a,5:1,2 ; (a_l SaS(V))a:Lz a” S33(V)> ’

with 'V, we mean

(Sab’(v))a,g:m
V= (a2 503(V)) gz1.2

a2 s33(v)
Note that this convention leads us to writings that slightly differ from the one in [6, 7],
but it seems more coherent to us now.

2.3 Equations of 3-dimensional piezoelectricity. The mechanical displacements

u’ = (ul);—123 and the electric potential ¢° are governed by the linearized equations of

piezoelectricity in their static version,

i i

2
—0;DY=01in O}, Db.n; =0 on I, @

{ —0j0l = fl in Q% oln; =gl onT%, uf=0onT%,

fori =1, 2, 3, where

{ U?j = Rfjklskl(ub) + diiijakSOba (3)

D;’ = —d;klskl(ub) + C;kakgpb,
1
Vv e Hl(Qa), Sij(V) = 5(87,”0] + (3]172) (4)

The assumptions on the volume and surface forces f* := (f?)i=1 2.3 and g° := (g?)i=1 2.3 are
specified below, in Section 4.1. The stiffness tensor R := (R;};;)i jri=1.23, the piezoelec-
tricity tensor d° := (dj;;)i k=123 and the permitivity tensor c® := (cf;)i j=1,23 are assume
to satisfy the symmetry conditions:

Vi, j, k0 €{1,2,3}, R = Ry = R, ¢ =i diyy = dijye (5)

Note that, as we assume that the inclusions are electrically insulated from the elastic
matrix, no Gauss-Maxwell equation is needed in Q%. However, we let for convenience

cc=0, d°=0 inQl. (6)

We go now into detail about the different kinds of electric boundary conditions that are
considered in this paper.

2.4 Electric boundary conditions on I'}"UI'}™. The four kinds of electric boundary
conditions are summarized here. Further explanations and comments can be found in [7].
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(1) Prescribed electric potential (Dirichlet conditions):
@ =g tageon T, " =gl —ag on 77, (7)
¢P and ¢P being two given functions on wy.

(i) Prescribed electric displacement field (Neumann conditions), local and nonlocal electric
circuits (local and nonlocal mized conditions):

Let us introduce the shift operators defined from I¢ to Z? by

TJlrl i |—><21 + 1,i2), Til i l—)(il,ig + 1),

Til i |—><Zl — 1,1'2), TEI : i'-)(il,’iQ — ].)
Let ¢?, be a given function on w§. For all i € I¥, we pose

Zi =9} — P
The boundary conditions for the electrostatic equation (2), on I'y" U T}~ are then
Gy 2 G
: b _ Y1 =b _95b o b _ b pb b+
VielF, <Dbin>= = aZ::l(gngl(i) 207 + P12, 1) ot R onTyT, (8)

o’ =l  on Fl{’.

The finite difference operator on @? is completed by the analog of a discrete Neumann
boundary condition to the free ends of the circuit

@g“fl(i) — @ =0 if T%(i) ¢ I, @ngl(i) — @y =0 if T (1) ¢ I 9)
which also means that the current is vanishing in the corresponding branches.

In (8), G| and G are given nonnegative constants. If G = G; = 0 the conditions on I'}"
are Neumann condition (prescribed electric displacement field). If G > 0 and G; = 0
those are local mixed conditions. If G G; > 0 those are nonlocal mixed conditions. If
G1 = 0, the condition (9) is of course not relevant.

Although from a physical point of view it has its own meaning, the case of Neumann
conditions does not need to be treated separately; one just have to let G = 0 in the
effective models obtained in Theorem 5.1 and Theorem 6.1 for local mixed conditions. In
the situation a/e — 0, local and nonlocal conditions lead to different developments and
limit models.

As we assume all the faces to be metallized, the functions @°, ¢ and @% are constant on
each metallized face of inclusions and assuming that the current is provided by a single
wire, the same holds true for h®.

Finally, in order to use, as much as possible, common formulations for the different bound-
ary conditions, we define h’, ©? G and Gy in all cases, with the conventions that

h* =0 and G = G = 0 for Dirichlet conditions, (10)
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and
¢ = 0 for mixed conditions. (11)

3. Weak formulations

The aim of the present section is the statement of the weak formulation of the equa-
tions of Section 2, on the fixed domain 2. We use the standard change of variables
x* = x = (r1,x2,2%/a) and the appropriate scaling for volume forces, surface forces and
displacements fields, see [10] and also [9],

Vo €, 0¥(e) = (u}(e%), ub(a"), aul(2)
v € 0, P(a) = (1), @) 0 fia)
Vo € yx] - L 1L g4(a) = (g(2), gh(a®), agh(a),

Vo €wx {11}, gr) = a (gh(a®), gh(a"), a ' gh(a")).

The current source h’, the electric potential ¢’ ¢ and ¢° are left unchanged. As in
the sequel, we only work on the reference domain €2, no confusion might occur, so for
simplicity we keep the notation u®, £, g® h® b ¢ and P without hats.

For any V =(v,¢) € HY(Q) x HY(Q3), we let

Ko(v) = (Kip(v), K&5(v)), K§5(v)) = (sap(v), 0" sas(v), a2 s33(v)) ,
Le(v) = (L&), L§(¥)) = (Oath,a™" Os1)) , (12)
M*(V) = (K“(v), L*(¢)) .

(x

)

We put together the tensors R?, d° and c® in a global stiffness-piezoelectricity-permitivity
tensor R°, which is the 10 x 10 symmetric matrix written in a format compatible with
(12):

RZB"/(S 2R2,373 RZB?)?) di/aﬁ dgaﬁ

2Ra3'y5 4R3373 2R 333 2di/a3 2d5,3
R = Ré:ms 2R§3’y3 R§333 d?y33 d§33 : (13)
dfwa 2d3~/3 —dga3 037 Cas
dgw _2d§73 —d333 Cg’y Ci3

The linear forms associated with the mechanical load and the electrical current source are
(v / fPo;da + / g’ v;ds, and f° (Lg) / WLy dz.
Tn 5

Note that h® is a priori defined on T'{™ (or equivalently on w$) but is trivially extended to
a function on 2] which does not depend on z3. Given the assumption on metallization,
the set of admissible electric potential is

HN Q) = {¢ € H(QF); 4 is constant on each connected part of ISt UTS™}.



The relevant functional space is then specific to each electric boundary condition.
(i) Dirichlet conditions:

Wi = We(gh, ¢0) = {(v, ) € H(Q) x Hi(Q5); v.=0onTp,
o= tageon i, ¢ =¢, —ap;on i},
We = W=(0,0).
(i1) Mized conditions:

Wi =We(h,) ={(v, ¢) e H'(Q) x H}(Q5); v=0onTp, ¢ = ¢}, on T{7},
We = We(0).

The backward difference operator V£ is defined inclusion by inclusion by
Viel, vy e H (QF), (Viv)i=e " (Y — ¥r )y i — U2, ))-

Letting Ub = (u’, %), with the conventions (6), (10) and (11), the weak formulations on
the scaled domain € for the coupled problems (2)-(7)-(8), are summarized by:

Ul = (v, ) € WY, and for all V = (v,1) € We,

| Mev) R MU o2 | GMULE) M) da

Q (14)

42 / Gy VEM(L (") VM (L)) do = £(v) + £ (L2().

£
1

4. Assumptions on the data - A priori estimates - Convergences

4.1 Two-scale convergence. As two-scale convergence is an important tool of the
paper, before stating the assumptions on the data and the first convergence results, that
are expressed in terms of two-scale convergence, let us recall some basic facts about it.
Let C9°(Y) designate the space of C* functions on R" that are Y —periodic.

Définition 1 (Allaire [1)) Let (u).»0 be a family of L2(w) and u € L2(w x Y). We say
that (u®).~o two-scale converges to u if for any v € D(w; CBX) (Y))

lim ua(ﬁ)v(ﬁ,i/s)di:/ u(z, y)v(z, y)dzdy.

e—0 w wXxY

The important fact here is that for any bounded family in L?(w), there is a subsequence
that two-scale converges to some limit u. Two-scale convergence is a more accurate notion
than usual weak convergence, in the sense that the two-scale converging family also weakly
converges to [ u(.,y)dy.

Y
Since we need two-scale convergence for functions defined on wj, we also use the following
practical definition.



Définition 2 A family (u®).¢ of L*(w$) is said to two-scale converge to a limit u in
L*(wxY))ifu € L?(wxY}) and (P?uf) two-scale converges to Pu in the sense of definition
1, where P¢ and P designate the extension by 0 of functions on w{ to functions on w and
of functions on w x Y; to functions w x Y respectively.

In our problems, there are no oscillations in the zz-direction. Still, the above definitions
evidently apply with x5 as a dummy variable (as it is the case for the time variables ¢ in
other contexts). So in what follows when writing that (u) of L?(Q) two-scale converges
to u in L*(Q x V'), we mean that for any v € D(Q; C¢°(Y)),

lim/Qus(x)v(x,i/s)dx:/ u(z, y)v(z,y)dzedy,

e—0 QxYy

and similarly for (u®) in L*(Q x 7).

Remark that the convergences in Definitions 1 and 2 are weak convergences. In general,
the two-scale limit of a product is not the product of the two-scale limits. An additional
assumption is needed. Let (u®) and (v°) be two two-scale converging family in L*(2) with
limits u and v respectively. Then, if in addition

lii% ||u6||L2(w) = ||u||L2(wa) ’ (15)

the following statement hold true for any regular test functions ¢ :

lim ue(i)va(:%)go(i,i/e)diz/ w(Z, y)e(z, y)edidy. (16)

e—0 w wXxY

Assumption (15) is a kind of strong two-scale convergence notion. See for example The-
orem 1.8 and the proof of Theorem 2.3 in Allaire [1] for a proof of (16).

4.1 Assumptions on the data and first convergence results. The tensors RF,
d® and cf constituting the stiffness-piezoelectricity-permitivity tensor R° are assumed to
satisfy (5) and

(R¢) € L*>°(Q) and two-scale converges to some R € L*(Q x Y),
[|R?||Lee () < C, R® does not depend on 3,

17
VK = (KZJ) c R3X3 with Kij = Kji> K Re¢ tK Z C||I<H2 a.e. in W, ( )
VLeR? 'Lc*L>c||L|]? ae. inwf,
and
R [r2(w) = [IR]|L2wxv)- (18)

Remark: As pointed above, assumption (18) is a rather vague, but general assump-
tion that allows to go to the limit in product of two-scale converging functions; namely

10



<M“ (Ub)> and (R°). It is of course fulfilled by data satisfying classical periodicity condi-

tions, for instance R*(#) = R(Z, 2/¢) where R is a given tensor in L*(w; Cy4(Y)), or also,
which is more relevant in the present work, in C*(w; Lg°(Y)). See Allaire [1] if necessary.

Coercivity for ¢ and RF, together with the symmetry assumptions (5) for d, implies
coercivity for R®. Conversely, two-scale convergence for R implies two-scale convergence
for R, ¢® and d°. The corresponding limits are denoted by R, ¢ and d. The other data
are assumed to satisfy

f* € L*(Q), g € H/*(Iy),

(f?) converges weakly in L?(€2) to some limit f, (19)

(g%) converges weakly in L?(I'y) to some limit g,

h’, ¢l and ¢ are constant on each inclusion,

(R®) two scale-converges in L*(w x Y1) to some limit h € L?(w), (20)
(¢P)) two-scale converges in L?*(w x Y1) to some limit ¢,, € H'(w),

(%) two-scale converges in L?*(w x Y;) to some limit ¢, € L?(w).

We observe that, because ¢?, ¢ and h’ are constant on each inclusion, their two-scale
limits do not depend on y in Y.

Last, let us introduce the space of Kirchhoff-Love’s displacement fields:
Vir ={veH(Q); v=0onTp, (53(V))i=123 =0} (21)

= {(1_)1 - l’381’03, Uy — Jfgagvg, Ug); V= (171,772) S Hl(w), V3 € HQ(W),
= V;zv3 =0and v3 =0on I'p}.

<

The following lemma was proved in [7], the mean-operator M being defined in (1).

Lemma 4.1. If assumptions (5, 17, 19, 20) and conventions (6, 10, 11) hold then
(i) for each fized b there is a unique solution to (14);

(i) [|TK*(0®)[|2(0) + L (¢°) lLa(es) + VG [[VEM(LE(9")) L2 < C;
(iii) there exists M = (K, L) € (L2(QxY))7x (L2(Qx Y1))? such that (M*(U")) two-scale
converges to M in L?(Q x Y') x L*(Q x Y1 );
(iv) there exists u € Vi, and u'=(uy, u3,0) with ui, uy € L*(Q; H} (Y)/R) such that
(u®) converges weakly to u in H(Q),
(Vzub) two-scale converges to Vyu+ V,u' in L2(Q x Y7),
(03u®) two-scale converges to dsu in L2(Q x Y7);

(v) (p°) two-scale converges to o, in L2(2 x Y7);

11



(vi) there exists p' € L*(Q; H'(Y1)/R) such that (L, La) = V¢!,
(vii) M(L3) is independent of y and for Dirichlet conditions M(L3) = ¢¢;

(viii) In the case of monlocal mized conditions, M(L3) € H'(w) and (VEM(L(4P)))
two-scale converges to V3;M(L3z) in L*(2 x V7).

5. Limit Models I - Effective composite plate models when the thickness is
small with respect to the size of the inclusions.

This section is devoted to the statement of the two-dimensional composite plate models
when the thickness of the plate is much smaller than the size of the inclusions, that is when
g, a and a/e tend together to zero. The models are derived by coupling the homogenization
method and the asymptotic method for plates. Consequently, they present characteristics
of both approaches. Since no other situation occurs when a is small with respect to ¢, it
would be a posteriori equivalent to derive first the two-dimensional plate model and then
to apply the method of homogenization to obtain a homogeneous two dimensional plate
model.

The results are summarized in Theorem 5.1 below, which is given after introducing a few
notations: the projections involved by the plate approach, and the local problems and
homogenized tensors involved by the homogenization process. The proof is postponed to
Section 7.

5.1 Notations related to plate theory

The stiffness - piezoelectric - permittivity coefficients of the two dimensional plate model
obtained by eliminating the transverse components are as follows.

IT and II; are respectively the projections from (L?(Q x Y))7 x (L?(Q2 x Y7))3
on its subspaces {(0y4, (Ki3)i=1.3,02, L3)} and {(0g, L3)}, I = IT — II;,

Ty = —(IRID)"MIR, Tr = —(ILRIL) LR,

R = (Id + "Th )R + Ta), Roaw = (Id + "Tpe)(R + 2GTL )(Id + Tg).

(22)

Remark: with notations like (IIRIT)~, we mean the inverse application of IIRII as an
application onto {(0y4, (K;3)i=1.3, 02, L3)} (for the sake of simplicity in the notation, II, I,
are identified with their transposed applications).

5.2 Notations related to homogenization theory
Let Raapys, and Rarqapys denote the relevant coefficients of the tensors R, Rar and R%i’”
written on the format (13). Let
H;(Y) ={ve H*(Y); vand Vv are Y — periodic}.
For any v € H'(Y), let
1
Sap(V) :§(ayavﬁ + ayeva)~ (23)
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Let (W), u)s) € (H}(Y))? x Hf(Y), for 7,8 € {1,2}, be the solutions of

W e ()P [ Suslv)RatasnsSu) o = = [ Ss(v)Ratasos o

Y

va & HﬁQ(Y), /YﬁjayﬁngNamM@;Ayqu% dy = — /Y GjayﬁngNaW; dy

Let u}, € (H/(Y))? be the solution of

W € (HL(Y))?, /Y S0 (V) RataansSa () dy = — /Y dptsapSas(v) dy.

The effective tensors RY,, RY, d¥,, el and cZ; are then defined by
2 6 2
R.{\I/"yépﬁ = /Y((Saﬁfﬂs + ayaygqu)RN@/B)\M((SA%PE + ayxyuu/’é) dy,

( Rf\:;wps d%sw ) _ / ( Bapins + Sap(uly) 0 )
Y

Camspe CM33 Su(uly) 1
< Bataprn dmzap ) ( Ot + Sna(uly)  Sn(uhy) ) dy
—dpmzae Cm33 0 1 ’

where the notations d,, ¢ are Kronecker symbols, that is

5Au,p£ :11f)\:pand,u:§,
= 0 if not.

For local mixed conditions we also need
H,l . H H —1 H H
RM;LCM - RMoaﬁvé - (CM33 + 2’5/1’0) dM3a,8€M3»y§-

Let then

Eu(v):/gf.v dx—i—/F g.v ds,
N

ly(v) — 2/ Sap(¥)disa590c A2 (Dirichlet cond.),

(24)

(25)

(26)

(27)

(28)

v)=1< Llu(v)— 2]305(\7)df43a5 (chhas + 2|Y1|G)71 |Yi|h dz (local mixed cond.),

w

Cu(V) + 2|V / Ls h di (nonlocal mixed cond.).

\

5.3 Theorem 5.1: effective models

The set Vg, of Kirchoff-Love displacement fields have been defined in (21).
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Theorem 5.1. Assume that the assumptions of Section 2.4 hold and that a, € and a/e
tend together to zero,

(i) in the case of Dirichlet conditions (u®) converges to
u = (U — x301u3, Uy — T300u3,u3) € Vi,

which s the unique solution in Vg, of
—\ pH — 2. H 2 A
VveVgr, / (QSQB(V)RMamésw(u) + g@aﬁngNaMé@wu?)) dz = 4(v); (29)

(11) in the case of local mized conditions, (u®) converges to u which is the unique solution

m VKL Of
oc — 2 ~
VveVgr, / (25a5(\_f) Rf/;laﬁw Sys(T) + §8§BU3RJIQ’/QM5E)35U3> dz = ((v);
(iii) for nonlocal mized conditions, (u’, M(L3(¢P))) converges to

(H,Lg) = (ﬂl — $381U3, Uy — I382U3,U3, Lg) € Vi X HI(W)
which is the unique solution of

(

V(V,fjg) = (1_)1 — ZE381U3,’[_JQ — ZE382’U3, U3, .Zg) & VKL X H1<W),

= R'I/\{,mg,y(; d/I{I/[Saﬁ 875(1_1) T
/U(Q(Sag(V),L3)( 6/?/(376 cRiss +2IY1|G LY dz

. 2
+ / <4|Y1|GlaaL38aLg + gagﬂngﬁawaiéu?)) di = ((v).

\

Remarks: (i) Since elasticity coefficients are constant in the thickness, the membrane
and the flexion models are discoupled as for a single-layer elastic plate.

(ii) for Dirichlet, and local mixed conditions, the limit model has the same form as the
elastic plate model, the influence of piezoelectric inclusion only appears in the definition
of the effective coefficients and as a source term.

(iii) The piezoelectric force operates only in the membrane model as for the single-layer
piezoelectric plate. A piezoelectric force may be generated in the flexion model by a
torque in a multi-layer piezoelectric plate.

(iv) In a thin plate with an imposed voltage . on the upper face of a piezoelectric
inclusion wp, the resulting force is concentrated along the boundary of the inclusion and
may be expressed as a distribution v — 22,6:1 (doappes Sap(v)),,, Where v is a regular
test function, d the piezoelectric coefficient, and (., .>wP the distribution bracket over the
mean surface of the inclusion. For a periodic distribution of piezoelectric inclusions with
an imposed voltage ¢. on the upper faces, as considered in this paper, the resulting
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force is distributed over the complete mean surface w and is still a distribution v
2 g1 (dap@e; Sap(v)),, because in general, the distributed voltage . € L*(w) has no
regularity.

(v) For nonlocal conditions, the presence of derivatives in the term / OnL30, Ly di is

due to the electric circuits connecting neighbouring cells, which results in a regularization
of the transverse component of the electric field L3 and in a direct nontrivial coupling
between mechanical and electrical effects. Note that one may a priori choose the form
of the differential operator on L3 by choosing the way to connect the upper faces of
the inclusions to each others. This last point is interresting in view of controlling the
structure.

(vi) For the case of local mixed conditions, the local circuit, i.e. without connections
between cells, allows elimination of Lz from the effective equations. Even if it is actuated
by the current source h, the piezoelectric force is similar to the case of an imposed voltage
with . = [Yi|h/ (i35 + 2|Y1|G) where 1/ (cB 35 4 2|Y3|G) is the impedance of the local
circuit.

(vii) It would also be possible to keep the voltage Lz in the model with local mixed
conditions. The resulting model would be similar to the model with nonlocal condition,
i.e. with the current source h, but with G; = 0. This formulation is most suited for
extension to dynamic problems where the admittance G is generally an integro-differential
operator in time.

6. Limit Models II - Effective composite plate models when a ~ ¢.

This section is devoted to the statement of the two-dimensional limit models when a and
e tend to zero while a/e tends to a finite positive limit. Then, there is no loss of generality
in assuming that a/e tends to 1. If a/e tends to any other positive number ¢ € R**, one
just has to normalize the coordinates (x1,x9) in an appropriate way. However ¢ must be
not too far from 1. If not, one of the two other models, a/e — 0if { << 1, ¢/a — 0 if
¢ >> 1, would be to consider.

The results are summarized in Theorem 6.1 below, which is given after introducing neces-
sary preliminary notations, in particular the local problems to be solved to compute the
effective coefficients of the limit models. The proof is postponed to Section 8.

6.1 Notations related to the microstructure. Because a and ¢ are of the same
order of magnitude, we have here a unique three-dimensional microstructure containing
both the y and x5 directions. Let us introduce appropriate notations

Z=Yx]-11[, Zy =Y1x| = 1,1], z = (y1,y2, x3),
=Y, x{1}, I'" =Y, x {1},

W' = (L2( - L1 H(Y)) N H'(Z))” x U where

Ul ={ye H (Z); v =0on - UTT}.
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YV = (Vlal/)l) S Wl? Ml(V) - ((Si'(vl>>i,j:1,,3 ) VZ¢1)>

where S;;(v') = %(0 vi + 0,0} ).

Zij

Let UY = (0}, o)) € W designates for any (\, u) € {1,2}* the solutions to
vVie Wl /M1<V1)R MY UY) dz = —/ M (V') X, dz,
z z

where X, = (Ragaus 2Rasau, B33, —doru, —dsy,) is for the first column of R.

Similarly, let UV = (u)t, o3) € W' be solutions to
vV e Wl / M (VR "M (UY) dz = / x3 MY(V?') X, dz,
z z
and U? = (u?, ¢*) € W! be solution to

vV e Wl /Ml(vl)R 'MY(U?) dz :/ MYV X5 dz
Z Z

where X3 = (d3a3, 2d3a3, d333, Cas, C33) stands for the last column of R.

The effective coefficients are then given by:

,
RE e = / (BY 1+ MU (UY)R (B + MY (U)) de,

RE e = / (BY 4 M UV)R (s B + M (U%)) dz,

RE e = /Z (— 2EM 4 MY UM)R Y(E% + MY (U%)) dz,

Rl rrupe = /Z (— 23EM + MY (UM))R H(—x3E + MY (U%)) dz,

(

At g = /Z (B + MY UY)) R (b+ M'(UY) dz,
dﬁ//\/mu = /Z (—x3EAu + M%Uﬁﬁ)) R (b + M1<U3)) dz,
e imsas = /Z (b+M'(U*) R (E* + M'(U}))) dz,

s = [ (04 MUY R (<0aB 4 M(UY))

sz = /Z (b+M(U*)) R (b+MY(U?)) de.

\
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where EM = ((8apau)a5-12,06) and b =(0g, 1).

6.2 Effective models: Theorem 6.1
The set Vg, of Kirchoff-Love displacement fields have been defined in (21).

Theorem 6.1. Assume that the assumptions of Section 2.4 hold and in addition that a, e
tend to zero and a/e tends to 1 then

(i) in the case of Dirichlet conditions, the limit u of (u)yso satisfies: u =(u; — x301u3
,Ug — r30huz, uz) € Vi and is the unique solution in Vg of

B RH R Sys(a .
Vv € VKL7 /(Saﬂ (V), 625U3> ( Rf}\;lMa,B’Y(S R./\];;l./\/’aﬁ’ﬂs ) ( ’Yg (u ) ) dz =
w N Mapys NNapys 7673

) = [ (50a(®), gt g 0

(ii) in the case of mized conditions, the limit u =(ui; — x301u3 , Uiy — 1302u3, uz) of (U°)p=o
belongs to Vir, the limit L of M(L3(¢)) belongs to L?*(w) or to H*(w) for nonlocal
conditions, and (u, LY) is the unique solution in Vi x L*(w) or in Vi x HY(w) for
nonlocal conditions of

( V(v,L3) € Vip x L2(w)(resp. Vip x H'(w)),

H H H —
~ R./I\{/l./\/laﬁfyé d/\I/{lMSaB R/]\?Noz,@’yé S~ (0‘1)

4 /(Saﬁ(v)>L3»aa5U3) EMM3aB  CMM33 dMNSaB L dz
w RH eH RH 82 U
N Mapys MN3aB NN apys ~6 W3

+/ <4|Y1|(GZ;»,L§’ + GlaaigaaLg)> di = €,(v) + 2|V / Lshdi.

\

Remarks: (i) On the contrary to the model in Section 5, the membrane and flexion
models are coupled. This comes from the presence of a microstructure which size is
comparable to the plate thickness, and generates a complex displacement field at the
scale of the plate thickness.

(ii) The other remarks (iii-vii) also hold for this model.

7. Proof of Theorem 5.1.

This section is devoted to the derivation of Theorem 5.1. The proof is based on the
general results of Lemma 4.1. The proof consists in three steps. The first one is the
characterization of the limit M of (M%(V)) and is the aim of Section 7.1. The second one
consists in the elimination of the x3—variable as usual in plate theory. The last one is the
elimination of the local variable as in homogenization theory and obtention of the effective
models. The last two steps slightly differ from one boundary condition to the other, and
thus are presented separately. In particular, in the case of local mixed conditions, the
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complete elimination of the transverse component is achieved after the elimination of the
local variable. This two steps are presented in Section 7.2. The assumption that R does
not depend on x3 is widely used there to obtain simplifications and compute our limit
models.

7.1 Step 1: characterization of the limit M.

In the forthcoming Lemma 7.4, the limit M is related to the limits u, u' and ¢* defined
in Lemma 4.1. The limit of equation (14) is given in Lemma 7.5. Suitable choices of tests
functions V lead here to a list of equations corresponding to the various asymptotic levels
of M*(V). But first, we give a few additionnal notations, and technical results, in section
7.1.1.

7.1.1 Further notations, and preliminary lemmas.

Recall that C§°(Y) denotes the subspace of all Y —periodic functions of C**(R?). Similarly,
let Cg°(Y1) denote the subspace of all Y —periodic functions of C*°(Z*+-Y1). For functions
v on € x R? which are Y —periodic with respect to the second variable, we designate by
v® the function x — v(z, /e). We also use test functions in

Wy ={(v' ") eD(Q,CX(Y)) x ¥iy; v =0onT'p x Y}, (35)
W = {(Val/)) S HI(Q) X Wyq; v =0 on FD} ’
where
Ul =Dwx]—1,1]; Cye(Y1)) for Dirichlet conditions,
= {¢! € D(wx] —1,1}; Cg°(Y1)); ¥ is constant for x5 = 1} otherwise,
V,s =D (wx]—1,1]) for Dirichlet conditions,
={Y € D(wx] —1,1]); 9 is constant for z3 = 1} otherwise.

Functions in W4 and in W}, are admissible test functions for (14).
For V =(v,1) € W], we have the natural decomposition of M*(V*®):

ME(V?) = (MP(V))* L (MO(V))F 4 (MO (V) (M (V)" o (MP(V))’, (36)

ea a
where
[ M®(V) = ((SaB(V))a,ﬁszO& (Oat))a=1,2,0),
MY(V) = ((Sa5(¥)) 4 p=1.2: 03, (Oyo¥)a=12,0),
M (V) = (0212, (Sa3(V)) 41 20 03, O50), (37)

1
M11<V) = (02><27 <§ayav3)a=1,27 04)7

M%(V) = (09x2, , 02, 533(v), 03).
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Notations s;;(v) and S,3(v) have been defined in (4) and (23). Relevant subspaces M,
M, M~! and M~2 associated to this decomposition are defined by
(( M° = {(Kup,06); Kag = Sap(V)+ Sap(v!), v € Vi, v € Vi 1,
M1 = {(09x2, Ku3,03, L3); Koz € L2(QxY), Ly € L*(2 x Y7),
M(L3) is independant of y; and M(Ls) = 0 for Dirichlet conditions}, (38)
M2 = {(09x2, 09, K33,03); K33 € L*(2 x Y)},
M =M—2¢pM!epM°.

where
Vicr = {((04 = 230,03 )a=1,2,0); Uy € L*(w; Hy (Y)),v5 € L*(w; H{(Y))}. (39)

Our first lemma contains density results that will lead to a suitable weak formulation for
the problem solved by M.

Lemma 7.1. (i) The set {M®2(V); V. € W! } is dense in M2,

(ii) The set {M°(V); V. € W_,, v3 =0} is dense in M,

(iii) The set {M°(V)+MP(V1); (V, V1) = ((v,0),(v},0)) where (V, V') € WL, (v,v!)
€ Vi x Vi, 1 is dense in MP.

Proof : (i) Let K33 € C*(Q x Y) with compact support. This function K33 can also be
considered as a function of D(,C°(Y)) by letting

Vr € Qa vy € R27 K33($7y) = Kgg(ilf,y,),

where 1/ is défined by: ¢ € Y and y — 3 € Z2. Then, v3 defined by:

x3
U3(x7y) = / K33(i7tay)dt
0

satisfies: (0y,v3,0) € W1, and d3v3 = K33. As the set of functions of C*(Q x Y') with
compact support is dense in L*(Q x V), this proves that {M%(V); V. € W} is dense
in M~2.

(ii) The proof is similar for the first two terms K3 of the elements M. For the third
term L : let Ly be a given function in C*(€2 x Y;) with compact support; we also assume
that M (L3) does not depend on y, and that in addition M (L3) = 0 in the case of Dirichlet
conditions. As in (i), we now consider Lz as a function of D(1, C5°(Y1)); let then ¥ be

z3
defined by ¥(x,y) = / Ls(z,t,y) dt. With the two conditions above on Ls, 9 is an

1
admissible test function such that 03¢ = Ls; with densiry arguments again, this completes
the proof of (ii).

Part (iii) is just a restatement of the definition of MY. O
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We now give two technical lemmas that are used in the next section to caracterize the
limit M.

Lemma 7.2. Let (u®).5o be bounded in H'(Q). Let u € H'(Q) and u' € L*(Q; H}(Y))
be functions such that (uf).so converges weakly to u in H*(Q), and (Vu).so two-scale
converges to Vu + V,u'. Then

Vv € D(;C2(Y)), lim u—ﬁyavf dz = / u'9,, v dzdy.
=0 Ja € axy

Proof : One just has to pass to the limit in

“(z)v(z, T r=— [ u(x)0,v(x, T x—l u®(x vz, T T
[ ow @t a2 dn = = [ v @t d/e) do - 2 [ w@0,00e.5/e)d.

3

An integration by parts of the first term on the right-hand side yields then the result. O

2

Lemma 7.3. The family (8—/ (ReguKi(u®) + &g Li(¢%)) ﬁadx> tends to zero for
a Jo

any 0o € D(w; C°(Y')) such that 9, =0 on I'p.

Proof : Choose v = 3 (01,02,0) and ¢ = 0 in (14), where 9, € D(@; C{*(Y)) and
U = 0 on I'p. Then

15 a 3 a ]'
[ (ReauaBGi ) + B L) (05 (¥) + o) da+
[ ARG KEW) + dy L) 50 do = 45(),
Q

Passing to the limit yields the result. O

7.1.2 Characterization of the limit M.

The first lemma of this section relates to the form of the limit M. We prove that M €¢.+M
where ¢. = (09, ¢.). The second gives a first variational characterization of M.

Lemma 7.4. Let M designates the two-scale limit, up to the extraction of a subsequence,
of (M®(U%))y~o. Then M €¢. + M where ¢. = (09, p.), or in other words:

(i) there exist u € Vi, and u' € Vi, such that K, = sas(u) + Sas(ut);
(ii) Ly = Ly = 0;

(iii) Ly € L*(Q x Y1), M(L3) is independant of y; and M(L3) = ¢, for Dirichlet
conditions.

The third point is just a restatement of Lemma 4.1 (vii).
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Proof of (i): In view of Lemma 4.1, to prove (i), it remains to prove that u* € V.
The choice u} = 0 has been done in Lemma 4.1 (iv). The computation of u} requires
some calculus.

First, with a few integration by parts we get

(01l — Opub)D50° dar =
(40)
Qa/Kgg ((911) + Gylv) dx—Qa/Klg ((’321} + (93,2”05) dz

for all v € D(€2,C°(Y)). Passing to the limit, as a/e tends to zero, we get
Vv € D(,C7(Y)), / (Orug — Oauy)O3v dady + / (Oyyuz — Oyyuy)O3v dzdy = 0.
QxY QxYy

But because u € Vg, this reduces to
Vv € D(Q,C7(Y)), / (Oy1ub — Oyyuy)O3v dady = 0. (41)
QxY

Now, we show that

Y

Yo e D(Q xY), / 0, ut 0350 drdy = 0. (42)
Qxy

As (K%(u®)) is bounded, El/agug(aaﬁg + ¢719,,7°) dr tends to zero for any ¥ €
Q
D(Q,C°(Y)); hence, 5_1/8au1533178 dz tends to zero. Also, since (K%;) is bounded,
Q
£ 1543(u) tends to zero. Consequently, e~ / d3ul O30 dz tends to zero. Choosing now
Q

v = 0,,v where v €D(Q X Y), one gets that ¢! / u2,d,,0350° dz tends to zero. Then,
Q
using Lemma 7.2, we get (42).

Now, we are able to conclude the proof. Equation (42) implies that V,ul is affine with
respect to x3. Thus, since (uq, u3) is defined up to a function of z, ul (z,y) = ul(Z,y) +
z3u?(Z,y) where ul,u? € L*(w x Y). But then dsul = u! € L*(w x Y). On the
other hand, in view of (41), (dsui, dsul) is curl free, so that there exists ¢, € L*(w) and
uj € L*(w; H(Y')) such that dsup, = co — 9y, u3. This finally implies that (uy, u3) may be
chosen of the form u}, = @}, — 230,,u3 where @' € (L*(w x Y))? and u3 € L*(w; H}(Y)).
O

Proof of (ii): Passing to the limit in
a / Li(¢") ( Dot + ayaw) = / L2 (") 050" du, (43)
1
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because a/e tends to zero, we get that

Vi € D(2 x Y1), / L,03) dedy = 0.
QXYl
This proves that L, and Ly are independent of z3. On the other hand, a few integrations
by parts, with test functions ¢ independent of z3, yield

o [ L6 a = 1) (007 + 20,,07)do =

1
/ &lapbwa dz + 2/ (gpfn — agpi’)(@oﬂﬂa + gﬁyazﬁ) dz.

The left-hand side tends to zero because a,c and a/e tend to zero. Since ¢P, and ®
are constant on each connected part of wj, the last term on the right is zero. Therefore,
passing to the limit, we get

0= 2/ Ly dxdy.
w><Y1

Since L, does not depend on x3, this proves that L, =0. O

Lemma 7.5 The family (M%(U%))ys0 two-scale converges to M which is the unique
solution in ¢. + M of

VM = (K,L) € M, M R ‘Mdzdy + 2G M(L3)M(Ls) dzdy
QxY QxY;y
(44)
426, / OuM(Ls) O M (L) dady = £u(v) + €o(Es)
Q><Yl
where M is defined in (38), and
0,(Ls) = / hLsdxdy = 2|V / hM(L3) dz. (45)
QXYl w

Remark : as usual, the convergence is a priori for a subsequence and the uniqueness of
the solution to the limit problem shows a posteriori that the whole family converges.

Proof First, successive multiplications of (14) by a?, @ and 1 and passing to the limit
yield for all V € W},

(
M%(V) R "M dxdy = 0,

QxY

/ M (V) R ‘Mdady + 2G M(L3)M (351) dzxdy
QxY

QXYl

+2G, / Do M (L3) 0o M(051) dady = £,(Ls) it MP*(V) = M (V) = 0,
Q><Y1

M®(V) R "M dzdy = £,(v) if M®2(V) = M" (V) = M* (V) = M"(V) = 0.
XY (46)
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Second, let v = (0, — 230,,v3,v3,0) € Vi, N WL, with v = 0 in a neighbourhood of
I'p, and choose

e - 2 - 2 _ 2
V& =¢ (v; — 130, v3, Uy — 130,03, €03, 0)

in (14), so that eM%(V?) tends to 0, M(V*®) = 0, and
IO V) 4 LM (V) = (00 S 002,0,)
a ae 2><272a a3, Y4 ).
Using lemma 7.3, passing to the limit in (14) yields
/ MO(V) R "M dady = 0 (47)
Qxy

for any V = (v,0) € W!, with v € VL. Now, summing the equations (46)-(47) and
using then the density lemma 7.1, we get (44).

Last, uniqueness of the solution to this system is a simple application of Lax-Milgram
lemma. O

7.2 Proof of Theorem 5.1.

From now on, an important use is made of the assumption that R does not depend on
3.

7.2.1 Proof of Theorem 5.1 : Dirichlet conditions.

We recall that here M(L3) = ¢, and that M and N have been defined in (1). The proof
is in two steps. The first one consists in eliminating K;3 and N (Ls3); the second one is for
eliminating the y—variable. A key for many simplifications is that R does not depend on
z3 and so M(M) and N (M) bring separate contributions.

First step. Remembering that in the present case, G = G; = 0 and h = 0, Equation
(44) of Lemma 7.5 reduces to

VM € M, M R ‘M dady = £,(v).
QXY

Splitting M as M = M(M) + N (M) and taking advantage of the fact that R does not
depend on x3, this is equivalent to

VM € M, M(M) R ‘M(M) dady + N (M) RN (M) dady = £,(v). (48)

QxY QOxY

Let us chose M : = M(M) as test functions in (48) where M € M~' @ M~2. Because the
function v associated with such a M is v = 0, and because N o M = 0, we get

YMeM'aM2, M(M) R *M(M) dzdy = 0.
QXY

23



Using again that R is independant of x3, this may be rewritten as

YMeM e M2 M R ‘M(M) dzdy = 0.
QXY

This holds true in particular for M of the form M =(02x2, Kis. 03) and thus shows that
IR 'M(M) =0 (49)
On the other hand, Lemma 7.4 shows that one may decompose M as

M = [IM + M" (50)
where ITM € ¢. + M~ & M2, M° € M°, and that M(IIM) may be written as

M(IIM) = (022, M(K;3), 09, M(L3))
= ¢c + oM (M).

Hence, applying M to (50) we get

MM) = ¢, + M(II,M) + M(M?) (51)

= ¢o + ILM(ILM) + M(M°).
Applying now II,R to this identity, with (49), we obtain then
0 - HQR t¢c + (HQRHQ) t./\/l (HQM) + HQR tM(MO),
and therefore
'MILM) = T (d + M(M)), (52)

where T o has been defined in (22).

Similarly, let us now consider in (48) test functions of the form N(M) where M =
(0y4, Kj3, 04, Zzg), K3, L3 being given functions in L*(2x Y) and L?*(2 x Y}) respectively.
As M(N(L3)) = 0, N(M) € M~' @ M2 so that this choice is correct. Proceding as for
the M —component of M, we get that

VM = (04, Ki3, 0o, f/3), M R "N (M) dady = 0,
QxY

or in other words, [TR ‘A/(M) = 0. Then, from (50),
0 = [IR ‘N(IIM) + IR 'N(M?),

and thus,
IN(TIM) = Ty ‘N (M) (53)

where Ty has been defined in (22). Thus, with (51), (52), (50) and (53) we have
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M(M) = (Id + T ) “(M(M?) + ¢°), and N (M) = (Id + Ty) ‘N (M°). (54)

Now, if we choose - in order to maintain a symmetric form to our tensors- in (48) test
functions of the special form M =M (M?°)(Id+ ‘T )+ N (M°)(Id+ 'Ty) with M° € M°,
taking (54) into account, we get that M is the unique solution in ¢, + MP° of

VM € MY, / (M) Ry ‘MMO) + N (M) Ry "N (M) drdy
QxY (55)

=0, (V) — M(M) R Lo dady,
QxY

where v is the vector in Vg, associated with M, and R and R have been defined in
(22).
Second step. It remains to eliminate u'. For that purpose, we use the usual arguments
of linear homogenization. First note that the definitions (21) of Vg and (39) of Vi,
imply that . s

VM e M, M(M) = (sa5(¥) + Sap(¥1),06),

N _ (56)
VM e M, N(M) =y (0205 +02,,03,0) .
where v € Vi and (0!, 53, 02) € VY, are the fields associated with M.
Also, recall that
M = ((8a5(1) + (Sap(u'))as=12,06) With u € Vg and u' € Vi, .
Considering v = 0 in (55), we thus get that for all ¥' € (H}(Y))?,
/ Saﬁ RMCEB)\,LLS)\,U, / Saﬂ R./Vlaﬁ)\usx\u( >+d./\/l3a6906) dya (57)
and for all v € HF(Y),
/ Yo y6v3 R'/\/‘aﬁ)\ua?iy u3 dy = / Yo yﬁvg RNQB)\H(?)%MUg dy (58)

almost everywhere in w.

Equation (57) implies that @' = u}s,¢(@) + u’,p., where the coefficients functions u’,

u’, are defined in (24) and (25), and therefore
Sxu(8) + S (@) = (B + S (WR)) e () + Sy (W) e

This is for the M-part of M. Similarly, Equation (58) implies that and u3 = uf 82£u3
where the u% are also defined by (24), and this leads to
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8§Hu3 + aixyuu?” = (e + ajxyu(u%))aifu?"

Now we take in (55) test functions as in (56), with the special forms v! = uj\iswg(v) and
v3 = u}00%v;. This leads to the system (29) with

;

Aiz5 = //(%5,75 + Sas (W) (RatapruSan(0he) + datzas) dy,

R spe = /Y (Oapns + Sap (W) Ratasre(Onupe + Sau(uy)) dy,

H _ 2 5 2 3
R/\/’yép{ - /}/(6&57’75 + 8yay5u7\/)RNaﬁ/\u(6>\M»Pf + ay)\yuuﬁf) dy

\

which are exactly the tensors announced in formulae (26)-(27). Note in particular that
1

the coefficient 2 appears on the first term on left hand side of (29) because / drs = 2
-1

9 1
while 3= / x> dxs appears on the second term. O
-1

7.2.2 Proof of Theorem 5.1 : nonlocal mixed conditions.

The proof is very closed to the one for Dirichlet conditions. The main difference is that in
the Dirichlet case, M(L3) = . is a given data, while here M(L3) is an unknown function
which can not be eliminated.

Let us eliminate the other transverse components K3, K33 and N (Ls).
The weak formulation (44) of Lemma 7.5, implies now that

VM € M, (M(M) RIM(M) +N(M) R W(M)) dady

2 [ (GMLIML) + GOM(L)2 ML) dady = (u(9) + Lo(La)
QXYl
(59)

For M(M), we use test functions such that Ly = 0, as in Section 7.2.1, and thus the
computation go on the same way and the result is the same, except that ¢, is now
replaced by M(Ls). For N (M), as M o N and as £,(N(L3)) = 0 (see (45)) the terms in
G, G and {, do not play any part as well, and the computation also go as in 7.2.1. We
thus get

MM) = (Id+ Tpg) " (MM + Az), and N(M) = (Id + Ty) ‘N (M?).
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where A3 = (09, M(L3)). Then, with a suitable choice of test functions, (59) implies that
(M° M(L3)) is the unique solution in M° x L?(w) of

(VM € MC, VL e L*(w),
/Q § ((M(MO) +As) R b (M(MP) + Ag) + N(M°) Ry W(MO)) dzdy

w2 [ (GM(L)Ls + GrOM(L0uLs) dady = () + (L)
\ QxY1

(60)
where A3 = (0, I~/3) and v is the vector of Vg associated with M?.

To eliminate the local variable y, we proceed as in the Dirichlet case, with /N\g = (0o, Izg)

instead of ¢.. First, letting L§ = M(Ls) and considering in (60) test functions such that

Lz =0 and ¥ = 0, we get that @' = u/5s,e(@) + v, LY, u} = ujp\fﬁggug. Then, remarking

that fot all M® € M° and all Lye L*(w),
{ (M(M°) + Az) = ((5a5(0) + Sas())ap=12,05, Ls),
N(M®) = —z5 (82503 + 2., D) =12, 06),

Yalyp

with a suitable choice of test functions in (60) we obtain the announced model. O

Note that the above calculations would be more complicated with non metallized inclu-
sions, as M (L3) would then depend on y.

7.2.3 Proof of Theorem 5.1 : local mixed conditions.

Here G; = 0 so that the effective equations simplifies into

—\ 7 R/I\{/laﬁw d/P\I/ISaﬁ Sw(ﬁ) U
/w (Q(SQQ(V), L3) ( 6.{\14376 C/I'\I/l33 + 2|Yi|G Lg dz

2 N
+3 / D2 503 RN o355tz AT = Ly (V) + 2|V / Ls h di.

This simplification allows to eliminate the unknown L3 that can be computed explicitly
in terms of s,5(@). We choose v = 0 then

VL € L*(w), / (eX1575576(T) + (s +2IY1|G) L — V1| h) Ly d& =0

w

so that
(clliss + 2V1|G) LY = |Yi| h — el iy 55,5(T0) ae. in w.

Now replacing L3 and restricting ourselves to test functions with Ly = 0, we get the
announced model, and thus conclude the proof. O

27



8. Proof of Theorem 6.1.

This section is devoted to the derivation of Theorem 6.1. The proof is based on the general
results of Lemma 4.1. As homogenization and plate theory act here on the same level,
the proof is in two steps only: first, characterization of the limit M defined in Lemma 4.1;
this is the aim of Section 8.1; second, elimination of the local variable (yi, yo,x3); this is
achieved in Section 8.2.

8.1 Step 1: Characterization of the limit M.
8.1.1 Characterization of M.
Lemma 8.1. Let M = (K, L) be the limit, up to a subsequence, of (M“(Ub)), then
(i) there exist u € Vg, and @' € (L*(; H}(Y)) N L*(w; H'(Z))? such that
Va, 8 € {1,2}, Kus = sap(u) + Sap(it),
Vi€ {1,2,3}, Ki3 = Siz(l);

(1) there exists o' € L*(w; HY(Zy)) such that L = V'

(iii) in the case of Dirichlet conditions, one may chose @' so that o' = x3p, + @' with
ot € L*(w; HY(Zy)) and $* =0 on TTUT

(iv) in the case of mized conditions one may chose p* so that p' = (1 + x3) M(L3) + ¢!
with $* € L*(w; HY(Zy)) and $* =0 on TTUT ™.

Proof : First, from Lemma 4.1 we know that there is (u,u') € Vi x L*(Q; H}(Y)/R)?

such that Ko = sa3(1) + Sas(u'). Then here, passing to the limit in (40) as a/e — 1,
we get, taking u € Vi, into account, that for all v € D(Q;C*(Y)),

/ (Dy,uy — Oypuy)Osv dady = 2/ (K230,,v — K130,,v) dzdy. (61)
QxYy

QxY

Hence, see for instance [24, Theorem 5], there is u3 and c¢;, ¢, not depending on y such
that for o = 1,2, dsul — 2K,3 = ¢4 — 9y, u3. Also, note that uj is defined up to the
addition of a function of z. Here, as u' is also defined up to the addition of a function of
x, one may choose u}, so that ¢, = 0. Letting @' = (uj,u3, u3), then K,3 = S,3(u').

We now prove that K33 = d3u?. With a few integrations by parts, one easily gets that for
any v € D(2 xY),

1
/aaug&,??,vsdx—k/@@ug (8231)5—1—233?%@5) dr =
Q Q

2a/ Kjs(u")02
Q

qU° do + 2/§2K§3(ub)8§yave dz.

28



Besides, from Lemma 4.1, we know that (a?K$(u’)) and (aKg;(u®)) tend to zero and
that (Kg(u®)) tends to Kz3. Thus, integrating by parts again (for the second term on
the left hand side) and passing to the limit, we get

/Qxy(ﬁauﬂ + Oy, uj) 0350 dady + Kgg@jayﬁv dzdy =2 K302 qvdady

QxY QxY

for all v € D(Q2 x Y'). But because u € Vi, this is equivalent to

Oy up035v dady + Kgg@jayﬁv dzrdy = 2 K303, vdady. (62)

QXY QXY QXY

Choosing v = w, in (62), summing for « = 1 to 2 and using the fact that for each
vin D(Q x Y), there is a w in (D(Q x Y))? such that div,w = v, (62) implies that
8§3ué + 0y, K33 —203Kp3 = 0 for 8 = 1,2. As 2Kp3 = 831% + 3y6u§, this is in turn
equivalent to 0y, (dsuj — K33) = 0. But because u3 is defined up to an additive function
of x we may choose uj such that K33 = d3u3. Then S;;(d') € L*(Q x Y) for each pair
(i,7) € {1..3}* and therefore ' € L?(w; H'(Z)). Last, using (61), u3 is Y-periodic. This
ends the proof of point (i).

Now, we prove (ii) and (iii) in the case of Dirichlet conditions. From Lemma 4.1, we
already know that there exists ¢! such that L; = 9, ¢ and Ly = 9,,¢'. Besides, passing
to the limit in (43) yields

/ L300, dxdy = / Dy P O30 d dy
QxYy QOxYy

for all & = 1,2 and all ¢ € D(Q x Y;). Thus, d3¢0' — Lz does not depend on y in Y.
Hence, since ¢ is defined up to a function of z, one may choose ¢* so that Lz = 30! and
we have in addition that @' € L?(w; H'(Z)), so (ii) is proven. On the other hand, as we
know from Lemma 4.1 that M(L3) = ¢., we have that gp}r+ - gp}r_ = 2¢,.. Since so far,
©! is still defined up to a function of &, we may choose ' so that ¢! = ¢, on I'* and
o' = —p, on I'", or in other words, choose ' as stated in (iii).

The case of mixed conditions is more complicated. Let us reconsider the limit of (L“(gpb))
globally. We remark that O;p® = 04 (gob — gol;n), and also, due to the assumption of
metallization, that d,¢" = 9, (¢* — ¢",) for @ = 1,2. The limit L of (L*(¢")) is therefore
also the limit of (L*(¢" — ¢b,)). Besides, as

10y (" = ) = L5 (¢ — o) = 2L ("),

and as e/a — 1, (7105 (¢* — ¢",)) is bounded in L* () and also two-scale converge to
Ls. Thus, if we pose

flb = (8a(90b - Spm)a 6_163(90b - QOm)) ?

then <ib> two-scale converges to L.
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Also, by Poincaré inequality, the fact that (7195 (¢* — ¢%,)) is bounded in L?* () and
that ¢’ —¢?, vanishes on I'y implies that (7! (¢” — ¢8,)) is bounded in L? (w§; H'(—1,1)).
Hence, there exists ¢! € L*(w x Y;; H'(—1,1)) such that (7" (¢* — ¢%,)) two-scale con-
verges to ¢!, and (5*183 ((pb — gpg’n)) two-scale converges to d3p'. Then, passing to the
limit in

/ fhyds — — / (¢ = o) (5 + Bp05) da
Q Q

§ i
1
€ Ja

we get that for any function ¢ in D(Q2 x Y7),

(¢ — o) div gede + / (¢" = @m) ¥*m do(a),

£ e
1 Fl

/ Lydaxdy = —/ @' div 1) dady.
QXYl

QXYl

This proves that ¢! actually belongs to L?(w; H'(Y;x] —1,1[)) and that L = V_o.

Moreover, the continuity of the trace function implies that ¢! = 0 on '~ and, with the
assumption of metallization, that ¢! does not depend on y on I'*. Then passing to the
limit in

Vi € D(w x Y1), g/ Lg(gpb)qfdw:%/

QF w

b__ b

o (M) vdi
e 19
1

we get that ! = 2M(L3) on I't. Thus, letting ¢! = o' — (1 + x3)M(L3), we get the
announced result. O

8.1.2 Intermediate limit model. We state now a first limit model, including both
global and local variables, that is directly deduced from the convergence results of Lemma
4.1 and the characterization in Lemma 8.1.

The limit M of (M“(U?)) is completely determined by the macroscopic fields U =(u,M(Ls))
€ (03, ¢.) + W where we have let

W = Vg x {0} in the case of Dirichlet conditions,
WO = Vi x L*(w) otherwise,

and the microscopic fields Ut = (@', p') € L?(w; W) where W is defined in (30). More
specifically, since 9,, ¢! = d,,¢", the limit M takes the form M = M°(U) + M'(U")
where

M"(U) = ((sas(1))a 512, 05, M(L3)),
and the operator M! has been defined in (31).

Now, we state the following intermediate limit model using the definitions (28), (45) of
Cy, L, and L = M(L3).
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Lemma 8.2. The limit M of M*(U®) takes the form M = M°(U)+ M"'(U") where
U =(u,Ll) € (03,¢.) + W and U = (4',¢') € L*(w; W) is the unique solution of
this form of

(VV = (v,L3) € WO, VVi= (¥, 9!) € LY (w; W),

/Q COMU(V) £ MU (VR (MU + M (U) dady+ )

4 Y3 / (GL3LS + G190 L30,L3) die = 1,(v) + £y(Ls).

Proof: Using the definitions (35) of W}, and the notations (36)-(37), multiplying (14)
successively by €2, ¢ and 1, and passing to the limit, one gets

vVvliew! (M™M(VH + M%(V)R"M dady = 0,
QxY

YV e W, with vi =0, / (M (V1) + M"(V))R "M dady
QXY

w2 [ (GMENS + G M(Ta)0uI8) dndy = 0,(Es)
QXYl

(VW e Vi, [oy MY((v,0)R™Mdzdy = £,(v).

Unlike the preceding models, the first two equations are coupled. Consequently, the
computation of K33 on one hand and of (K3, Ko3) on the other hand cannot be carried
out independently. Summing up the three equations above and using usual density results,
and restricting ourselves to test functions such that L3 does not depend on z3, we get
the announced weak formulation. Uniqueness of the solution follows from Lax-Milgram
Lemma, and the convergence of the whole family from the uniqueness of the solution. O

8.2 Step 2: Derivation of the models. In this section, we complete the proof of
Theorem 6.1 by eliminating the local variable z and the corresponding unknown U'. We
use notations already introduced in Section 6.1.

For W' defined in (30), considering (63) with V = 0, we easily get
= (v,0!) e W,

/ MY VHR MY (UY) dz = — / MY (VHR M°(U)dz. (64)

Let then M9, (U) = ((545(1))y,6=1,2, 05, LY) and MR(U) = (—x3(825us3),5-1,2, 06), where
LY = ¢, for Dirichlet conditions, then (64) may be rewritten as

Vi= (v! w)ewl

/ MY(VHR 'M' (U / M (V M5,(U) + M}, (U)) de.
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['his proves that
U' = Uy a) + U602 us + UPLY
mSau() N Onu U3 3

where U, U3 and U? have been defined in (32)-(33)-(34). Moreover,
M (U") = M (U3, (1) + M (UY)35,u5 + MY (UP) L5,
which implies that
M°(U) + ML (U") = (EM + MI(U;!;)) 53 (T)
+ (= BY 4 MUY ) 3R, + (00, 1) + MH(UP)) L3,

The choice in (63) of V! = (v, 4!) € W! such that

M (V') = M, )50 () + M (i, o502 0
in the case of Dirichlet conditions and

M (V) = M (U, @550 (9) + M (ulf, 770250 + M (uly, 30 L

in the case of mixed conditions, where (v,L3) belongs to V iz, x {0} for Dirichlet conditions,
to Vg x L?(w) for local mixed conditions, and Vg1, x H' (w) for nonlocal mixed conditions,
completes the proof. O
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